Chapter 10

Polar Coordinates:; Vectors

10.R Chapter Review
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7.  Thepoint (=3, 3) liesin quadrant II.

r=y+y2=y(-37+F =342 0 =tan 8——tan8——tan -1 =-

M|OT

Polar coordinates of the point (- 3 3) are & E3J2, - O or acé./_ 3p 0
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10.

11.

12.

13.

15.

The point (1, -1) liesin quadrant 1V.

N e
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0 =tan’ l?(B—tan 8_ =tan (1)—'

Polar coordinates of the point (3, - 1) are $42, -

The point (0, —2) lies on the negative y-axis.

=X +y2 =07 +(- 2)% =2

The point (2, 0) lies on the positive x-axis.

280

@20 p

0 = tan 8———tan é,h——- =

Polar coordinates of the point (0, — 2) are &2, -

Oor & 2, ?ﬂ

r=yC+y? =2 +0°=y4=2 0=tan 8_ = tan 8—2 = tan?0=0
Polar coordinates of the point (2, 0) are (2, 0) and (-2, p).

The point (3, 4) liesin quadrant I.

5 5
r=yx°+y?’ =y +4°=5 ¢ :tan'lggztan'lgg» 0.93

Polar coordinates of the point (3 4) are (5, 0.93) or (-5, 4.07).

The point (-5, 12) liesin quadrant I1.

0 20
= 24+v2=J(-5)%+12% =1 = -1@2: o= - 1.1
r Jx y J( 5 3 0=tan g(g tan g v 8

Polar coordinates of the point (- 5 12) are (13,1.96) or (- 13 5.10).

r

2r?
r’(2- 3sin@)- tand =0

3x° +3y* = 6y
X +y =

r> =2rsin®

2.2rsine =0

2x% - y? =

2X% +2y? - 3y?

2(x* +y?)- 3y?
2r® - 3(rsin®)” = tan®
- 3r?sinf - tand =0

X< X< XI

14.

2r?

16.

2r?

2x° - 2y’ =5y
c0s%0 - 2r?sin*6 =5rsinf
2r2(cosze - sinZB) =5rsinod
2r cog(20) = 5sin@

X2 +2y° =
2x* +2y - X% =
2(x* +y?) - x*

2r® - (rcost)’ = tan@
- r?cos’0 - tan® =0

X< xI< XI<

r2(2- cosze)- tand =0
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17.

19.

21.

23.

25.

x(x2+y2):4 18. y(x - ):
rcose(rz):4 rsinG(rzcosze r2sin 6) 3
r*cos =4 rssine(cosze- sin26)=3
r’sinf cog20) =3
r =29n6 20. 3r=sn0
r’=2rsinod 3r’=rsin0d
XX +y> =2y 3(X*+y)=y
X2+y?-2y=0 3x*+3y?-y=0
r=5 -Pp
22. 0=
r2 =25 Za&pb’
2 2
X +y =25 tand =t -
y 842
X:l
X
y=X
rcosf +3rsind =6 24, r?tan® —1
X+3y=6
' (¢ + vl
><2y+y =X
y3+ x%- x=0

r =4cod¥ Thegraph will beacircle. Check for symmetry:
Polar axis: Replace 6 by - 6. Theresultisr =4cos(- 0) = 4c09 .
The graph is symmetric with respect to the polar axis.

Theline 6 :g: Replace 6 byp -6.
r = 4cos(p - 0) = 4(cog(p)cosh +sin(p)sing)
=4(-cosb +0)=-4co¥9
The test fails.
The pole: Replacer by - r. -r=4co9 . Thetest fails.
Due to symmetry to the polar axis, assign valuesto 6 fromO0to p.
P [RTR[2P D
b [°] & (3|33 5 P
r =4cod [4[243»35]|2]0]-2]|- 243 »-35]-4
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26. r=3sn6 Thegraphwill beacircle. Check for symmetry:
Polar axis: Replace 6 by - 6. Theresultisr =3sin(-0) =- 3sinf.
Thetest fails.

Theline 6 :g: Replace 6 byp -6.
r=3sin(p - 6) = 3(dn(p)cosd - cos(p)sine)
=30 +sinB) =3sin6

The graph is symmetric with respect to theline 6 = %
The pole: Replacer by - r. -r=3sin6. Thetest fals.
Due to symmetry to theline 6 = g assignvaluesto 6 from - -2 to g
0 _b _b _P1o|B P P
2 3 6116 3 2
r=3sn6|-3 -%»-2.6 -g 0 % BTJé»Z.G 3

1015



Chapter 10 Polar Coordinates; Vectors

27.

28.

r =3- 3sin6  Thegraph will beacardioid. Check for symmetry:

Polar axis: Replace 6 by - 6. Theresultisr =3- 3sin(- 0) =3+3sin0.

Thetest fails.
Theline 6 :g: Replace 6 byp -6.
r=3- 3sin(p - 6) =3- 3(sinp)cosd - cos(p)sin6)
= 3- 3(0+sinB)= 3- 3sinO

The graph is symmetric with respect to theline 6 = g
The pole: Replacer by - r. -r=3- 3sin6. Thetest fails.
Due to symmetry to theline 6 :g,assignvaluesto 6 from - % to g
0 _b _b _BlolB P P
2 3 51916 3 3
r=3-3sn6| 6 3+¥»5.6 2 1315 3-37‘/‘7”»0.4 0

r =2+cosd The graph will be alimacon without an inner loop.

Check for symmetry:

Polar axis. Replace 6 by - 6. Theresultisr =2+ cos(- 6) = 2+ cosf .
The graph is symmetric with respect to the polar axis.

Theline 6 =g: Replace ® byp -6.
r=2+cos(p - 6) =2+ (cogp)cosd +sin(p)sino)
=2+(- cosf+0)=2- cosH
The test fails.
The pole: Replacer by - r. -r=2+cosb. Thetest fails.

Due to symmetry to the polar axis, assign valuesto 6 fromOto p.
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29.
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0 o & £l

N INIT
[N wo [0l

[N |l

6
r =2+ coso 32+§»2.9 2-;’;’»1.11

YA

r=4- cos6 Thegraph will be alimacon without an inner loop.

Check for symmetry:

Polar axis. Replace 6 by - 6. Theresultisr =4- cos(-0) =4- cos6 .
The graph is symmetric with respect to the polar axis.

Theline 6 :g: Replace 6 byp -6.
r=4- cos(p - 0) =4 - (cog(p)cosd +sin(p)sin6)
=4- (- cos8+0) =4 + cosd
The test fails.
The pole: Replacer by - r. -r=4- cos6. Thetest fails.
Due to symmetry to the polar axis, assign valuesto 6 fromOto p.
2 5
oo Zl T |

g 4+§ » 4915

NI |l
N INoT

p
7
r=4-coso |3]|4- 7»3.1
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30.

')

=t

r=1-2sn6 Thegraph will be alimacon with an inner loop.

Check for symmetry:

Polar axis. Replace 6 by - 6. Theresultisr =1- 2sin(-0) =1+2sin6.
Thetest fails.

Theline 6 :g: Replace ® byp -6.
r=1- 2sin(p - 6) =1- 2(sin(p)cosd - cos(p)sino)
=1- 2(0+sinB)=1- 2sinO

The graph is symmetric with respect to theline 6 = % :
The pole: Replacer by - r. -r=1- 2sinf. Thetest fails.
Due to symmetry to theline 6 = % assignvaluesto 6 from - % to %
R R _Blo|B P P
o 2 3 61°]6 3 2
r=1-2sn6| 3 [1+J3» 27| 2 [1|0]1- J3»-07]-1
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31.

32.

33.

34.

35.

36.
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r :Jx2+y2 :‘/(-1)2+(-j|_)2 :ﬁ
_y_-1_ _
tane-)-(-_j-l ® 0 =225°

The polar formof z=- 1- i is z= r(cos6 +isin®) = v2(cog(2259) + isin(225°)).

mm—ﬁz

tane—)-(—ﬁz-? ® 0 =150°

The polar form of z=- 3 +i is z= r(cos6 +isin®) =2(cog(150°) + isin(150°)).

r=yx+y =4+ (-3 = JB =5

o =Y=-> ® §»32310
X 4

The polar form of z=4- 3i is z= r(cosd +ising) =5(cog(323.1°) + isin(323.1°)).
r :Jx2+y2 :J32+(- 2)* = 13
tang =< = é ® 0»3263

X
The polar form of z=3- 2i is z= r(cosd +isin6) = ¥13(cog 326.3%) +isin(326.3°)).

2(cos{150°) + isin(150°)) zg£+1|2: J3+i
3(cos(60°) +isin(60°)) = % + % 'gg: g’ %
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Bpd, Ppd 2 JZ_BE 3,33

37. 3;0058—fa |sm8—ﬁa % > E 2+ > [
ogp0 . Bp®_ B2 S9

38. 4(;0058— HiSngor == dg T+ Thizs 2W2 +242i

39. 0.1{cos(350°) +isin(350°)) » 0.10.9848 0.1736i) = 0.0985- 0.0174i
40. 0.5(cos(160%) + isin(160°)) » 0.5(- 0.9397 + 0.3420i) = -0.4699 + 0.1710i

41. 22w = (cog(80°) +i sin(80°)) x(cos(50°) + i sin(50%))
=1xl(cos(80#50°) isin(80° +50%)) = cog(130°) + i sin(130°)
z_ (cos(80°) +i sin(80°))
w  (cog(50°) +isin(50°))
=cog(30°) +isin(30°)

= %(cos(80°- 50°)isin(80°- 50°))

42. 27w = (cos(205°) +i sin(205°)) x(cos(85°) + i sin(85°))
=1x(cos(205# 85°}+ isin(205° + 85°%) ) = cog(290°) + i sin(290°)
z _ (cos(205°) +isin(205°)) 1 o aEoN i o, aro
W (ooo@) * 1sn(E>)) —1(005(205 85°)isin(205°- 85%))

=co$120P+isif120°

o] O e 0 oc
43. ZXW = &co%—p—r |sm8—p—-><2éros—+|smg——3>QQco% IO+B—+|smagp +E—~

5 5@
=6 ><(cos 2p +isin(2p)) = 6(cos(0) +isin(0))

pOO
z_ 3><(;Eosgh—+|3m85m 3ae a®p pO 0, ®p po(_)_gaeo po i
- a@OO" €% 50 €T s 26650 S_raz
2@0038— |sm8

44 z><wz2>§co + isin ———>G><;co (—)r isina@———z Bgco p+p3 isin p+99C
: 38_ &3 T30 €3 <3 €3 ' 3

—6><(c:052p +isin(2p)) = 6><(cos(0 +i sin(0))
pOO

2><q:osg—+ |sn8 a_a
3>g005é,h—+ |S|n ks
30 €30

45. 22w =5cos(10°) +isin(10°)) x{cos(355°) +i sin(355°))

asp pd..aﬁp p0028€‘ 4p('3'

_3%00%3- 3.g+ISI 8— 3@ 3>8COS +IS|n

z
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46.

47.

48.

49.

50.

51.
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=5x](cos(10% 355°) + i sin(10°+ 355°%)) = 5x(cog( 365°) + i sin(365°))
=5x(cog(5°) + isin(5°))
2z _ 5(cos(l0°) +isin(109) _
w  (cog(355%) + isin(355°)) 1
=5x(cos(- 345°)+isin(- 345°) =5xco§15p+isin(15%)

(oos(loo 355°) +i dn(10° - 3559))

24w = 4 cos(50%) + i sin(50°)) x(cos(340°) + i sin(340°))
= 4x(cos(50% 340°) +isin(50°+ 340°)) = 4 X{co( 390°) + isin(390°))
= 4 x(cog(30°) +isin(30°))

z _ 4(cos(50°) +isin50°) 4 .

== (co S(340%) + isin (3400)) = E(cos(SOO- 340° +isin(50°- 340°))

=4x{cos(- 290°) isin(- 290°) = 4x{cos(70°) +i S 70°))

[3(cos(209) + isin(20°))]” = 3*(cos(3209) + isin(3x2 0 9)=27(cos(60°) + i sin(609))

_27eq+‘/§ 0 _ 227 27J§

[2(cos(500) + isin(50°))]” = 2%(cos(3 %609) + isin(3%6 0 %)= 8x{cosg(150°) + i sin(150°))
=8§ q‘,§+% igz 43+ 40

i-.mu B e e pO pOC

e
A p
g\/_ZXQCO%_—l- ising— —(\r) QCO%4x_—|-|s|ngA 3 o
aBp O -
—4>Qcosg——|r |smgh=-—4(0+1|) 4i

% ® a5p0 pO(iI x pO pd:
O ++isingc—=U = 0S X——+ sin
&% 65" 16% 25 S,A | 84 16 &

:16%009575“9“87 16>§-e£2-£|2 -8J2- 8\2i

1-J3i r=J+(-VB) =2 o= ‘B -3 6 =300

1- J3i =2(cog(300°) + isin(300°))
(L- 3i)° =[2(cos(300%) +i sin(300°))] * =2° cos(6 x300°) +i sin(6 x300%))

= 64{cos{1800°) + si 11800 = 64 {cos(0¥) + i sin(09)
=64+0i =64
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92.

53.

55.

56.

2-2i  r=y2?+(-2° =242 tm6:;§:-1 0 = 315°
2- 2i =242 X(cog(315°) + isin(315°))

(2- 2i)° [2‘/5 x(cog(3159) + is n(315°))] "= (2‘/_2)8 X cog(8315°%) +i sin(8x315%))

= 4096 cog(2520°) + i sin(2520°)) = 4096 { cos(0°) +i sin(0°))
= 4096(1 +0i) = 4096

3+4i  r=J3F¥+4°=5 tan@ :% 0 »53.1°
3+ 4i =5x(cos(53.1°) +isin(53.19)

(3+4i)* =[5* {cog(4>63.19) +i sin(463.19)] * =625x(cos(212.4°) +isin(212.4°))

»625- 0.8443+ (- 0.5358)) = - 527.7 - 334.9i

12 r=y1’+(-22=V5 0 ==2=-2 0 »206.6°

1
1- 2i = J5 X(c05(296.6°) + isin(296.6°))
z ~ 4
(1- 2i)* =g V) " cos(4 296.6°) +i sin(4>296.6%))
= 25x(c0s(1186.4°) +isin(1186.4°))
» 25X~ 0.2823+i(0.9593)) = - 7.0575 + 23.9825i

27+0i  r=y277+07 =27 tane:,ZO?:o 0 =0°
27+0i =27(cos(0°) +isin(0°))

The three complex cube roots of 27 = 27(cos0%+isi nO? are;
O°>k0 'Si age 360°>k(_1u'I

€373 4

zk—\/_7>e:osg—+

= Jcos(120°k) + isi n(120° ]
= Jcos(120°>0) +i sin(120°x0)] = 3x(cos(0°) +i sin(0%) = 3

z = Jco5(120°) + i sin(120°x)] = 3x(cos(120°) + i sin(120°)) = -5 + 3_‘/5.
2, = Joog(120°2) + i sin(120°2)] = 3x(cog(2409) + i sin(240°)) = - g 3‘2/5

-6 r= ‘/(- 16)°+0° = y256 =16  tan® = % =0 0=180°
- 16=16(cos(180°) + isin(180°))
The four complex fourth roots of - 16= 16 cos(180°) + isin(180%) are
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S7.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Section 10.R  Chapter Review

é 0 au
7 = J_G&: %&800 360° % @800 + 3600>k__(J

P |
= 2[cos(45°+ 90°k) +i sin(45°+ 90°%)|
7 = 2[coS(45°+90°x0) +isin( 450+ 90°x0)] = 2 (c0s(45°) + i sin(45°)) =2 + V21
7= 2[cos(45°+ 90°x1) +isin( 450+ 90°1)] =2 x(c0§135P+i sin(1359)) = -2 + ¥2i
2, = 2[cos(45°+ 90°x2) + i sin(45°+ 90°x2)] = 2 (cos(225°) +i sin(2259)) = -v/2 - ¥2i
= 2[cos(45° + 90°x3) +i sin(450+ 90°x3)] = 2 (cos(315°) + isin(315%) =v/2 - V2i

P=0-2,Q=@-6 v=03-1i+(-6-(-2))=2- 4]

IVIl= y2Z +(- 47 =J20 = 25

P=(-31,Q=(4-2 v=(-(-3)i+(-2-1)j=7i- 3]
IVI= V7 +(- 3" = J58
P=(0-2,Q=(-11) v=(-1-0i+(1-(-2))=-1+3j

IVI= J(-17+3" = V0

P=(3,-4 Q=(-200 v=(2-3)i+(0- (- 4)) =-5i + 4

V= (-57+4" = Ja1

V=-2i+], w=4i- 3]
Av- 3w =4(- 2i +)- J4i- 3j) =- 8i +4j- 12i+ 9] = - 20i +13]

V=-2i+], w=4i- 3]
-v+2w=-(-2i +j)+2(4i - 3j) =2i- j+8i- 6] =10i - 7]

V=-2i+]
IVI=1-2+jl= (- 27 +7 = J5
vV=-2i+], w=4i- 3]

Ivewl=]|(- 2i+0)+ (4 - 3)=12i - 20ll= 2 + (- 2 = B =22

vV=-2i+], w=4i- 3]
IVI+Iwli=1I- 2i +jlI+114i - 3jll= (- 2° + T + y&# +(-3)* =J5+5

V=-2i+j, w=4i- 3]
12v]- Jwll=12(¢- 2i +)) |- J4i - 3jI=1- 4 +2j]- 3]4i - 3]
= JC 4P+ 22 - 3J# +(-3) = J20 - 3565 = 2J/5- 15
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67.

68.

69.

70.

71.

72.

73.

74.

75.

yo Voo c2it) -2+ _-2i+j__2J§i+J5j
VI T-2i+j1 Jcz2p+2 B 5 5
yo oW _-(i-3)_ -4i+3] _-4i+3_ 4. 3

= - = ——— = fi+p
Iwll 14i- 3jll  J#+(-37 J25 5' "5

v=-2i+j, w=4i-3]
V-w=-2(4)+1(-3)=-8-3=-11

v-w -11 -11  -11
) = e = ——————— = ——— = —=» - (0.9839
IVIlwl - 27 +2 a2+ (-37 56 545
0 »169.7°
v=3i-j, w=i+]j

v-w=3X+(-1)) =3-1=2

V- W 2 2 1
Ccos = = = = » 0.4472
IVITwl JZ+C PvE+2 Viov2 v
0 » 63.4°

V=i-3], W=-i+]
v.-w=1-21)+(-30D =-1-3=-4

VW - 4 -4 -2
cosh = = = = » -0.8944
IVITwl ™ 2+ 32y +2 Viow2 5
0 »153.4°

v=i+dj, w=3i-2
V- w=1(3)+(4)¢ 2)=3- 8=-5

V- -5 -5

W -
00 = =2 =2 -2, 03363
IVITWl ™ Y+ 22§32+ (-2 JA7vA3 V221
6 »109.7°
o vew _(2043))-(Bi+j) .y 2X8+3X, 27, 9.
proj,v = ——=w = @Bi+i)=—5— @i +i) =5i +pl
i VL 010

v =" _cHanwa-n@_D::5§§t9@-n

W :
Iwir B (17
_-15. 5. 3. 1.
"o Tm!T 2t

L et the positive x-axis point downstream, so that the velocity of the currentisv, = 2i.
Let v, = the velocity of the swimmer in the water.

Let v, =the velocity of the swimmer relative to the land.

Thenv,=v, +v,

The speed of the swimmer is |v,, ||= 5; itsdirection is directly across the river, so

1024



Section 10.R  Chapter Review

Let v, =5]
Vg =V, +V =5 +2i =2i +5]
et . .
|vg||: J22 +52 = y29 » 5.4 miles per hour

Sincetheriver is 1 mile wide, it takes the swimmer 0.2 hoursto cross theriver. The
swimmer will end up (0.2)(2) = 0.4 miles downstream.

76. Let v, =thevelocity of the planein still air.
v,, = thevelocity of the wind.
v, = the velocity of the plane relative to the ground.
V=V, v,
v, =500]

v, :60ée§i- V2, °_30J'| 3042
Vy =V, +V,, =500] +3042i - 3042 j =(30¥2)i +(500- 305Z)j
The speed of the plane relative to the ground is:
AE ‘I(ezo,/z)2 +(500- 30v2)° = 1800+ 250000 - 300002 +1800

= 211,173.6 » 459.5 miles per hour
To find the direction, find the angle between v, and a convenient vector such as

due north, j.
cos = Vo] _ (304/2)>0+(500- 30s2)(1) _ 500- 3042 -
v ||II- il 4590540 + 1 7595
6 » 5.3°

The plane is traveling with a ground speed of about 459.5 miles per hour in a direction of
5.3° east of north.

77. Let F, bethetension on the left cable and F, be the tension on the right cable.
Let F, represent the force of the weight of the box.

. =|IF: l(cos(140°)i +sin(140°)j) » ]| F, |(- 0.7660i +0.6428; )
, =|IF. ll(cos(30°)i +sin(30°)j) » || F, [|(0.8660i +0.5000j)

F3 = - 2000j

For equilibrium, the sum of the force vectors must be zero.

F,+F,+F, = - 0.7660| F, i + 0.6428]|F, |j + 0.8660] F, |i +0.5000]|F, [|i - 2000]
= (- 0.7660||F, ||+ 0.8660]| F, )i + (0.6428] F, ||+ 0.5000] F, | - 2000)]
=0

Set the i andj components equal to zero and solve:
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i 0.7660
- 0.7660] F, |+ 0.8660]F,[|= 0 ® |IF,|= 5gaeglIF: 1= 08845] F, |

|
10.6428]|F, ||+ 0.5000] F, | - 2000 = 0
0.6428]|F, ||+ 0.5000(0.8845| F, ) - 2000 =0

1.085] F, | = 2000
| F. || » 1843 pounds

| F, | = 0.8845(1843) = 1630 pounds
Thetension in the left cable is about 1843 pounds and the tension in the right cable is about

1630 pounds.

78.
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Let the positive x-axis point downstream, so that the velocity of the current is v_=5; .
Let v, = the velocity of the boat in the water.
Let v, = the velocity of the boat relative to the land.

Then vV, =V, +tV,
The speed of the boat is ||v, || =15; we need to find the direction.
Let v, =ai+bj o v, [|=va®+b’ =15 ® a’+b*=225.
Let A :kJ
Since y, =y +v_, Kkj=ai+bj+5 ® Kkj=(a+5)i+Dbj
a+5=0andk=b ® a=-5
+b°=225 ® 25+b°=225 ® b?°=200 ® k=bh=y200
v, = -5i+ 200] and v, = J200j
Find the angle between v,, and v,
v, -5>¢0+(‘/200)2 _ 200 _J200
|| v, || Iv.l (5(v200) 154200
x 200 0

=cos é—— > 19.47°

The heading of the boat needs to be 19.47° upstream, in other words, the boat should head
at anangleof o =70.53" to the shore.

» 0.9428

Ccosh =

Y Vi Current flowing
—

shore
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