Chapter 10

Polar Coordinates:; Vectors

10.3 The Complex Plane; De Moivre’s Theorem

1. r= JXZ +y =1+ =2 b Imaginary
y A%IS
tano :yzl ® 0 =45°
The polar formof z=1+i is 1 L
z=r(cosh +ising)
Real
= V2 (cos(45°) + i sin(45°)) > i
2. 1=yl +y =y(-1)?+1° =2 4 Imaginary
y axis
tano :Y:'l ® 0 =13%°
The polar formof z=-1+i is 1
z=r(cosO +ising) T\Qﬂ\‘. Real
T axis

=2 (cos(135°) + isin(135°)) =

3. r=fry = (B) +(-1) =VA=2 Imaginacy
_y_-1_ 43 _
tanG—y—ﬁ—-T ® 0 =330°

Thepolar formof z=f3- i is
z=r(cosb +isin)

=2(cog(330°) + isin(330°))
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Section 10.3 The Complex Plane; De Moivre's Theorem

ey = (- B) =JA =2

tane_-_j‘/—é -Jd3 ® 0=300¢

Thepolar formof z=1- 3 is
z=r(cosB +isin®)

= 2(cos(300°) + isin(300°))

r=yx’+y = yJ0*+(-3 = 6 =3
tano =i’=§’=undefined® 0= 270°

Thepolar formof z=-3i is
z=r(cos6 +isind) |

= 3(cog(270°) + i sin(270°)) Ei

=y =y(- 27+ 0" = JA=2

_Yy_0 _ _
tan@—)-(—j—o ® 06 =180°
Thepolar formof z=- 2 is
z=r(cosB +ising)

= 2(cos{180%) + i sin(180°)) E

r=yX+y =42 +(- 47 =J32=4J2
tane:-:TA':-l ® 06 =315°

Thepolar formof z=4- 4i is
z=r(cos0 +ising)

= 42 (cos(315°) + i sin(315°))

A Imaginary
4 _:nis
1 -
{/F -\‘“ _ Real
'\\‘_ | axis
-1 F
3 |
A Irmaginary
= AXiE
3
il I Real
I\\.__ ~ anis
-1 &
4 [maginary
HEAT]
% |
1™ 4 Rel
3 " axis
L
n ||||:|gir|:'|r1'_p
A%i%
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Chapter 10

r =Y = |[(04B) + 9" = JBZ =18

8.

10.

11.

9 _

Yy J3 _
tanf =2 =—==% ® 0=30°

X g‘ﬁ
Thepolar formof z=943+09i is
z=r(cosB +isind)

=18(cog(30°) + isin(30°))

r=yX+y =JF+(-47 =J25=5

_y_-4 _
tanG—)-(—? ® 6 =306.9
The polar formof z=3- 4i is
z=r(cosB +isind)

=5(cog(306.9°) + isin(306.9%))

r:JXZTyz: 22+(J§)2:ﬁ

_Y_JB _
tane—)-(—7 ® 6 =40.9¢
Thepolar formof z=2+4J3i is
z=r(cosh +ising)

= V7 (cog(40.9°) + isin(40.9°))

=YXy = (- 27 +3 = JI3

The polar formof z=-2+3 is
z=r(cosO +isinB)

=v13(co$123. 7% isir{123.7)

Polar Coordinates; Vectors

® 06=123.7°

A Imaginary
axis
O
| | - I":I:EI
9 %  Axis
o
& Imaginmary
I A
I |"/— -\'nl - H-L'_:'J
-2 '.'\_ 1 AXLS
-1 |
Iagimary
axis
| -
| _‘_H.EHJ
2 Tanis
-]
A Imaginary
3 b= axis
: i Real
2 ) " axis
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Section 10.3 The Complex Plane; De Moivre's Theorem

L

, ’ Ttz narsy,
X y =6 Axis

_Y_ _
tanG—)-(—f—--s- ® 0 =335.9° I
Thepolar formof z=45- i is an
s

z=r(cos0 +ising)
= ¥6(co(335.9°) + i sin(335.%°))

o]
2(cos(120°) + isin(120°)) % -+£| _-1+J§i

Yoos(2109) + isin(2107) = . 33 - Li2= A3

3 3,
2 25 2 2

e o} f90) e 0
il aavp 2 2, _2J§-2J§i

S VI T TP

&Bpd | @wpO X Y3 1__ B+

e T L TG AL

g8

@ agp0 . agpd
%cosgbﬂsné?&—?;(o 1i)=-3i

4@005?9# |S|ngh=-— 4(0+1i) = 4i

0.2(cos(100°) + isin(100°)) » 0.2(- 0.1736 + 0.9848i) = - 0.0347 + 0.1970 i

0.4(cos(200°) + isin(200°)) » 0.4(- 0.9397 - 0.3420i) = -0.3759- 0.1368 i

&0, yes
2@cosg1—8g |S|n8— »2(0.9848 + 0.17361) = 1.9696 +0.3472i

T D0 il 3(0.9511+ 0.3090i) = 2.8533+0.9270i
0 4+ isinc—-==» 3(0. . ) =2. . |
e S&IT)Q gf)ﬂa

2w = 2 cos(40°) +i sin(40°)) x4(cos(20°) + i sin(20°))
= 2 %4(cos(40° + 20°) + i Sin(40° +209)) = 8(cos(60°) + isin(60°))



Chapter 10 Polar Coordinates; Vectors

24,

25.

26.

27.

28.

z _ 2[cos(40°) +i sin(40°))
w  4(cos(20°) + isin(20°))

- %(003(400- 200) +i sin(40°- 20°))
:% (003(200) +i sin(20° ))

xw = (cos(120°) +i si f120)x(cos(100°) + i sin(100°))
= (cog(120° +100°) +isn(120° +100°)) = cos(220°) + i sin(220°)
(cos(120°) +isi 1209

(os(loo0 +isif100)

= cog(20°) + isin(20°)

VEV = (cos(120°- 100°)+ isin(120°- 100°))

2w = J cog(130°) + i sin(130°)) x4(cos(270°) + i sin(270°))
= 3%4(cos(130°+27 0°)+ isin(130°+ 270°) ) = 12(cos(400°) + isin(400°))
=12(cos(400°- 360°)+i sin(400°- 360°)) =12(cos(40°) + isin(40°))
_ 3(cos(130°) +i sin(130°))

Z = 3 - o) . . _
W 4(cos(2709) + isin(270°)) 2 (Cos(130° - 270°)+isin{130°- 2707)

:E’(cos(- 140°) isin(- 1409) =

Nlw

(cog(220°) + isin(220°))

2w = 2 cos(80°) + i sin(80°)) x6(cos(200°) + i sin(200°))
= 2>6(cos(80% 200°)+i sin(80% 200°) = 12(cos280% isin280)
z _ 2(cos(80°) +isin(80°))

w 6(cos(2009) + isin(200°))

:%(003(800- 2000)+isin(80°- 2009))

= % (cos(- 120°) isin(- 1209)) = 2 (coq240°) + isin(240°))

3
P a@a) & apo GEDOE’_ & po DOC
ZXW = ZQcosé —Hsmg >Q(;cosgl—0; isin 0 2>Q(;cosg8 10_H8m88 10&
_ 0 . agp O
-4@60585 o
3@0 6@00
2 2% B pb B p®_ b @

W_ZECO __+|Smaq)60 ~28%%s 100 "G EBBZCO 205 " "8a0¢
%0s | €10m

B0 B L o2 200, B
ZXW = 41;cosg —Hsng—%QQcosg—Gﬂ isin 1695

_ % _p° & pP_ 2 @5pd . @&
‘mmsg T e TRETY T e STy i Ty
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Section 10.3 The Complex Plane; De Moivre's Theorem

agpd . BpP
50 S8 m_4® @p 9pd P&

e
® 2op0  ap® 2& 68 65 88 16%

Z(écongH |S|ng16
= ae3_('j aeﬁf_ & a@gpo aggpoo
_230095 816ngc%16z "§16 @
20, z=2+2 r=yJ2+22=B=2J2 tan@z%zl 6 = 45°
z= 2J2(cog(45°) + isin(45°))

w=v3- | r:‘/(J?s)2+(-1)2:JZ:2 tane:'T;:-i?i3 0 = 330°

w = 2(cos(330°) + i sin(330°))
2 = 242 (cog(459) + isin(45°)) x2( cos(330°) +i sin(3309))
= 2¥20(cos(45° + 330°) +i sin(45°+ 330°)) = 4/2(cos(3759) + i sin(375°))
= 4v2(cos(375°- 360°) +isin(375°- 360°)) = 4v/2(cog(159) + isin(L5°))
2 _22(cog45%) + isin(45°)) _ 242
w  2(cos(330°) + isin(330°))
= J2(cos(- 285°)+ isin(- 2850)) =2 (coq 759 + isin(75°))

30. z=1-i r=yP+(-17 =42 tand
z= JJ2(cog(315°) + isin(315°))
w=1-VBi =1t (- ‘/5)2 =J4=2 tan@z%z 3 =300
w = 2(cos(300°) + i sin(300°))
2w = W2(cog315°) + isin(315°)) x2( cos(300°) +i sin(3009))
= 252(cos((315°) + (300°)) +isin(315°+ 300°) = 242 (cos615°+ isin615Y
=2v/2(cos(615°- 360°)+i sin(615°- 3609)) = 2v/2(cos(255%) + isin(255°))

z_ \/5(005315°+|sm315)’ J2
w  2(cos300%isin300p 2

_2
2

( 0S(45°- 330°) +isin(45°- 330°))

-1 B
T—-l 0 = 315°

~— (cos(315°- 300°) +i sin(315°- 300°)

— (cos(L5°)+ isin(15%))

31 [4(cos(409) + isin(40°))] ® = 4%(co(3%40°) + i sin(3x400°) = 64(cos(120°) + i sin(1209))

:64§,:2L J§o - 32+ 3231
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Chapter 10 Polar Coordinates; Vectors

32.

33.

34.

35.

36.

37.

38.

39.

[3(cos(80°) + isin(80°))] = 3°(cos(3:8 0° )+ isin(3x80°) = 27(cos(240°) + i sin(240°))
_AEL Bo_ 21 278,
e 2 2 g

= 7!
oo ol & po @ pm s
__|. e Ko == = __|. —
@Qcoeglo |sm8—0 QCOSSS 108 |S|n 0 2Qcosé‘ isin > o

=32(0+1i) =0+32]

p"??“ 509, & p &
E‘JEQCO%l —Hsm U Qco%4x —|- isin ><16

‘4QCosg——+|smg——--4§—e£2- £ 0— “2-2421

[V3(cos(10%) + isin(10°))] " = V3"(cos(6 107 +isin(6X1.09)) = 27(cog60°) +i sin(609))

_ J3 .6 27 27J§
—27?% TI —7"‘

N5

% X(cog(729) + is n(720))§ =§%g x(cos(5%729) +isin(5x7 2°)

= siz x(cog(360°) + i sin(360°)) :3—12 1+0i)= >
s ) p&
g\/é@c sxé* |sm8— (\/3) g:osg4 |S|ng4 16&

EJ2 0_ 254J2 2542
sg— +|sm84 2%— > 2 g_ > + > i

o - e

_ '_".'_ % J§ 0 27 2743
27(2(:053h +|S|n 27g2 —_- T

1-i r:‘ﬁ2+(-12:‘/§ tane:'le-l 6:7Tp

G‘\/Z_Sgco%l —+ is n
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40.

4]1.

42.

43.

Section 10.3 The Complex Plane; De Moivre's Theorem

1- |—J—c;co%——+|sm8—~—

) e &Fpo s & 7p0 & 7poc
5_
(1-1) —Q\/EQCosg——f |sm8— (\/5) Qco%Sh—f |S|n85 e
&0 ® 0
—4J—Qcosé‘——+|sn8 s ol == 42 £+£| =-4+4]
4 @ 2

B-i =B+’ =yE=2 tane :'Téz-{g 6 =330°
V3~ i =2(cos(330°) +i sin(330°))
(V3- i)6 = [2(cos(3300) +isin(330°))] * = 2°(cos(6 X3300) + i sin(6x330°))
= 64(co5(1980°) + i sin(1980°)) =64(- 1+0i) = -64
V2-i r= (J§)2+(- 1 =3 tand _T;: % 0 »324.7°
V2 - i » J3(cos(324.7°) + i sin(324.7°))
(V2- 1) »[3(co(324. 7p+ isin(324.7°))] " = (V3) (cos(6624.7°) +isin(6x324. 7))
= 27(c0$1948.2¢% i sin(1948.29) » 27(- 0.8499+0.5270 i)
=-22.95+14.23i

1-V5i  r=’+(-vB) =6 taw :'—‘1/3: V5 6»294.1°
1- J5i » J6(cog(294.19 + isin(294.19)
(L- V5i)" » [VB(cos(294.19 + isin(294.19))] " = (VB) (cos(8294.19) +isin(8x294.19))
1296(c0g(2352.8°) +i Sin(2352.89)) » 1296(- 0.9751- 0.22151)
-1263.7- 287.1i

1+i =7+ =L tane:%:l 0 = 45°
1+i = J2(cos45%isin45y
The three complex cube roots of 1+i = v2 (cog(45°) + isin(45°)) are
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Chapter 10 Polar Coordinates; Vectors

2= J_ze: 8&150 360°k0, . . @5 360° k%ﬁi
€3 3 4
= ¥2[ cos(15°+120°K) +i sin(15°+120° K)]
7, = Y2 cos(15°+120°x0) +i sin(15°+ 120°x0)] =4/2(c 0615+ isin(15°))
2 = 2] cos(15°+120°1) +i sin(15°+120°x1)] =42 (cok135% isin(135°))

= 2] cos(15°+120°x2) +i sin(15°+ 120°%)] =§/2 (cog255°) + i sin(255°))

. _ 2 2 _ _ - 1 _ J§ _
4. B-i r=y(B) +(Y =JE=2 tans =R 0=%0
V3- i =2(cos(330°) + i sin(330°))
The four complex fourth roots of «f3 - i = 2(cos330% isin330p are:
_ J'za: B30, 360°k0, . . EB30°  360° kd
ATV T T €4 4 a
= 4/2]cos(82.5°+ 90°k) +i sin(82.5°+90° k)|
7, = ¥2[cos(82.5°+ 90°>0) +i sin(82.5°+ 90°X0)] = 4/2 (co5(82.5°) + isin(82.5°))
z,= ¥2[cos(82.50+ 90°x1) +i sin(82.5°+ 90°x)] = 4/2 (cog(172.5°) + isi f{172.5)
2, = ¥2[cos(82.5°+ 90°2) +i sin(82.5°+ 90°2)] = 4/2 (c05(262.5°) + i sin(262.5°))
z, = Y2[cos(82.5°+ 90°x3) +i sin(82.5°+ 90°x3)] = /2 (cog( 352.59) + isin(352.5°))

45. 4-4J3i r= 42+(-4J§)2:JE:8 tanG:%é:-J:_% 0 = 300¢
4- 4y3i =8(cog(300°) + isin(300°))
The four complex fourth roots of 4- 4v/3i = (cos(300°) isin(300°)) are
7= J_e @OO0 360°k0 ISIH?QOO0 360° k0~I
4 o 8 4 4 m

= 4/8[ cos( 750+ 90°K) +i sin(75°+ 90° K)]
z, = ¥ cos( 75°+ 90°x0) +i sin(75°+ 90°x0)] = 4/8 (cog( 759) + isin(75°))
7, = 48[ cog( 750+ 90°x1) +isin(75°+ 90°x1)] = /8 (cog(165°) + i si f 16 5))
7, = 48[ cos( 75°+ 90°x2) +isin(75°+ 90°x2)] = 4/8 (cos(255°) + i sin(255°))
z, = 48[ cos( 750+ 90°x3) +isin( 750+ 90°x3)] = /8 (cog( 345°) + isin(345°))

46. -8-8 r=yf(-87+(-8 =842  tand =%=1 6 = 225°
-(')8- 8i =8v2(cog(225") + isin225°)
The three complex cube roots of - 8- 8i = 8¥/2(cos(225%) + isin(225°)) are
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Section 10.3 The Complex Plane; De Moivre's Theorem

= J_ a@25° , 36000, isingazjo . 3620 k%}

=2%/2[ cos(75°+120°K) +i sin(75°+120° K)]
2, = 2§/2[cos( 75°+ 120°x0) + i sin( 750+120°0)] = 24/2 (cog{ 75°) + isin(75°))
7= 2/2[cos( 75°+120°x) +isin( 76°+120°x1)] =242 (cob195% isin(195°))
7, = 24/2[cos( 75°+ 120°2) +isin(75°+120°2)] = 24/2 (cog 315%) + isin(315°))

47. -16i r= ‘/02 +(-16)* = y256 =16  tanf = '7176 = undefined 6 =270°
- 16i =16(cos(270°) +i sin(270°))
The four complex fourth roots of - 16i = 16(c0s270% isin270p are:
7= J—&m a270° | 360° k%L Isnngoo N 3620 kd
= 2[cos(67.5°+ 90°k) +isin(67.5°+ 90°K)]
2, = 2[cos(67.5°+ 90°>0) +i sin(67.5°+ 90°x0)] = 2(cos(67.5°) + i sin(67.5°))
= 2[cos(67.5°+ 90°x) + i sin(67.5°+ 90°x1)] = 2(cog(157.5°) + i sin(157.5%))
z, = 2[cos(67.5°+ 90° Q) +i sin(67.5°+ 90°x2)| = 2(cos(247.5°) + isin(247.5°))
= 2[cos(67.5°+ 90°x3) +i sin(67.5°+ 90°x3)] = 2(cos(337.5°) +i sin(337.5°))

48. -8 r=y(-8°+0°=8 tand =%:o 6 =180°
- 8=8(cos(180°) + isin(180°))

The three complex cube roots of - 8= §(cos(180F) + isin(180°)) are

) J'sgc B8 | I60°KD, . BB 360° k)
AN T T 3 T &

= 2[cos(60°+120°k) +isin(60° +120°k)]
% = 2[cos(60°+120°>0) +i sin(60°+120°>0)] =2(cos(60°) + isin(60°))
z, = 2[cos(60°+120°x1) + i sin(60°+120°x4)| = 2 cos(180°) + i sin(180°))
z, = 2[cos(60°+120°x2) +i sin(60°+120° )] =2(cos(300°) + i sin(300°))

49. i r=J0P+P={i=1 tan8=%=undefined 6 = 90°
i =1(cos(90°) + isin(90°))
The five complex fifth roots of i =1(cog(90°) + isin(90°)) are
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Chapter 10 Polar Coordinates; Vectors

éc 3B 360°k0 . 3BO°  360° de
5 SE 5 @
=1[cos(18°+ 72° k) +i S|n(18°+ 72°k)]
Z,=1[cos(18°+ 72°x0) +isin(18°+ 72°x0)] =cos(18°) + i sin(18°)
z =1[cos(18°+ 72°x1) + isin(18°+ 72°x1)] = cos(90°) + i sin(90°)
z, =1[coq(18%+ 72°x2) + i sin(18°+ 72° Q)] = cog(162°) + isin(162°)
2, =1[cos(18°+ 72°x3) +isin(18°+ 72°x3)] = cos(234°) +i sin(234°)
z, =1[cos(18°+ 72°x4) + isin(18° + 72°x4)| = cos( 306°) +i sin(306°)

50. -i r=y00+(D =JI=1 tand =7y =undefined 6 =270°
- i =)(co270°) + isin(270°))
The five complex fifth roots of - i =1(co270°) + isin(270°)) are
7 = Ji 89700 360°k0, . . @70°  360° kflu)
5 o 8? 5 4a
=1[cos(54°+ 72°k) +isin(54°+ 72°k)|
Z,=1[cos(54°+ 72°>0) +i sin(54°+ 72°x0)] =cos(54°) +i sin(54°)
z =1[cog(54°+ 72°40) + isin(54°+ 72°x1)] = cos(126°) + i sin(126°)
z, =1[coq 549+ 72°x2) + i sin(54°+ 72°2)] = cos(198°) + isin(198°)
z,=1[cos(54°+ 720x3) +i sin(54°+ 72°x3)] = cos(270°) + i sin(270°)
z, =1[cos(54° + 720x4) + isin(54° + 72°x4)| = cos( 342°) +i sin(342°)

5. 1=1+0i r=yP+0 =i=1 tane:%:o 0=0°
1+0i =1(cos(0°) +i sin(0°))
The four complex fourth roots of 1+0i =1(cos(0°) +i sin(0%)) are:

8@" 360°k0 . QP 360°k0UI
1&c
4= J-eo 4 4 @ 84 4 QJ

=1[cos(90°k) + i in(90°K)]
Z, =c0s(90°x0) +i sin(90°>0) = cos(0°) +i sin(0°) =1+0i =1
z, =00s(90° X)) +i sin(90°x1) = cog(90°) +i sin(90°) =0+ 1i =i
z, = cog(90°x2) +isin(90°%2) = co6180% isin(180°) = -1+ 0i = -
z, = cog(90°x3) +i sin(90°x3) = cog270°) +i sin(270°) = 0- 1i = -

Thecomplex rootsare: 1,i, - 1,- 1.
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Frcaginary
FEe
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52. 1=1+0i r=yP+0=J1=1 tand =(-£=o 6=0°
1+0i =1(cos(0°) +i sin(0°))
The six complex sixth roots of 1+ 0i =1(cos0%+ isin0Y are:
-, 360°k8 . aee  360°kd

b Al R
=1[cos(60°K) + |S|n(600 K]
Z, = cos(60°>0) +isin(60°x0) = cos(0°) + isin(0°) =1+0i =1

1 V3.

z =c0s(60° 1) +isin(60°x1) = cos(60°) + i sin(60°) = S+ —|

1 J§

z, = cog(60°x) + isin(60°x2) = cog(120°) + isin(120°) = -= St i

z, = cog(60°x3) + isin(60° x3) = cog(180°) + isin(180°) = -1+ 0| -1

z, = cog(60°%4) +isin(60°x4) = cos(240°) + i sin(240°) = - % J§

2, = Cos(60°>E) + isin(60° x5) = cog(300°) + i sin(300°) =-;- @ i

The complex roots are: 1,%+q‘,;’i,- % @ -1, - % @I%@I .
"i_.ilum,,uuu
i ""-l 1 II:“ | 1-'\"-:.
T w7
- ",
¥ ,
]
| | & Feal
¥ ;1 L]
! ."I
hy s
. &

53. Letw=r(cosO +isinf) beacomplex number. If w 0, thereare n distinct nth roots of
w, given by the formula:
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Chapter 10 Polar Coordinates; Vectors

_ @ 206, i 3 L ZKPGo
zZ = JF Cosg= + == +ising= + wherek = 0,1 2,.

n g -1
|z | = T for al k
54. Since|z |= VI for al k, each of the complex n" roots lies on acircle with center
at the origin and radius YT .
55.

w =r(coso +isin6)

zk—JF cos kp0+|sma@ 2kpso

n o o Wherek=10,12,... n-

we see that the z are spaced apart by an angle of Z?p

56. Letz= rl(cosGl + isin@l) andz, = r2(00582 + isinez)
z _ 1(cosb, +isin6,) _ r(cosh, +isinb,) (cosh, - isinG,)
z  r,(cost, +ising,) r,(coso, +isinb,) (cosh, - isino,)

=

r, _cose,cosh, - icosh,sinb, +isinB,cosh, +sinB,sind
A cos’ 0, +sin’6,
_ I, cosB,cosb, +sinf;sinb, +i(sinB, cosh, - cosb, sino,)
= T

r1

(cos(6,- 6,)+isin(o, - 6,))

—_
N

Examining the formulafor the distinct complex nth roots of the complex number
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