Chapter 11

Analytic Geometry

11.5 Rotation of Axes; General Form of a Conic

10.

x>+ 4x+y+3=0
A=1andC=0; AC=(1)(0)=0. Since AC =0, the equation defines a parabola.

2y° - 3y+3x=0
A=0 andC=2; AC=(0)(2F 0. Since AC = 0, the equation defines a parabola.

6x° +3y’ - 12x+6y =0
A=6 andC=3; AC=(6)(3)=18. Since AC>0and Al C, the equation defines an
ellipse.

2X° +y° - 8x+4y+2=0
A=2andC=1 AC=(2)(1)=2. Since AC>0and At C, the equation defines an
elipse.

3X°- 2y°+6x+4=0
A=3 andC=-2; AC=(3)(- 2)=- 6. Since AC < 0, the equation defines a hyperbola.

4% - 3y’ - 8x+6y+1=0
A=4 andC=-3 AC=(4)F3)=-12. Since AC <0, the equation defines a
hyperbola.

2y°- x*- y+x=0
A=-1andC=2; AC=(-1)(2) =- 2. Since AC <0, the equation defines a hyperbola.

Yy -8 -2x-y=0
A=-8adC=1 AC=(-8)(1)=- 8. Since AC < 0, the equation defines a hyperbola.

X +y*-8x+4y=0
A=1andC=1 AC=(@)@) =1. Since AC >0and A= C, the equation defines acircle.

2x° +2y° - 8x+8y =0

A=2andC=2 AC=(2)(2)=4. Since AC >0and A= C, the equation definesa
circle.
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11.

12.

13.

14.

15.

X’ +4xy+y -3=0

A=1B=4, andC=1; cot(ze)_A—BC_l'Tl_%:o ® 26:%) ® ezg1
x:x'cong: ysmga%(;‘lz— -Qy_‘r( - y)
B o RO_2 . 2. L2

Y XSG S YOOSg 155 Xt 3 Y= ()

X*- 4xy+y -3=0

A=1B=-4, andC=1 cot(28)=A;BC=l'—1=£4=0 ® ze:‘-; ®e=§1
0 J_ J§ _W2 ;

X = xcosg— ysmggg - X5 2(x-y)

y= xgng——rycosgao J— ‘,2— ‘/2_(x+y)

5x” +6xy+5y° - 8=0

A=5B=6and C=5 cot(26)=A_—BC=5_—65=g=O ® 2e=% ® e=%1
6 OB VB VB
x=x'cos§E+- ysn?%fg: - X 7y:7(x -y)
6 BB B
y= xgng——rycosgig - 7y=7(x+y)
3x°- 10xy+3y*- 32=0
A=3B=-10,and C=3; cot()=2-S=3-3-0 _pp 29=R @=L
B -10 -10 2 4
@6 2, 2, L2,
X = xcosgh ysmngjzj > -7y—7(><-y)
o)
y= ><S|n8——|rycos§a J—x+§y':§(x'+y')

13x° - 6JB3xy+7y*-16=0
A-C 13-7_ 6 _ 3

" 63 -3 3

A=13B=-&f3andC=7: cot(20) =

»=2L @ g=L
3 3
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16.

17.

18.

Section 11.5 Rotation of Axes; General Form of a Conic

VN RNV . L SO < IV YA
x-xcosSEM.J stgéia_zx 2y 2(x JC—Sy)

Pl o OB L m
Y= XSng Y eosg o 5 Sy 2(‘,§X+y)

11x* +10J3xy +y*- 4=0

A-C_11-1_ V3
A=1 B=10J3andC=1 cot ¥°
. b oot(20) = B 1043 10J§ 3
2= @ g=R
3 6
a@‘l 399 £ __1 -
X = X'C0S 8— > > —2(J§X y)
%0 P0_1.. v3. .. 1/,
y= xgng——+ycos‘g6— +7y—-2(x+‘/§y)

AX? - Axy+ y2- 845 x - 16J§y 0

5 ¥
X = X'cos0 - ysinazgx'- —y'=
y:Xsin@+y'cose:&x'+£y':£(2x'+y')
5 5 5
X* +4xy+4y’ +5J5y+5=0
A=1B=4,andC =4; cot(ze)=A'—BC=
ﬂ i—z_ﬁ COS@
5 J 5
V. 26 . 5
X =X'cos - sme——x'-— =—(Xx'-2
y c 4 5( y)
y=Xsin6+y'cose:%ﬁx'+§y':§(2x'+y')
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19.

20.

21.

25x° - 36xy + 40y’ - 12413 x- 8413y =0
A=25B=-36,and C =40, cot(ze):A'C=25' 0_2. co20==
B -36 12

ae5o

. '1_35 2J_3 9 _ 3 _3/13
0 = cosH = = [— = = —
S J_ T O 13 J13 13
J1_3 Ji3
= - ‘= 3x'- 2y’
X =X'cos0- y'sing = 3 x 3 y'= 13(x y)
o oo 213, W13, W3, .. .
y = Xsin0 +y'cosO = 13 X'+ 13 y'= 3 (2x'+ 3y
34x° - 24xy +41y* - 25=0
A=34,B=-24,andC = 41; cot(ze):A'C:34' al_L. cog20) = —
B -24 24
9 _s
25 5
4

: 3 1
X =XcosO- ysn ==x'- =y'==(4x"- 3y’
y 2X- 2V 5( y)

y = Xsin0O + y'coso :-gx'+ gy': %(3)(-4. 4y-)

x°+ 4xy+y’-3=0; 0 =45 (seeProblem 11)
2 2

2, 0 2 (v OB O BR . D
B2 (0 y)° + 4882 (0 y B2 ()0 B2 (4y)0
1/.,2 1
i(x-zxy+y)+2(>c -y?)+ (x +2xy+y?)-3=0
%xz- xy+%y +2x7- 2y*? +2>< +xy+2y2:3
3x%?- y?=3
X2 y?
T 3= =1
Hyperbola; center at the origin, transverse axisisthe x'-axis, vertices at (+1, 0).
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22.

23.

Section 11.5 Rotation of Axes; General Form of a Conic

X°- 4xy+y -3=0; 0 =45 (seeProblem 12)
2 0 2 ORR/2 o @&l 0
B2 (c-y)0 - B2 (e y L (e 490+ B2 (¢ 4y)0 - 3=0

%(xz- 2x y +y?)- 2(x'2-y'2)+%(x'2+ 2x'y+y?)-3=0
%xz- xy+%y2- 2><2+2y'2+%x'2+ xy+%y2:3
-X?+3y*=3

y12 XIZ

T 7371

Hyperbola; center at the origin, transverse axisisthe y'-axis, vertices at (0, £1).

5x° +6xy+5y°- 8=0; 0 =45° (seeProblem 13)

2 2
2 0 2 ofa2 0 2 0 o_
5g(x'- v) +6§(x’- y)gg(x +Y)g+5§’lz:(" +y)0 - 8=0
g(xz- 2><y+y2)+3(><2-y2)+g(x2+2x'y+y2)- 8=0
gxz- 5xy+gy2+3x2- 3y2+§x2+5xy+;y2:8
8x*+2y*=8

Ellipse; center at the origin, major axisisthe y'-axis, vertices a (0, +2).
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24. 3x°-10xy+3y°- 32=0; 6 =45° (seeProblem 14)

25.

2 '..2 2 . 2 I . 2 I ..2
3§7r(x'-y)g - 10&()(-Y)Og(x'+y )Z+§J—7(x +y);’ -32=0
g(xz- 2x y +y?)- gx?-y?) + (x +2xy+y?)-32=0
gxz- 3xy+%y - 5X? +5y'? +,2>< +3x'y'+7y’2:32
-2x?+8y? =32
y?  x?

T 51

Hyperbola; center at the origin, transverse axisisthe y'-axis, vertices at (0, £2).
v k

13x° - 6J3xy+7y°-16=0; 0 =60° (see Problem 15)

132%(*'\/3)/)22-6‘/3\ ( ‘BY) (Jéx+y')0+7e7(,/§x+y) -16=0

12( 2J§x'y+3y) 3‘/—(,/§>c2 2xy - Jy?)+ (3>c +28xy +y?)=1
1_3>< - Eﬁxy —y?- 2’( +3J§xy+,2y +—x +7"§ X'y + 4y =16
4x2+ 16y °=16

Ellipse; center at the origin, mgjor axisisthe x'-axis, vertices at (2, 0).

-4 -z
(-2,0) 8-
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26.

27.

Section 11.5 Rotation of Axes; General Form of a Conic

11x° +10J§xy+y 4=0; 0 =30° (seeProblem 16)
1ZG(V3¢- V)3 #1003 (VB V) (X B )3+ 5+ Y3 -

Z(3>c2- 2J§>cy+y2) 5"§(J§x'2+2xy J?,y) (x +2J3X y +3y?) = 4

3—3>c -Eﬁx 4 4 y +7x' 2453x y - 7y' +5 x +%’Z§xy+4y =4
16x°%- 4y*=4
4x%- y2=1

Hyperbola; center at the origin, transverse axisisthe x'-axis, vertices at (£0.5, 0).

4X7 - dxy+y® - 8J§x 1645y =0; 6 =63.4¢ (see Problem 17)

46/3x' 2y)° -ﬁﬁx 2y°a’32x+y +e"’§2x+y

- sﬁg‘g(x - 2y)g- 16‘/522“/_?5 (2x + y)gz

g(x'z- axy +4y?)- g(zxz- 3xy - 2y’2)+é(4x'2+ axy +y?)

- 8x +16y’ 32x' 16y—o

éxz- By 5y i _x +_xy+5y + 2 x2+ xy+5y 40%'= 0
5y2- 40X =0

y2=8x

Parabola; vertex at the origin, focus at (2, 0).

Ty

| #20)
""" 00, , , %
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28. X' +4xy+4y’ +5J5y+5=0; 0 =63.4¢ (see Problem 18)

%

2(x- 2y)° +4§V§x 2y°§52x+y +43°‘/~E’2x+y

e5

+5J§€‘E(2x+y) +5=0

gl
/\

- AXY + 4y )+ (2>c2 3Xy- 2y?)+ (4x'2+4>cy+y)

+10X +5y +5=0
1., 4 42,82 12, 82,16
EX7- EXY Y HEX? - EXY - 2yt e2X? +_xy+5y +10X +5y +5=0

5X2+10X'+5y +5=0

X2H2X+1=-y-1+1

y=- (X+1)

Parabola; vertex at (—1, 0), axis of symmetry parallel to the y'-axis.

¢ Fofl hi“-\_
29. 25%° - 36Xy + 40y - 12{13x- 813y =0; 6 » 33.7° (see Problem 19)
R, S B (50 2 B 9

25%—3 x'- 2y --36%—3 X'~ 2y é_ 2X'+ 3y’ "+40§— x+3y
- 12‘/1_%133(&'- 2y')§- 8\/1_13g1—:(2x'+ 3y')r+azo

25 36 40
= (9x2- 12x'y'+ 4y* 6X2+5X'y'- 6 4X'"2+12x'y'+ 9
2 (ox- 12x0y+ ay7)- L(oxe 450y 6y°)+ D(axw 120y'+ 0y°)
- 36X'+24y'-16x'- 24y'=0
g)x'z_ @)('y'+@y'2_ 2_16)('2_@)('y'+2_16y'2
13 13 13 13 13 13
+@X'2+ @X'y'+@y'2_ 52x'=0
13 13 13
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Section 11.5 Rotation of Axes; General Form of a Conic

13X 2+ 52y%-52X = 0
X2- 4X +4y?=0
(x- 2+ 4y2— 4
(x- 27
T i =
Ellipse; center at (2, 0), magjor axisisthe x™-axis, vertices at (4, 0) and (0, 0).

% :y

21 (4,0)

30. 34x°- 24xy +4ly*- 25=0; 0 » 36.9¢ (see Problem 20)
4% (ax )0'2 24% (ax - 3y 0B (3¢ + 4y)0+ 415 (3¢ + 4 )d2 25=0
e5\AX - 3Y)g - 2455\4X - 3y Jpen Y)gtHleg(3X+ 4y )5 - 25=

SE(16%2- 24x'y+9y?)- Z3(12x2+ 7 y - 12y2)+ 2L (9x 2+ 24Xy +16y?) = 25

o44 .. 816 306 288 > 168 288
T BB X = XY+ gy
369 656

Tx' +T y'+Ty’2—25
25X 2+ 50y? =25
X2+2y?=1
Ellipse; center at the origin, mgjor axisisthe x'-axis, vertices at (1, 0).
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31. 16x° +24xy+9y”- 130x+90y =0

A=16,B=24,andC=9; cot(20) = Ac. 9.7 4 cog(20) = L
B 24 24 25
0 & 70
s [9 3 §*%5 [6_a4
:J::_; cosh = ZJ::— ® 6 »36.9
25 5 2 25 5
X =XcosH - y'sin0 = gx'- §y':%(4x' 3y)
y = Xsin0 +y'cosh :—gx'+ gy': é(Bx'+ 4y
o .2 = e ' e <l ' .2
1657 (4x - 3y )5 + 24,7 (4X - 3y)gg%(3x +4y)o+ 9% (3x +4y)o
- 130g%(4x - 3y)3+ 9037 (3x +4y)g=0

172(16#- 24x y + 9y?) +%(12><2+7x'y- 12y?)+ ;5(9><2+ 24x y +16y?)

- 104x'+78Yy +54X +72y' =0
256 ,, 384 144 ., 288 ., , 168 288 >
X XYY g X XY Y

8l.,.,, 216 144 > —

+Z__)x' +,E>cy+,gy - 50X +150y = 0
25x%- 50X +150y' = 0
X2- 2X = - 6y’
(X-1)? =- 6y +1

2 _ 1(‘j
(X - 1) _-63?/-32,

Parabola; vertex at gi %g, focus at g‘i - %g.
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Section 11.5 Rotation of Axes; General Form of a Conic

32. 16X° +24xy+9y’- 60x+80y =0

33.

34.

35.

36.

37.

A=16,B=24,andC =9; cot(Ze)—%—m—g—l ® coq20)=

24 24

—JE—E ® 0 »369
25 5

o~

y= Xsin® +y'COSB :—gx'+£y':%(3xv+4y.)

1635 (4x - 3y)S 242 2 (4x - 3y )02 (3x +4y)0+ 9T (3¢ +ay)0

& adl
e5 e5
24

75(16# 24X y +9y?) + 75(12>< +IXy - 12y %)+ 75(9’( +24x y +16y?)

- 48X +36y +48x'+64y' =0
256 > 288 168 288
X TRV Y R A Y - TY

81 216
75)( +T>(y+ y +100y =0

- 6022 (4x - 3y)9+808= (3x +4y)8=0

25>< >+100y = 0

X2=-4y
Parabola; vertex at (0O, 0), focus at (0, —1).

A=1.B=3 C=-2 B’-4AC=3- 41 -2) =17>0; hyperbola
A=2. B=-3 C=4 B’-4AC=(-3)°- 4(2)(4)=- 23<0; edlipse
A=1.B=-7 C=3 B’-4AC=(-7)7- 41)(3)=37>0; hyperbola
A=2. B=-3 C=2 B -4AC=(-3)*- 4(2)(2F-7<0; dlipse

A=9. B=12, C=4 B - 4AC=12°- 4(9)(4)= 0; parabola
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38.

39.

40.

41.

42.

45.

A=10. B=12, C=4 B - 4AC =12%- 4(10)(4)=-16 <0; ellipse
A=10. B=-12, C=4 B’ - 4AC=(-12)*- 4(10)(4) = -16 <0; ellipse
A=4. B=12, C=9 B - 4AC=12°- 4(4)(9)= 0; parabola
A=3.B=-2 C=1 B’-4AC=(-27°-431) =-8<0; dlipse
A=3.B=2 C=1 B -4AC=2°-4(33)(1)=-8<0; dlipse

See equation 6 on page 678.

A'= Acos 6 +Bsinfcosd +Csin’0

B'= B(cos’0 - sin’0)+2(C- A)(sinf cosb)
C'= Asin’0 - Bsin® cosf + Ccos’ 0

D'= Dcosb +Esind

E'=- DsinO + Ecoso

F'=F

A+C'= (A00326 + Bsino cosd +Csin26)+(Asin26 - BsinOcosh + Ccos’ 6)
= Acos’ 0 +sin”0) + C(sin’0 +cos’0) = A1)+ C() = A+C

BZ- 4AC
=[B(cos’6 - sin®6) +2(C- A)sinecose]2
- 4(Acos’6 + Bsinf cos +Csin®6 )(Asin®6 - Bsin cos +Ccos’6)
= Bz(cos“e - 2c030sin’0 +sin46)+4B(C- A)sin0 cosO (cos’ 0 - sin“0)
+4(C- A)’sin®6 cos’6 - 4 A’sin*cos’6 - ABsin6 cos’ 6 + ACcos' 0
+ ABsin®0cosf - B*sin®0cos’0 + BCsinO cos®0 + ACsin*0
- BCsin®6cos +C?sin”6 cos’0)]
= B?(cos'6 - 2cos?0 st +sin® 0+ 4si A cos”0)
+ BC(4sin 6 cos (cos’0 - sin”6) - 4si 0 cos’d + 4sin’6 cosh)
- AB(4sificost(cos’6 - sin’0) - 4sinfcos’0 +4si 116 coso)
+4C*(sin0 cos’0 - sin“0 cos’0)- 4AC(2sin?6 cos’0 +cos' 0 +sin’0)
+ 4A%(sin’0 cos’ 0 - sin’B cos’6)
=B?(cos'6 +2sin’0cos’6 +sin*6) - 4AC(cos'6 +2sin?6cos’ 0 +sin*6)

= B(cos’6 + sin26)2 - 4AC(cos’6 +sin26)2 =B2- 4AC
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46.

47.

48.

Section 11.5 Rotation of Axes; General Form of a Conic

Since B’ - 4AC = B'?- 4A' C' for any rotation 6 (Problem 45), choose 6 sothat B =0.
Then B* - 4AC =- 4A'C'.

(@

(b)
(©)

If B° - 4AC = - 4A C' = 0then A C'=0. Using the theorem for identifying conics
without completing the square, the equation is a parabola.

If B - 4AC=- 4AC' <0then AC'>0. Thus, the equation isan ellipse (or circle).
If B° - 4AC =- 4AC'>0then AC'<0. Thus, the equation is a hyperbola

d2 =(y2 - 3/1)2 +(X2 - X1)2

XJJZ +y112 —a

2aY

= (x,'sim +y, cosf - x'si®- y,'cod)’
+(x,'co® - y,'simm- x'co® +y,'si rﬂ)2
= ((%,'- %,")sin® +(y,' - yl')cose)2 +((%'- %) cosd - (y,'- yy )sine)2
(x,'- %) sin?0 +2(x, - x' )y, - y,')sin0cosd +(y, - y,' ) cos?
(%, %) €08’ 0 - 2(x, - % )(y - ') sind cosd +(y, - y;) sin” 0
(%'~ %) sin?6 + (x,'- %) cos”0 +(y;' - ') cos” 0 +(y;' - yy) "sin’ 6
(%,'- Xil)z +(y,'- y1|)2

1/

y1/2 —al/2 32

2
1/2 12
N )

y=(a
y =a- 2a”x"' % x

2)(1/2= (a+X)- y

d4ax =(a+x)’- 2y(a+x)+y’
4ax =a’+2ax+x* - 2ay - 2xy+ y?
0=x%-2xy+ Yy’ - 2ax- 2ay + &

B?- 4AC=(-2)°- 41X) =4-4=0

The equation is a parabola.
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