Chapter 10

Polar Coordinates:; Vectors

10.5 The Dot Product
1. v=i-j, w=i+]
@ v-w= 1(1)+(1)(1) =1-1= 0
b 0 ===
et | [ B

(c) Thevectors are orthogonal.

%O@ 0 = 90°

2. V=i+j, w=-i+]j
@ v-w= 1( 1)+1(J) =-1+1= O

(b) COSB_IIVIIIIWII_W‘I(J_)Z_+12 J’J’ ’Z 0 ® 6=090°

(c) Thevectorsare orthogonal.

3. v=2i+j, w=i+2]
@ v-w—2(1)+1(2) 2+2 4

VW
®) oo =[] J_22+12J_12+22 “EE

(c) Thevectorsare neither parallel nor orthogonal.

4—08 ® 0»36.87°

4, v=2+2)], w=i+2]j
@ v-w—2(1)+2(2)—2+4—6

cos) = __6 _.3 _ @
(b) IIVIIIIWII J22+22J12+22' 2v2y5 10~
06 »18.43°
(c) Thevectorsare neither parallel nor orthogonal.
5. v=y3i-j, w=i+]j
@ v-w=J31)+(-10 = J§ 1
(b) oSO = W __ — — E E _Je';-ﬁ
IvIliwll mm Al 202 7
0 » 75°

(c) Thevectors are neither parallel nor orthogonal.
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Chapter 10 Polar Coordinates; Vectors

10.

11.

12.

V=i+J3), w=i- ]

(a v-W:1(1)+J§(-1):1 J3

(b) cosf = e——— = L ‘B —‘r:—‘r:‘ﬁ /6
IIVIIIIWII ,12 J§ T+(-17 JaJ2 22 4
6 »105°

(c) Thevectors are neither parallel nor orthogonal.

v=3i+4], w=4i+3]
@ v-w=34)+43) =12 +12 24
_Vvewo 24 24

b) cosH =
® M- T s B =

(c) Thevectors are neither parallel nor orthogonal.

— =096 ® 0»16.26°

v=3i-4), w=4i-3j
@ v-w—3(4)+( 4)(- 3)—12+12—24
24 24

(b) 000 = ||V|IIIWII ,/32+( Niait (3 VYBID 25

0 » 16.26°
(c) Thevectors are neither parallel nor orthogonal.

=0.96

v=4i, w=]j
@ v- W—4(0)+0(1)—0+0:0
0

b) co0sf = ———— =
(®) T R o=

(c) Thevectorsare orthogonal.

:Z%:%:O ® 0 =90°

V=i, w=-3j
@ vw=10+0(-3=0+0=0
(b) cosp = LW _ 0 =1%=3=0 ® 0=90°

IVITwll IIIIWII JE+0 JO +(- 32
(c) Thevectors are orthogonal.

V=i-a, w=2+3j
Two vectors are orthogonal if the dot product is zero. Solve for a
v-w=12 +(-a)(3)=2- 3a

2-3a=0® 3a=2® a:%
V=i+j, w=i+bj

Two vectors are orthogonal if the dot product is zero. Solve for b:
v-w=1) +1b)=1+b

1+b=0® b=-1
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Section 10.5 The Dot Product

13. v=2i- 3, W—i-j
=L =2 )=2i-2)

v, = projWV— : .
||W|| (‘/1 +(-1) ) 2

. .. & 50 1 1.
v2=v-v1=(2|-3])-8?-5]3:-?-5]

14. v=-3i+2j, w=2i+j
vow -3+ 2(])(|+J) -§(2i+j):-38i-_j

AT VZ+z)

15, v=i-j, w=i+2]j
S _1 +(-1)(2 1 N 1. 2.
Vv, = proj,v= w= (i+2j)=-=(i+2j)=-=i- =]
(2 5 55
V.=V-V :(|_ )_ai}|__29:§|_§
2 1 J 5 5]'ﬂ 5 5]
16. v=2i-j, w=i-2j
: +(-1)(- 2 N_ 4 4. 8
v =proj,v= =B o) = 21 2)= 2 2
Iwli (12+(_ 2)2) 5 5 5

17. v=3i+j, w=-2i-]j
V-WW_ 3('2)+1('1) (_ZI_J):_Z(_ZI_J)z%I_l__;J

Vv, = proj, V= =W = >
Iwl (‘/(- 2)? +(- 1)2)

_ 1. 2.
v, =v- v, =(3i+]j)- 8—I+EJB —5I-§j

18. v=i-3j, w=4i-]
_v.WW:1(4)+(-3)(-1)(4i_j):l(4i_ j):égi-lj

L = Proj, V= — >
W () 17 7 17

70 11 44,

— '_'_J

., @8
Vo =v-va =(i-80)- g - i - T
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Chapter 10 Polar Coordinates; Vectors

19. Let v, =thevelocity of the planein still air.

20.

21.

v,, = the velocity of the wind.
v, = the velocity of the plane relative to the ground.
V=V, v,

e O
v, = 550(cos(2259)i +sin(225°)] 55(@ Qu- 2 --275J§| 27542 |

v,, =80i
Vg =V, +V,, = - 275421 - 27542 +80i = (80- 275v2)i - 275v2
The speed of the planerelative to the ground is:
v, |= (80~ 275¢2)" +(- 2754/2)" = {6400 - 4400042 +151250 +151250

= J246674.6 » 496.7 miles per hour
To find the direction, find the angle between v, and a convenient vector such as

due south, - j.
cosf = ) (80 275J_)>OJ_+ _ 275‘/_)( 1) 275‘,2 » 0.7829
||Vg||||' il 496.30% +(- 17 ~7396.7
6 » 38.5°

The plane is traveling with a ground speed of about 496.7 miles per hour in a direction of
38.5° west of south.

Let v, =the velocity of the planein still air.
v,, = the velocity of the wind.
v, = the velocity of the plane relative to the ground.

Vg =V, +V,
v, = 250(cosai +sinaj)
v, = 4061 0= 4% L0 )

TRl - e T edirie 2
Vy =V, +V,, =250cos i +250sina j+ 2042i - 2042 = ai
Examining the j components:
250sinc - 20W2=0® 250sinc = 20v/2

sino = % »0.1131® o »6.5°
250

The heading of the plane should be N83.5°E.
Examining the i components:
250c0s6.5% 204/2i = ai

276.7 = a
The speed of the plane relative to the ground is 276.7 miles per hour.

L et the positive x-axis point downstream, so that the velocity of the currentisv, = 3.
Let v, = the velocity of the boat in the water.
Let v, =the velocity of the boat relative to the land.
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22.

Section 10.5 The Dot Product

Thenv,=v, +v,

The speed of the boat is |v,, ]|= 20; we need to find the direction.
Letv, =ai+bj so v, [[=va@+b? =20 ® a+b?=400.
Let v, =Kj.

Sincev, =v, +v,, kji=ai+bj+3 ® kj=(a+3)i+bj
a+3=0andk=b ® a=-3
a®+b®>=400 ® 9+b*=400 ® b*=391 ® k=b»19.77
v, =-3+19.77] and v, =19.77]

Find the angle between v,, and j:

_ V, ) _-3x0+19.77(1) _ 19.77
cost = — = —— = > 0.9885
IIVW I IJ I ZOJOZ +:|_2
0 » 8.7°

The heading of the boat needs to be 8.7° upstream.
The velocity of the boat directly across the river is 19.77 kilometers per hour. The time to

crosstheriveris: t= 1%37 » 0.025 hours or t » 1.5 minutes.

L et the positive x-axis point downstream, so that the velocity of the currentisv, = 5i .
Let v,, = the velocity of the boat in the water.
Let v, =the velocity of the boat relative to the land.
Thenv,=v, +v,
The speed of the boat is |v,, ||= 20; we need to find the direction.
Letv, =ai+bj so v, [[=va@+b? =20 ® a+b?=400.
Let v, =Kj.
Sincev,=v, +v,, kj=ai+bj+5 ® kj=(a+5)i+b]j
a+5=0andk=b ® a=-5
a’+b”=400 ® 25+b* =400 ® b*°=375 ® k=b»19.36
v, =-5i+19.36] and v, =19.36]
Find the angle between v, and j:

_v,-] _-5x0+19.36(1) _19.36
cosO = — = —_ = » 0.9680
v [1il  2040% +7° 20
0 »14.5°

The heading of the boat needs to be 14.5° upstream.
The velocity of the boat directly across the river is 19.36 kilometers per hour. Thetime to

crosstheriveris: t= 1&.5% » 0.026 hours ort » 1.56 minutes.
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Chapter 10 Polar Coordinates; Vectors

23. Split the force into the components going down the hill and perpendicular to the hill.
Fy =Fsin(8°%) =5300sin(8°)
=5300(0.1392) » 738 pounds
F, =F cos(8°) = 5300cos(8°)
=5300(0.9903) » 5249 pounds

The force required to keep the car from rolling down the hill is about 738 pounds.
The force perpendicular to the hill is approximately 5249 pounds.

24. Split the force into the components going down the hill and perpendicular to the hill.
Fy =F sin(10°) = 4500sin(10°)
= 4500(0.1736) » 781.2 pounds
F, =F cos(10°) = 4500cos(10°)
= 4500(0.9848) » 4431.6 pounds

R

The force required to keep the car from rolling down the hill is about 781.2 pounds.
The force perpendicular to the hill is approximately 4431.6 pounds.

25. Let v, =thevelocity of the planein still air.
v,, = the velocity of the wind.
v, = the velocity of the plane relative to the ground.

Vg =V, v,
x
v, = 500(cos(45%)i +sin(45°)j) =500 ‘/§|+£r— 25052 +2504/2
=60 e
(cos(120°)i + sin(120°);) esogr 5 +—j - 30i + 3043

V=V, +V, =250¥2i +250v2 ) - 30i +30v/3]
= (- 30+25042)i + (25042 + 30¥/3)
The speed of the plane relative to the ground is:
Vo [I= (- 30+ 25042)" + (25042 +3043)°

= J269129.1 » 518.8 kilometers per hour
To find the direction, find the angle between v, and a convenient vector such as

due north, j.
oy = Vo] _(-30+2502)50 +(25042 +30J3)0 _ 250477 + 3043
Iv. il 518840 + 1 5183
_ 4055 )
=255 » 07816 ® 0»38.6

The plane is traveling with a ground speed of about 518.8 kilometers per hour in adirection
of 38.6° east of north.
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Section 10.5 The Dot Product

26. Let v, =thevelocity of the planein still air.

27.

v,, = the velocity of the wind.
v, = the velocity of the plane relative to the ground.
V=V, v,

(0]
v, = 600(cog(60%)i - sin(60°)j) 60(§|-£r: 300i - 300v/3]

v,, = 40(cos(45°)i - sin(45°)j) 40§£| - Q ] = 20J2i - 2042 ]
V, =V, +V, = 300i- 300v3j +20v2i - 20J§j
= (300 + 20J'2)i + ( 300v/3 - 20J§)j
The speed of the planerelative to the ground is:
o || = |(300+2042)" + (- 30043 - 202)

= J407964 » 639 kilometers per hour
To find the direction, find the angle between v, and a convenient vector such as
due north, j.

;1 _ (300+2042)>0+(- 30043- 20V2)0 _ - 30043 - 2047

cosO = _
||Vg i 639407 + 12 639
= %@ » - 0.8574
0 » 149°

The planeis traveling with a ground speed of about 639 kilometers per hour in adirection
of 31° east of south.

L et the positive x-axis point downstream, so that the velocity of the currentisv, = 3.
Let v, = the velocity of the boat in the water.
Let v, =thevelocity of the boat relative to the land.
Thenv,=v, +v,
The speed of the boat is |v,, ||= 20; itsdirection is directly acrosstheriver, so

Let v, = 20j

Vg =V, +v,=20j+3i = 3i +20]
o |vg ||: J3 +207 = JA09 » 20.2 miles per hour

Find the angle between v and j:
) 3><o +20(1) _

||Vg||||J|| 202d0 + 2 5

0 » 8.1°
The heading of the boat will be 8.1° downstream.

cos = » 0.9901
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Chapter 10 Polar Coordinates; Vectors

28.

29.

30.

31.

32.

33.

L et the positive x-axis point downstream, so that the velocity of the currentisv, = 4i.

Let v, =the velocity of the boat in the water.
Let v, =the velocity of the boat relative to the land.
Thenv,=v, +v,
The speed of the boat is |v,, || =10; itsdirection is directly across theriver, so
Let v, =10j
vy =V, +v, =10j +4i = 4i +10j
o |V, || = V47 +107 = JTT6 » 10.8 miles per hour°

Find theanglebetweenv and j:
Voo 40 +10(1) _

cosO = » 0.9259
VIl 108d07 17 108’
0 »22.2°
The heading of the boat will be 22.2° downstream.
V390 3 3J§
F =3(co 60°|+sm60° | +— ——-|
Yool 3§2 2 52t
W=F- AB= §§|+¥jg (2)+3‘,§>O:3foot-pounds
&M 0
F =1(c 0$45°)i +sin(45°);) ]g— —2 £2 +§j
2. 2.0 5
W:F-AB:ge‘,—THq‘/;J %(5)+%><0 ‘Efoot-pounds

e
F =20(cos(30%)i +sin(30°);) 2og£|+-r=1o‘/§i +10j

W = F- AB= (103 +10j) - 100i = 1043(100) + 1050 = 1732 footpounds

W=F- AB W=2  AB=4i
F =cosai- sinaj

2 =(cosai - sinaj)- 4

2=4cos ® -;:COSOL ® o =60°

Let u=ai+hbj, v=a,i+bj, w=ai+hj
u-(v+w)=(ai+bj)- (ai +b,j+aj +byj) = (ai +bj)- (ai + ai +bj + bj)
= (ai +byj)- (@ +&)i + (b, +b,)j) = a,(a, + &) +b(b, + b,)
= a8, +a,3; +bb, +bb;, =aa, +bb, +aa; +bb,
= (ayi +byj) - (ai +byj) +(ai +bj)- (ad +byj) =u-v+u-w
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34.

35.

36.

37.

38.

39.

40.

41.

42.

N

Section 10.5 The Dot Product

O0=0i+0jandv=ai+bj. 0-v=0xa+0>% =0

Let v=ai+bj.
Since v isaunit vector, Jv]|= W@+ b’ =1 or a®+b* =1
: : V- (a +bj)- i
If o isthe angle betweenv and i, then coso = g—=— Or coso = —z - a
vl

a+b’=1
cos’a +b* =1® b’ =1- cos’a ® b’ =sina ® b=sina
Thus, v = cosa i +sina. j

If v=ai+bj=cosai+snajandw =a,+b,j=cospi+sinp j, then
cos(a - B) =Vv-w =aa, +bb, =cosa cosp +sinasin

Letv=ai+Dbj.

. _v-i._(ai+bj)-i . _a@)+b(0). _ ..
FOLYV = e | & ceeee—t— | D ettt | = A |
e T 1

v=(v-i)i+(v-j)j

(& Letu=ai+bjandv=a, +h,j
(U+v): (u-v)=((a+a)i+(b+b)j) ((@- &)i+(b - b)j)
=(a,+a,)(a - &)+ (b +b)(h-b)=a"-a +b’- b’
— (‘312 +b12)- (822 +b22)
Since the vectors have the same magnitudes and these two quantities represent the
squares of the magnitudes of each, the difference is 0 and the vectors are orthogonal .
(b) Becausethevectorsu and v areradii of the circle, we know they have the same

magnitude. Since u+ v andu- v aresides of the angle inscribed in the semicircle
and we know that they are orthogonal (part a), then this angle must be aright angle.

(V- aw) - W=Vv-w-aw-w=Vv-w- afjwf =v- w- H\;“lezo
w

Therefore the vectors are orthogonal .

(Iwlv +IMw) - (Twii - Iviw)
=lwiFv-v-Iwliviv- w+lwlllviv: w- [vlFw-w
=wlFv-v-QIivifw: w=wFlvl - IvEwE =0

If F isorthogonal to AB,thenW=F- AB= (i +j)(i- j) =1x4+1(- 1)=0

Ju+vlf - Ju- v = (u+v)- (u+v)- (u-v)- (u-v)
=(U-u+u-v+v-u+v-Vv)- (U-U-U-V-V-U+V-V)
=2U-v)+2u-v)=4(u- V)
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