Chapter 12

Systems of Equations and Inequalities

12.3 Systems of Linear Equations: Matrices

1. Writing the augmented matrix for the system of equations:

] X-5=5 @ €l -5|3u
tax+3y=6 @ 3|6

2. Writing the augmented matrix for the system of equations:
|3x+4y=7 ® é3 4|7u
t4x-2y=5 & - 2|50

3. Writing the augmented matrix for the system of equations:
12x+3y-6=0 12Xx+3y= 6 ® € 3| 6u
tax-6y+2=0 tax-ey=-2 & -6|-20

4.  Writing the augmented matrix for the system of equations:

i X-y=0 ® 19x- y=0 €9 -1|0u

13x-y- 4=0 13x- y=4 &3 -1|4¢
5. Writing the augmented matrix for the system of equations:

10.01x- 0.03y = 0.06 é0.01 - 0.03 | 0.06u

10.13x+ 0.10y = 0.20 80.13  0.10|0.20
6.  Writing the augmented matrix for the system of equations:

. €4 33

4 3 _3 €= -=|=(

i EX- EY—Z e 3 2|4

I ® € L

1,12 el 11

f72%73Y73 g4 3|3

7. Writing the augmented matrix for the system of equations:
: Xx- y+ z=10 é1 -1 1 108
{3x+3y =5 ® & 3 0] %
T X+ y+2z=2 §1 12 2(L]
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Section 12.3  Systems of Linear Equations. Matrices

Writing the augmented matrix for the system of equations:

i5X-y- z=0 €& -1 -1]0y
i X+y =5 ® gl 1 0|5y
i2x -3z=2 & 0 -3|20

Writing the augmented matrix for the system of equations:

i X+ y-2z=2 gl 1 -112y
i3x-2y =2 ® g-2 0]2
15x+3y- z=1 & 3 -1]|10
Writing the augmented matrix for the system of equations.
i2x+3y-4z= 0 & 3 -41 0Oy
i Xx-52+ 2= 0 ® gl 0 -5]-2
T X+2y-3z=-2 el 2 -3]-20

Writing the augmented matrix for the system of equations:

I x-y-z=10 €1 -1 -0
| e u

j2x+y+2z=-1 €2 1 24
i -3x+4y=5 &3 4 0|5
tax-8By+z=0 & -5 1|of

Writing the augmented matrix for the system of equations:
i x-y+2z-w=5 & -1 2 -5l
| X+3y-4z+2w=2 ®

: 21 3 -4 228
T 3x-y-5z-w=-1 B8 -1 -5 -1-1
a JZU e -31-2“
é U® €
& -350 & 1|94
R,=-2r+r,
e jsu el zlaJ
é U® € u
& -9-40 & 1|29
R,=-2r+r,
€1 -3 4|30 €1 -3 4|0 & -3 4| X
e u e u e L
€2 -5 6|60@E0 1 -2|(o0@® 1 -2| O
€3 3 4|6 £3 3 4lel B -6 16|15

@R,=-2r+r, () Ry=3r,+r,
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Systems of Equations and Inequalities

Y

g
=Y
ey

R,

4
e
L

€1 -3 3|-50 €1 -3 3|-50 & -3 3

e u e u e

€2 -5 -3|-50®@é0 1 -9| @O 1 -9

§3 -2 4| o €3 -2 4| f & -11 13]-
@R =-2r+r, (b)R,=3r, +r,

e 0 € U e

é1-32-éd el -3 ZGﬂ g -3 2

€2 .5 3|-4U®€0 1 -1| 8@ D 1 -1

€ u e u e ,

83 -6 4| & &3 -6 4| 6 @ -15 10]|-1%
@R,=-2r+r, (O R;=3r+r,

e u € U e

gl -3 -4|-6; g1 -3 -4 th g -3 -4

€2 -5 6|-6U®E€0 1 14| @D 1 14

€ u € u € ,

g3 1 4| 6§ g3 1 4| & @ -8 -8|-1%
@R =-2n+r, (B)R;=3r+r,

s - - .

e1‘31'25 e1-31-23 (§1-31-2§"J

€2 -5 6|-2®€0 1 4| @D 1 4| A

€ u € u € u

83 1 4| & &3 1 4| & ® -8 7| O
@ R,=-2r,+r, () R =3r+r,

€1 -3 -1|]20 €1 -3 -1|20 &4 -3 -1| X

e u e u e L

€2 -5 2|60®@é0 1 4|200® 1 4| X

83 -6 4|a] &3 -6 4lef B -15 1|12
@R =-2r+r, () Ry=3r,+r1,

I1X=5 . _ _

fy 1 consistentx =5 y=-1

px= consistentx =- 4,y =0

ty=o0 oAy E

ix=1

iy=2 inconsistent

710=3

ix=0

iy=0 inconsistent

T10=2
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ix+2z=-1
iy-4z=-2 consistentx =-1- 2z,y=- 2+ 4z, zisany real number
7 0=0
ix+4z=4
fy+3z=2 consstentx =4- 4z, y=2- 3z zisany rea number
7 0=0
x, =1

|
! . :

I x+x,=2 consistent X, =1 X,=2- X,,X; = 3- 2X,,X, isany real number
|

7

X, =1
X, +2X, =2 consistent x, =1 x, =2- 2X,,X; = -3X,, X, isany real number
X +3x,=0

— — N —

X +4x, =2
! X,++X;+3%, =3 consistent X, =2- 4X,,X, =3- X; - 3X,,
T 0=0 XX, areany real numbers

.I.
l
|
1

X, =2 consistent x,=1,x, =2,X, =3- 2X,,
3 X, isany rea number

|
|

X +2%, =2 consistent X, = -2- X,,X, =2- 2%,,X; = X,
i X;- X,=0 X, isany real number
1
|

0=0
;l x,=1
[ X, =2 consstent x,=1,X,=2,X;=3X,=0
IX;=3
fo:O
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Sty =
33. %li z_i (:anbewrlttenasgl1 iilf
el 80 el 8~ &1 016y
® | Ug | "® § 1[on
RZ—-I’1+I’2 Rz:'irz Rl__r2+r1
The solutionis x =6, y = 2.
] X+2y=5
34. %l)):Jr ;’_3 canbewrlttenasglligﬁJ
®el 2| 5u® el 2|5u® el(;l).%l;l
Rz:'rl"'rz Rz:'rz Ri:'zrz
Thesolutionis x=1 y=2.
12X-4y=-2 ¥
35. {l3§+2§: 3 canbewrlttenasgg gl :233
. € 14
u é =
g 2|8 & 2| & "2 h @ ol
® & e ¢ Ye & 3upe |0
8 21 H & 8| d& g) 1| 2% € 2u
L) b
@ 1|4
R.:%G. R =-3r+r, R2:1§r2 R=2r,+n
1 3
Thesolutionis * =% Y =7.
3X+3y=3 4 ¥
36. |l4x+2§ g Can be written as jglgg
®e1110®é1 1 1U®é11|11] elolu
& 2130 O -2]-30 Lo 1]
Rlzérl Rz:'4r1+r2 RZZ_%'rZ Rl__r2+rl
1 2
The solutionis X =3 Y 3.
Yy 4oy =
37. {12>)§+£21§ g canbewrlttenas:%igEJ
él 214y
®é)oo;\
RZ:-ZI’1+I’2

Thisis adependent system and the solution is x = - 2y + 4, y isany real number.
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Section 12.3  Systems of Linear Equations. Matrices

13- y=7 . &3 -1
bogx- gy=g1 canbewrtienas .5 _3]a;

, N é 1 7[_
e 11 7U X
=l =02 € -
®§ 3| sjed 3|
31475 o d

R=13n R=-9r+m,

Thisis adependent system and the solutionis x = 2 y+ £, yisany real number .

can bewritten as. € .
I ox- y=: gl -1
' 2
e.l. 2 3l:| él 3 3 él 3 3u e O 3
® » ?|7.® . 2 L,® < 2|90 ® X sU
& -1 %H & -3[-3H & 1|18 &0 1|18
R=3r R,=-r,+r, R =-2r, R=-3r,
3 =1
Thesolutionis X =% Y =+,
i1 . .
- X+ =-2 €1 sl
.'1.2 Y can be written as: & 1 2L,
1 x-2y= 8 -2| s
el 2| 40 €1 2| 4Uq €1 2]- 4u® 6l 0] 2y
B -2| 8 € -4|128 e 1 & 1-3g

R=2r R=-r+r, Rzz'%rz R=-2r,+r,

The solutionis x =2,y =- 3.

] 3x-5y= 3 é3 -5] 3u
f15x+5y:21 can bewrlttenase15 5215
PR 0 €1 -3 S E
@€1l-3| Wg el -3|1g 1 311u ?10§u
g5 5o € 30f6d & 1fiH & 1|z
Rizérl R2:-15I’1+I’2 Rz_ﬁrz R1=§r2+r1
4 1
The solutionis *=3'Y 7%,
.EZX- y=-1 _— 22 1 1u
can bewrittenas. €
Ix+1'y:§ @1 Jz' 3@
I 2 2
® & F| il &1 -1-3Ug €1 0|30
8[ | 3H g0 1| 2H @3123
Rlzérl Rz:'lrl"'rz R1:’2r2+r1
1

The solutionis X =% Y =2,
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Chapter 12 Systems of Equations and Inequalities

i X-y =6 ¢l -1 0] 6y
43. |2X -3z=16 can be written as: g2 0 -3 160
1 2y+ z= 4 0 2 1] 40
g -1 0|6l & -1 0|8 & 0 -4|si & o -3]s
®® 2 -3(4@d® 1 -i(20P 1 -3[20@d 1 -§|2
. 0 u g N &
® 2 1|40 ® 2 1lan Do 4ldl 9 o 1lo
F‘)2:'2"1""‘2 Rzzlzrz R1:r2+rl R3:711r3
Ry=-2r,+r,
e 0 0]8
e U
®® 1 0|20
® o 1]of
R=4n+n
Rzz'grs"'rz
Thesolutionisx=8 y=2,z=0.
i2x+y = -4 € 1 0]-4u
44. | -2y+4z= 0 canbewrittenas. € -2 4| O0d
T3x  -2z=-11 8 0 -2|-114
é1 4 o|-20 é1 3 of|-2u é1 3 of-2u
®€@ -2 4| 0l®@é -2 4| U@ & 1-2| ou
g 0-2l-14 @ -3-2|-5 &-3-2|-5
R:%rl RS__3r1+r3 Rz:'%rz
€10 1]-20 é 0 1]-20 &1 0 0O]-3y
®& 1-2] 0U® & 1-2| 0u® & 1 0| 2
@00 -5|-59 @0 1] 15 & 0 1] 1qg
Riz-%r2+r1 Ra:'%rs R=-ry+r
%:§r2+r3 R2:2r3+r2
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Section 12.3  Systems of Linear Equations. Matrices

i X-2y+3z= 7 él-2 3] 7u
45. | 2x+ y+ z= 4 canbewrittenas 'é2 1 1] 4
7-3x+2y-2z=-10 g3 2 -2]-10g
é1 -2 3| 70 € -2 3] U g10 11 3
® & 5-5(-100® & 1 -1]- 2u®é01-1-20
-4 7] 1y @ -4 7|19 00 3|
R =-2r+r, R, =31, R=2r,+r
R =3r +r, R, =4r,+r,
610 1] 3 él 0 0] 2u
® 0 1-1]-2;® 0 1 0]-
€0 0 1] 13 & 0 1 15
Ra:%rs Rl:'rs"'rl
RZ:r3+r2
Thesolutionisx=2,y=-1 z=1.
i 2x+y- 3= 0 é2 1-3] 0y
46. [-2x+2y+ z=-7 canbewrittenasy 2 2 1|-7y
T 3x-4y-3z= 7 e 3-4-3| 70
®62 2 1|l-M®@& 3 -2|-70@&@ 1 -2|-4it
€ u e 1 3 u e 1 3 L
€3 -4 -3| M & -5 3|70 & -3 3| 7
R=31 R,=25+r, R, =3,
R,=-3r+r,
G0 il @ ao-{l @ aoolg
®® 1 -4|-{@d 1 -4|-U0& 1 0f-4AL
% 13 35u & 35l"I & 35L
0 -=]-=0 @© 0 1|20 & 0 1| =
=-3hLth Ry =-2r; R=4r+1
I:23::L21r2+r3 R2:§r3+r2
5 7 35
Thesolutionis *~13'Y = "13'*~ 13.
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47.

48.

49.

50.

i 2x- 2y- 2z2=2 € -2 -2|2u
i2x+3y+ z=2 canbewrittenas:g2 3 1|2y
73x +2y =0 a3 2 0]0g
él -1 -1|l é1 -1 -1 W é1 -1 -1] L
®Z 3 1|124;® H 5 3| 04® L 5 3| Oy
g3 2 0|0g & 5 3|-35 & 0 0]-3g
R =3n R, =-2r +r, R, =-r,+r,
%:'3"1'”3
Thereis no solution. The system isinconsistent.
i 2x-3y-z=0 62 -3 -1|0y
i-x+2y+z=5 canbewrittenas. &1 2 1|5
7 3x-4y-z=1 63 -4-1|10
el -2 -1]-50 é1 -2 -1|-50 €1l -2 -1|-5u
®a& -3-11 uy® & 1 1]1104® & 1 1] 10y
eS3-4 -1 15 L 2 2|16 H 0 0]-4g
Interchanger, and - r, R, =-2r +r, R, =-2r,+r,
%:'3"1'{_"3
Thereisno solution. The system is inconsistent.
i-x+ y+ z=-1 &1 1 1]-1
i -x+2y-3z=-4 canbewrittenasgl 2 -3|- 4y
T 3x-2y-7z= 0 e3-2-7| 0Og
€1 -1-1] 10 é1 -1 -1} W €10 -5[-20 <. 57
®el 2 -3|-4y® &0 1-4|-3y® 60 1 -4|-30® - 47
€3-2-7] 00 & 1-4]-30 g 0 0] 0f
R=-1n R,=r+r, R=r+rn

&:'3"1'”3 Ra:'rz"'rs
The solutionis x =5z- 2,y =4z- 3,zisany rea number.

i2x-3y- z=0 & -3 -1|0u
i3x+2y+2z=2 canbewrittenasig3 2 2|2
T X+5y+3z=2 gl 5 3|20

4 5 3|8 a 5 3| 20 a5 312
2 2|2®@ -13 -7|-4@® 1 %[z
g é a
3 -1|ldl & -13 -7[-40 & o o] o
Interchanger,andr, R, =-35+r, +

R
R, =-2r +r, R,=-30

—

I~
—

®

—

7
7

%(DEBCD
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13 13

i 2x-2y+3z=6
i 4x-3y+2z=0
7- 2x+3y- 72=1

51,

3u
-120®@ €0 1 - 4]-120
7§

R=r,+r,

Systems of Linear Equations. Matrices

4 7
— - —2zzisany red number

6u
vy
14

€10 -3

-2 3
-3 2
3 -7
-gu

€ 0 0] 19y
e u

&:-r2+r3

Thereis no solution. The system is inconsistent.

i3x- 2y+2z= 6
52.

12x-3y+4z= 0

20 él -
“14® %
0f & -

Rz :-7r1+r2
R=-2r+r,

D
=

®

>
~

W wWwin

B Nwin

Wi Wi WIN
1

wloo wlco WIN

™
o

1
3

R

- 4=

€3 -22
f7x- 3y+2z=-1 canbewrittenasg’/ -3 2
@ -34
ou
-15U@ &

a
u

6u
-1g

o
(e}

ou
-150
- 190
Q

> D

Qwlan win
Qi win

0
&

%:r2+r3

Thereisno solution. The system isinconsistent.

1 X+ y- 2= 6 &
53.

T x+3y-2z=14
&g 1 -1] 6
é U
®&® -5 4|-230®

& 2 -1

i3x- 2y+ z=-5 canbewrittenas. &3 -2

6u
- 50

1 -1
1

gl 3 -2|140

glw s vk

O -~ O
1

('D@K%SD) NON

R =-3+r,
Ry=-r+r,
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0 -2 % 21 00 1E
P 1 -i| F@ea 10 I
= 7 e L
g) 0 1 -ZH @ 0 1]|-2
R, =3r, R=%r+r
R2=§r3+r2
Thesolutionisx=1y=3 z=- 2.
i x- yt z=-4 él1 -1 1| - 40
54. {2x-3y+4z=-15 canbewrittenas:g -3 4|-15¢
P5x+ y-2z= 12 e 1-2| 12
é1 -1 1]-40 €é1-1 1|-40 g0 -1 30
® & -1 2|-7¢® &0 1 -2 74® H 1 -2 74
@ 6 -7]32; éO 6 -7 32@ g 0 5]-10q
R22'2"1'”2 R2:-r2 R1:"2""’1
R =-5r +r, R, =-6r,+r,
€10 -1} 3u éL0 0] 1
®H 1-2| 74® » 10| 34
€00 1|-20 & 0 1]-20
R =tr, R=r,+rn
R2:2r3+r2
Thesolutionisx=1 y=3 z=- 2.
i X+2y- z=-3 el 2 -1;-3u
55. i 2x- 4y+ z=-7 canbewrittenas.g 2 -4 1|-7q
T- 2x+2y- 3z=4 €2 2 -3| 40
61 2 -1y-30 é12 -1j-30 €10 -3[-FU
®& -8 3|-1;® a0 1-3] 50® 0 1 -3| U
@ 6-5-20 06 -5-20 $o-%|-F
Rz:'zrl"'rz Rz:'?lsrz I:21:'2"2""'1
R =2r +r, R=-6r,+r,
€0 -7|-%U @0 0f-3y
® €@ 1 -3 §u®é010 %u
€00 1] 10 & 0 1] 10
e a
R=-#f; R =%r+m,
R2=§r3+r2

1
The solutionis X = ~3Y =3, 251,
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Section 12.3  Systems of Linear Equations. Matrices

i x+4y-3z=-8 €1 4 -3|-8u
56. {3x- y+3z= 12 canbewrittenas:a3 -1 3|12y
T x+ y+6z= 1 gl 1 6] 1
61 4 -3l.gy €1 4 -3|-su €10 | &u
® & -13 12|363® € 1-%-13—3‘?l]®?01-11—23-3—3?[,J
0 -3 9] 9y 80-3 9 9H 200%1_933
Rz:'3r1+r2 Rzz'%rz R1:'4r2+r1
&:-rl+r3 &:3r2+r3
€10 3| 84 é1 0 0] 30
®% 1-£|-%Y® & 1 0f-3u
u A 7
00 1| &5 @01 3
R =&, R=-3r+n

x:3,y:-§, = !

The solution is 3 9.
I 2
P3X+ y- z== é C
i Y 3 83 1 -1[%
12x- y+ z=1 canbewrittenas:gz -1 1 J{
57. i : 8
f 3
é u é u é u é C
&l 5 -3f[8g & 3 -3[%g & 3 -3 f5 & 0 Of
®2 -1 1{fed ¢ | §HeDd 1 -1-4ed 1 -1l %
@ 2 ol © 4 3|3 D35 3| Do 2f 2
R.:%rl R,=-2r+r, R2=--§I’2 Rl:_-ér2+rl
Ry=-4n+r, Rsz"gr2+r3
: U é a0
e 0 0f dy el 00
I 20
®§J 1 -1 3g®§) 10 iy
90 11 1 9o 1ly
RS:Jirg R2=r3+r2
1.2 .
The solutionis X =3 Y =3 274,
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bx+y =1 é1 1 0|
58. i2x- y+z=1 canbewrittenas. & -1 1|1
t x+2y+z=4% el 2 1]
€1 10] 10 6l 10| 10 €10 -1|-3u
®a -31-1y®0 11 3, ® ®1 1| 3
& 11]3 & -3 1-1g & 0 4| 4
é 0
R =-2r,+r, Interchanger,andr, R =-r,+r,
R3:"’1'”3 Ra:3r2+r3
€1 0 -1]- 34 €1 0 030
® 90 1 1| 3Y® % 1 0|5Y
€ 0 1| 10 é 0 1|1
é a é a
R =3r, R=ry+r,
R =-r3+r,
1.2,
Thesolutionis * =3 Y T3 %7
L X+ yr ze w= 4 61 1 1 1] 4
P2X- y+ z =0 . &2 -1 1 0] 0
59. Tax+2y+ z- w= 6 canbewnttenas.és o 1.1 60
t x-2y-2z+2w=-1 &l -2 -2 2|-1
e 1 1 1] 4 €& 1 1 1| 4 @ 1 1
é ua € ua €
®§) -3 -1 -2 -&;@g) -1 -2 -4 -6g®§) 1 2
® -1 -2 -4|-q O -3 -1 -2|-8% @ -3 -1
® -3 -3 1f-8 ® -3 -3 1]-5 ® -3 -3
R,=-2r +r, Interchanger, andr, R =-r,
R3: 3.1+r3
R,=-n+r,
: VI U é -
30-1-3 20510-1-3 2"]%28;
0
® %) 1 2 4 ch)%p 1 2 4 6L:JO g)
® 0 5 10 103 g) 0O 1 2 2% & 01 2
® 0 3 13[138 ® 0 3 13[/1m ® 00 7
R=-n+n R =1r, R=rst+p
R, =3r, +r1, R,=-2r,+r,
R,=3r,+1, R,=-3r; +r,

1 4E
4| 60
-2|-8
1| -st
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61.
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gloo-108810001t2
®@10 oa;@qaloozg
® 01 2|2 ® o0 10|
® 00 1|4 & 00 1|1
R =%r, R=r,+r
R,=-2r,+
Thesolutionisx=1 y=2,z=0,w=1.

: X+ y+ z+ w= 4 é 11 1 1] 4u
-X+2y+ z =0 , a12 1 0]0y
[ ox+3y+ z- w= 6 can bewrittenas®® 5 o 1 4| g"
o e u
t-ox+ y-2z+2w=-1 &2 1-2 2]-1u
6l 1 1 11 4y ¢l 1 1 1] 4y 10 2 4] 6y
03 2 1| 4, . 01-1-3|-2,.. 0 1-1-3|-2/
U U@ € a
®A01-1-3-20®A032 1 4L,I®Aoo 5 10| 10,
@030 471 ®©03 0 4 7 ®o 313|134
R =r +r, Interchanger,andr, R =-r,+r,
R=-2r +r, R, =-3r,+r,
R,=2r +r1, R,=-3r,+r1,
gL 0 2 4 63 € 0 2 4 68
o® 1 -1 -3 -20 & 1-1-3]-2
® 0 5 10[105 & 0 1 2| %
® 0 0 -35]-3s41 ® 0 0 1|
R, =3;- 9, R,=%1,
R4:'3%3r4
Sow =1 . Now substitute and solve.
w=1
z+2X1)=2® z=0
y-(0)-34)=-2®@ y=1
x+0><(1)+2><(0)+4><() 6® x=2 \ thesolutionisx=2,y=1z=0w=1.
i x+2y+ z=1 él 2 1|11
i2x- y+2z=2 canbewrittenasig2 -1 2|2
713x+ y+3z=3 e 13 3u
él 2 1jlua & 2 1|1u —
® & -50[04® P -50|og@ *FY*2IL
& -50[0p @ o0 o0og y
R=-2r+r, R=-r,+r,
R =-3r+r,
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62.

63.

64.

Substitute and solve:
y=0
x+2(0)+z=1
X+z=1
x=1-2z
The solutionisy =0, x =1- z, zisany real number .

i xX+2y- z=3 gl 2 -1
f2x- y+2z=6 canbewrittenas: é2 -1 2
T x-3y+3z=4 el -3 3
el 2 -1|13u é1 2 -1|3u
® 0 -5 4[{0;,® LH -5 4]0y
&€ -5 4|10 & 0 O0]1g
Rz:'zrl"'rz R&.:’rz"'rs
R=-r+r;

Thereisno solution. The system is inconsistent.

3U
6y
4u

i x-y+z=5 _ & -1 1|5t
1 can bewrittenas: € L
13x+2y-2z=0 8 2 -0
g -1 1515u QL -1 1J|5@ & 0 ojlzllJ
® € ® € u® €
@ 5 -9-15 &® 1 -34-3y & 1 -7
R,=-3+r, Rzz?lsrz R=n+p

The matrix in the third step represents the system
Thereforethe solutionis x=2;y = -3+z zisany real number

or
X=2;z=y+3; yisany rea number

12x+yz4 _ €2 1 -q4t
can bewrittenas: € L
T X+y+3z=1 g1 1 3|1
& -1 -3-m QL1-1UQL-1 -0
® € U, ® € U@ € L
& 1 -14¢d @ 3 5|60 & 1 32¢
interchanger, and - r, R, =-2r+r, R, =%r,
é u é D
& 1% o Ok
O 1 2 01 '§2E
R=
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Therefore the solutioniis;

X=1- gz; y=2- %z; zisany real number

}.2x+3y- z=3 gz 3 - 3uu
I x-y-2z=0 _ é1 -1 -1
I can bewrittenas: & U
I -Xx+y+2z=0 él 1 1|
! x+y+32=5 &1 1 3|
€1 -1 -god a -1 - & -1 -god
€ U € u € u
e2 3 -13 ®@ 5 1{31_& 5 1|0
® é UP® é u® é U
é1 1 1o & 0 oy & 2 4[5
€1 1 3l ® 2 4 © o ol
interchanger, andr, R,=-2r,+r, interchanger, andr,
Ry=r+r
R4= r‘1+r‘4
& -1 -jou a4 0 -4-& € o -4 7A
€ U € u e U
© 1 -7-wm ® 1 -7170_ © 1 -71-7
® é UFh® € u® é 1Y
@ 2 4|50 ® 1 18190 & 0 1fzx¢
© o olof ® o oloj ® o ooy
Rz: 2I’3+I’2 I:21:r2+r1 Rs :Tlgra
R, =-2r,+1
]
i X-0oZ= -
i 8
Ly-7z=-
The matrix in the last step represents the system ::: 19
T 18
Therefore the solution is
19
z2==—
18
a90_13 390 _ 7
X=-7+8z=-7+ +==, Yy=-7+72=-7T+gc—+=—
e o ) €80 18
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66.

67.

a

e

: a

can be written as: %

3 11%
4 5|1C
0 1J&¢
0 125&

21l

can be written as:

}'4x+y+z-w=4 54 1 1 -14
tx-y+2z+3w=3 g -1 2 3|3

A

& 1 1 -148 @& 5 -7 -1
interchanger, andr, R =-4r+r,

& -1 2 3]|3g & -1 2 33|3C
e Uy, ® € 8L'
- of

The matrix in the last step represents the system }X y+2z+3w=3
 5y- 7z-13w=-8
The second equation yields

Sy- 7z- 13w =-8® 5y=-8+7z+13w® y= -§+§z+§w

Thefirst equation yields

X-y+2z+3w=3® x=3+y- 2z- 3w
substituting for y

P2 ! (o}
x=3+g §+—72+1—3W+- 2z- 3w
5 5 5 g
X = -§z- gw+_7

5
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Therefore the solution is

=3, 20,7 2 8,7,

5 5 5 5 5 5
zand w are any real numbers

: -4x+y=5 34 1 0 053
68. ,EZX- y+z- w=5 canbewrittenas: €2 -1 1 -150
1 z+w=4 go 0 1 145
@400 g0 ofd g g0 il
®e -1 1 -15@& -4 1 -fLi®@&® 1 -2 3-150
é ua é a é U
@ 0 1 1|49 & 0 1 1|14 & 0 1 4 {4
Riz_%rl R2:'2r1+r2 I:'22:’2"2
: T S VI Sl
8‘ 0 -3 4|-5§ gt 0 0 1 3Uu
®® 1 -2 2-139®&O 1 0 4-7u
e u é 1]
@ 0 1 49 @ 0 1 149
R1:%r2+r1 R_§r3+rl
I:\)2:2r3+r2
Il X+W= -
The matrix in the last step represents the system : y+a4w= -
T z+w=4
Therefore the solution is
X=-3-wW
y=-7-4w
z=4-w

wisany real number
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69. Each of the points must satisfy the equation y = ax” + bx +c.
1,2): 2=a+b+c
(-2,-7. - T7=4a- 2b+c
2,- 3 - 3=4a+2b+c
Set up amatrix and solve:

6l 11125 € 1 1] 20 € 1 1 20 €10 z|-su
@#-21-7,® -6 -3|-15,® O 1 3| 306® 0 1 [ 3
& 2 1)- 3u 0 -2 -3|-15 o0 -2 -3|-11 300-2-63
Rz:'4r1+r2 Rzz'%rz Rlz-r2+r1
R=-4r +r, R, =2r,+r,
€10 3]-3U & 0 0)- 20
® & 13 5U®e01o 14
& 0 1| 30 0 1| 3p
é 0 & u
F\’5=-%r3 Rlz-%r3+r1
% -%r3+r2

Thesolutionisa=-2,b =1 c = 3; sotheequationis y = - 2x° + x + 3.

70. Each of the points must satisfy the equation y = ax” + bx +c.
@ - -l=a+b+c
3,- D -1=9a+3b+c
(-2,14): 14 =4a- 2b+c
Set up amatrix and solve:

e 11 €l 1 1.0 el 1 1)-1y €10 -3 3
O 31|-150 & -6 -8| 8@ D 14|-3;0 0 1 |- 4
@ -2 1140 0 -6 318u 005100 @0 1f 2
R =-9r +r, R =-3r, R=-r,+r,
R=-4r+r, Ry=-r,+r, R, =2,
®e100 1
0 1 0]-4y
eOOl 20
R = 4r, +
R =-2r, +r

Thesolutionisa=1 b=-4,c=2; sotheequationis y = x* - 4x+ 2.

71. Each of the points must satisfy the equation f (x) = ax® + bx” +cx+d.

f(-3)=-12 -27a+9b- 3c+d=-112
f(-1)=-2 -at+b-c+d=-2
f@ =4 atb+c+d =4
f(2) =13 8a+4b+2c+d =13
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Set up amatrix and solve:

c

ey

AC
L
x

é279-31-1123§311 111 40 a4 1 1 1
€ U é ua é
€.1 1 -11| -2 é-121-11| -20®@ 2 0 2
é u® é u® é C
6§ 11 11| 40 &27 9 -3 1|-1120 & 36 24 28| -4
e u @a ] 6 !
684 21| 13 §8 4 21| 1H & -4 -6 -7|-1¢
Interchange r,andr, R,=r+r,
R,=27r+r,
R =-8n+r,
€ 1 1 1| 4 &4 0 1 O] 2 &40 1 O
é ua é ua é
®@1011gg)1011u®g)101
© 36 24 28|-4; O 0 24 -8[-40 D 0 1 4
© -4 -6 -7]-14 0 -6 -3|-188 ® 0 -6 -3
Rzz';rz Rl:'rz"'rl R3:2_14r3
R,=-36r,+r,
R4:4r2+r4
€000 3| ¥ é100 4§40 g 000 3
®é010 1 1u®é010 110®A0100-4
00 1-31-%5 00 1-3-35 L010]0
000 -5[-257 000 1| 55 © 00 1f 5
R1=-I’3+I’l R4:'§'>r4 R1:-§r4+r1
R4:6I’3+I‘4 RZZ-I’4+I’2
%:%r4+r3

Thesolutionisa=3 b=-4c=Q d=5; sotheequationis f(x) =3x*>- 4x* +5.

Each of the points must satisfy the equation f(x) = ax® +bx® +cx+d.

f(-2)=-10 -8a+4b- 2c+d=-10
f(-1)=3 -atb-c+d=3
f@ =5 a+tb+c+d=5
f(3) =15 27a+9% +3c+d =15
Set up amatrix and solve:
€8 4 -2 1]|-1d) €11 11 = & 1 1
€ 4 e ua €
€1 1 -11 3P &1 1 -11 CYN:Y) 2 0
e u® é u® é
el 1 11 5N &8 4 -2 1(-10p & 12 6
5 u é { g)
€27 9 31| 150 €27/ 9 3 1| 1% -18 -24
Interchanger, and 1, R, =r+r,
I:a31:8rl+r3
R,=-27r+r,

1
2
9
- 26

3
-12

EcBcF,

7

&

Matrices
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Chapter 12 Systems of Equations and Inequalities
g 1 1 1] s @40 1 0] W eaao0 1 0]
é u € u é U
0@ 0 1| 4 &1 o0 1 4 &1 0 1f 4
® 12 6 9| 3 ® 0 6 -3|-18 & 0 1| -y
®© -18 -24 -26|-1200 ® 0 -24 -8|-481 ® 0 -24 -8f- 44
Rzz';rz Riz-r2+rl Rsz?lsra
R,=-12r,+r,
R,=18r,+r,
€200 f| 40 é100 1|40 000 Ly
€0 10 1| 4G,e 10 1| 4g & 10 0]-24
Y001 -1 -3° @01-3|-3" 0010 0
000 -20[-1200 @000 1|6y & 00 1 6
Riz_r3+rl :-2%I‘4 R:'%r4+r1
R,=24r,+r, R=-r,+r,
R =51, +1;

73.

Thesolutionisa=1 b=-2,¢=0,d =6; sotheeguationis f(x) = x*- 2x° +6.

Let x = the number of servings of salmon steak.
Let y = the number of servings of baked eggs.
Let z = the number of servings of acorn squash.
Protein equation: 30x+15y+3z= 78
Carbohydrate equation: 20x + 2y + 25z = 59
Vitamin A equation:  2x+ 20y +32z =75
Set up amatrix and solve:

&0 15 31780 é2 20 321750 é 1 10 16137.50
20 2 25[59,® 20 2 25|59,® L0 2 25| 59,
62 20 32|750 &0 15 3|78 &0 15 3| 78
Interchanger,andr, R =3r,
é1 10 16| 3750 & 10 16] 375U
® & -198 -295]| - 691;® @ -198 - 295]- 6910
€ -285 -477]-10470 f o - |- ¥y
RZ:-ZOI’1+I‘2 %:'%rz"'rs
R =-30r+r,
¢l 10 16| 37.5
® 0 -198 - 295|- 691,
&0 0 1 10
%:'S%g?rs

Substitute z=1 and solve:
-198y- 251 =- 691
- 198y = - 396
y=2

x+10(2)+16(1)=37.5
X+36=375
x=15

The dietitian should serve 1.5 servings of salmon steak, 2 servings of baked eggs, and 1

serving of acorn squash.
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74. Let x =the number of servings of pork chops.

75.

Let y =the number of servings of corn on the cob.
Let z = the number of servings of 2% milk.
Protein equation: 23x+3y+9z= 47
Carbohydrate equation: 16y +13z = 58

Calcium equation: 10x +10y + 300z = 630

Set up amatrix and solve:

&3 3 9|47y é1 130|63y €1 1 30| 630
2016 13| 58,® 50 16 13|58,® &0 1 ¥| &g
&0 10 300(630q &3 3 9470 & - 20 - 681]-1402g
Interchange wr,andr, R =-23r, +1,

R =%
€10 | P0 €10 LRV 4 01
®% 1 E| FYe% 1 £[ZYe H 10|z
0 0 -ze|.2oed €0 1f 20 & 0 1[2g

e T 20 é a
I'_‘>1='r2+r1 Ra_'ﬁra Rlz'%ra"'rl
R =201, +r, R =-®ry+r,

The dietitian should provide 1 serving of pork chops, 2 servings of corn on the cob, and 2

servings of 2% milk.

Let x =the amount invested in Treasury hills.
Let y = the amount invested in Treasury bonds.
Let z = the amount invested in corporate bonds.

Total investment equation: X +y+z =10000
Annual income equation: 0.06x+0.07y +0.08z = 680
Condition on investment equation: z=3X

Set up amatrix and solve:
€ 1 1 1|lo000u €1 1 1] 100004 €1 1 1 100003

©06 007 008| 6s0i® @ 001 002| s@e® 1 2| sooa
€1 o -2 of ® -1 -3|-10000f & -1 -3|- 210000
R,=-0.06r+r, R, =100r,
, CRy=-n4r o \
€ 0 -1| 20000 € 0 -1|2000) € 0 O | 4000
®® 1 2| soone@e® 1 2|scou@ @ 1 04000
O 0 -1]-2000f ® o 1|2000] & o 1] 2000
R=-r,+rp Ry=-r, R=r+n
Ry=r+1, R,=-2r,+r,

Carletta should invest $4000 in Treasury bills, $4000 in Treasury bonds, and $2000 in

corporate bonds.
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76. Let x =theamount invested in Treasury bills.
Let y = the amount invested in Treasury bonds.
Let z = the amount invested in corporate bonds.

Total investment equation: X +y+z = 20000
Annual income equation: 0.05x +0.07y+ 0.09z = 1280
Condition on investment equation: X =2z

Set up amatrix and solve:

é 1 1 1120000y él 1 1] 20000y é1 1 1] 20000u
@.05 0.07 0.09]| 1280;,® L 0.02 0.04 280® 0 1 2| 14000y
g 1 0 -2 Ou @ -1 -3]-200000 &0 -1 -3]-20000(
R :-0.05r1+r2 R, =50r,
Rs =-rtr
€1 0 -1] 6000y é1 0 -1] 60000 €1 O 0]12000y
® L0 1 2]14000;,® 0 1 2|14000;,® H 1 0| 2000y
€0 0 -1]-60000 € O 1] 6000 & O 1| 6000G
R=-r,+r R=-r; R=r;+r,
R&.:rz"'rs RZ:'2r3+r2
John should invest $12,000 in Treasury bills, $2,000 in Treasury bonds, and $6,000 in
corporate bonds.
77. Let x =the number of Deltas produced.
Let y = the number of Betas produced.
Let z = the number of Sigmas produced.
Painting equation: 10x +16y+8z = 240
Drying equation: 3x+5y+2z=69
Polishing equation: 2x+3y+z=41
Set up a matrix and solve:
@d0 16 8|2400 é1 12133y €11 2| 33 €11 2| 33
63 52| 69;® a3 5 2|69;® &0 2 -4|-300® O 1 -2]-15
62 3 1] 415 &3 1|41 e 1 -3|-250 @ 1 -3|-25g
Rl:-3r2+rl Rz :-3r1+r2 Rzzérz
R=-2r+r,
é1 0 4] 48u é10 4] 481 ¢é10 0] 8
® 0 1-2(-15;® H 1 -2]- 15®eo 10| 5y
é© 0 -1|-10g & O 1] 109 01100
Rlz_r2+rl Rs_'ra Rl__4r3
R =-r,+r, R2:2r3+r2

The company should produce 8 Deltas, 5 Betas, and 10 Sigmas.
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78. Let x =the number of cases of orange juice produced.
Let y = the number of cases of grapefruit juice produced.
Let z = the number of cases of tomato juice produced.
Sterilizing equation:  9x+10y +12z = 398
Filling equation: 6x+4y+4z=164
L abeling equation: X+2y+z="58

Set up amatrix and solve:
é@ 10 12139%8u ¢é1 2 1
4 4]|164;® 6 4 4]|164;® & -8 -2
el 2 1] 583 &9 1012|3983 &0 -8 3
Interchanger, andr, R, =-6r, +r,
R=-9r +r,

580 €1 2 1

120 €10

23U® € 1

600 €0 0
u e

®

(‘D:8) 8> IL‘D\
OpRLR= O
(&3 B LN [
(I LN L

29 q100
230® 0 10
120 €0 1

58U

6u
200
120

I:21:'2"2""’1 %:%rs Riz_%r3+rl
R =8r,+r, R, =-3l+r,
The company should prepare 6 cases of orange juice, 20 cases of grapefruit juice, and 12

cases of tomato juice.

79. Rewrite the system as set up and solve the matrix:

j-4+8-21,=0 i 21, =4
i 8=5l, +1, i 1,+5l, =8
.I. 4=3l,+1, .I. I, +3l;=4
{ |3+|4:1 “1"3"4:
® 2 0 0|40 &1 0 0 5|80 €& 0
e a € a €
@& 0 0 5|8 & 2 0 0|40 & 1
S0 3 o420 3 o|l4°% o
& 0 -1 -1|d & o -1 -1/ & o
Interchanger, andr, R,=1r,
R=-r+r,
w=-h T

é1
- 1843® &0
1240 &0 -

RQZ-%rZ

58U

0 RN
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€ 0 0 5| 8 € 00 5| 8 € 00 5|8
2 ua €& u e (
®§:)1002l;l®@1002@g)1002t
©0-1-6|-8 01 6| 8 &0 16|8
0 3 -5|-44 o0 -23|-281 o 0o 0 1]|&
Interchanger, andr, R,=-r1, R, =-%I,
R4=-3r3+r4
€& 0 0 o 34
@@ 1003
@ 0 1 0of=Y
g 28l7l
& 00 1|%4
R.L:'5r4+r1
R, =-6r,+1,
I—44I- I_16 28
The solutionis 't ~ 53’ 272 s 23’ 4723
80. Rewritethe system as set up and solve the matrix:
i L =1;+1, ili-1,-1,=0
i 24- 6l1,- 31, =0 ® -6l,-3l;,=-24
t12+24-6l,- 61, =0 t-6l,-61,=-36
é1 -1-11 Oy é1 -1 -1 Ou é1 -1 -1| Ou
566 0-3|-24,® 0 -6 -9[-24,® D 1 3| 4y
&6 -6 0]-360 & -12 -6|-360 & -12 -6]-36(
R =6r +r, R=-3r,
%:6r1+r3
€1 0 2|4u é10 3|40 &1 0 0]3.5
® a0 1 $|40® &0 1 3[40® O 1 0]25;
D 012|125 &0 0 1113 & 0 1] I
F\’1:I‘2+I’l R3:§r3 Rlz_%r3+rl
R =12r, +r, R, =-3ry+r,

Thesolutionis |, =35, 1, =25, I, =1.
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81. Let x =theamount invested in Treasury hills.
Let y = the amount invested in Treasury bonds.
Let z = the amount invested in corporate bonds.

(@ Tota investment equation: X+ y+ z=20000
Annual income equation: 0.07x+ 0.09y + 0.11z = 2000

Set up a matrix and solve: o o .
€1 1 1]20000¢4 €1 1 1|20000Y € 1 1J20000¢

€ u® ¢ u® ¢ U

807 .09 .11/ 20004 &7 9 11200000 & 2 4/60000§

R, =100r, R=r-17r

& 1 1j20000U € 0 -1]-10000Y
® € U® € u
® 1 2/300009 & 1 2|30000§
Rz :%rz R =rh-h
The matrix in the last step represents the system } X- z=-10000
1 y+2z=30000

Therefore the solution is

X =-10000+z y =30000- 2z zisany real number
Possible investment strategies.

Amount invested at

7% 9% 11%

0 10000 10000
1000 8000 11000
2000 6000 12000
3000 4000 13000
4000 2000 14000
5000 0 15000

(b) Tota investment equation: X+ y+ z=25000
Annual income equation: 0.07x+0.09y + 0.11z = 2000

Set up amatrix and sqlve:l o .
€1 1 1|25000¥ € 1 1|250004Y € 1 1|25000Y
e u® € u® € u
807 .09 .111 2000§ &7 9 1112000004 & 2 4|25000§
R, =100r, R=r-T1r

1|250008 €1 0 - J12500U

u® € u
21125000 & 1 212500

=4, R=rn-n

1
1
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X - z=12500
y +2z=12500

The matrix in the last step represents the system

NNy

Therefore the solution is
x =12500+ z y =12500- 2z zisany real number

Possible investment strategies:
Amount invested at

7% 9% 11%
12500 12500 0
14500 8500 2000
16500 4500 4000
18750 0 6250
(c) Tota investment equation: X+ y+ z= 30000
Annual income equation: 0.07x+0.09y + 0.11z = 2000

Set up amatrix and solve:
€1 1 1]|30000Y € 1 1]|30000Y € 1 1]30000tL
€ u® ¢ u® € L
807 .09 .1112000F @& 9 11j2000000 @& 2 4|- 10000
R, =100r, R=r,- 71
€ 1 1]30000Y4 €1 0 -1J35000Y
® € U® € u
® 1 2-50000 & 1 2|-50008
Rz :'érz R =h-n

X - z=35000
y + 2z = -5000

The matrix in the last step represents the system }
f
Therefore the solution is
x =35000+ z y=-5000- 2z zisany real number
One possible investment strategy
Amount invested at
7% 9% 11%
30000 0 0

Thiswill yield ($30000)(.07) = $2100, which is more than the required income.

82. Let x =theamount invested in Treasury bills.
Let y = the amount invested in Treasury bonds.
Let z = the amount invested in corporate bonds.
Let| = income

Total investment equation: X+ y+ z=20000
Annual income equation: 0.07x+0.09y +0.11z =1
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Set up amatrix and solve:
€1 1 1|250004 € 1 1]250004 € 1 1 20000 U
e U@ € U@ € u
807 09 11 | g & 9 1410004 @& 2 4100 - 175000
R, =100r, R=r,- 71

& 1 25000 U € 0 -1112500- 501U

® € u® € u

® 1 2501-87500 & 1 2|500- 875004
R2=-21I’2 R =n-n

The matrix in the last step represents the system X- z2=112500- 50l

y+2z=50I - 87500

e e e/

Therefore the solution is
X =112500- 501 + z

y =50l - 87500- 2z
zis any real number

(@ 1=1500
x =112500- 50(1500) +2=37500+ z

y =50l - 87500- 2z =50(1500) - 87500~ 2z = -12500- 2z

zisany real number
Investing all of the money at 7% yields more than $1500.

(b) 1=2000
x =112500- 50(2000) +z =12500 +z

y =50l - 87500- 2z =50(2000) - 87500- 2z =12500- 2z

zisany real number

Possible investment strategies:
Amount invested at

7% 9% 11%
12500 12500 0
15500 6500 3000
18750 0 6250

(c) 1=2500
x =112500 - 50(2500) +7=-12500+z

y =50l - 87500- 2z = 50(2500) - 87500- 2z =37500- 2z

zisany real number

Possible investment strategies:
Amount invested at

7% 9% 11%
0 12500 12500

1000 10500 13500

6250 0 18750
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83. Let x =theamount of liquid 1.
Let y =theamount of liquid 2.
Let z = theamount of liquid 3.

.20x + .40y +.30z =40 Vitamin C
.30x+ .20y + .50z =30 Vitamin D
multiplying each equation by 10 yields

2xX+4y+3z=400
3X+2y+5z=300

© 4 Jdo0d & 2 300U & 2 g 200¢
€ U@ € U® & ¢
Setupamatrix andsolve: €8 2 53000 & 2 543000 & -4 %-300t
R=3"n R=r,- 31
a 2 -;‘2000 & 0 I|s0¥
® & U@ & “ICu
® 1 -7y © 1 -7y
RZ:'%rz R=n-2rn R
}X+z72:50

The matrix in the last step represents the system

tfy-4z=75
Therefore the solution is
x=50- 1z y=75+%z zisany real number
Possible combinations:

Liquid 1 Liquid 2 Liquid 3
50mg 75mg Omg
36mg 76mg 8mg
22mg 77mg 16mg

8mg 78mg 24mg

84. Let x =theamount of powder 1.
Let y = the amount of powder 2.

Let z = the amount of powder 3.
20X+ .40y +.30z=12 Vitamin B,

.30x+.20y + .40z =12 Vitamin E

multiplying each equation by 10 yields
2X+4y+3z2=120

3X+2y+4z=120
Set up amatrix and solve:

© 4 31200 © 4 31200 € 0 2

é u® € u® é

8 2 41208 ® -4 -5-608 O -4 -.
RZZI‘Z-%I‘l R:r1+r2
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The matrix in the last step represents the system } 2x+2.52=60

t-4y- 5z=-60
Therefore the solution is
x=30- 1.25z
y =15- .125z
zisany real number
Possible combinations:

Powder 1 Powder 2 Powder 3
30mg 15mg Omg
20mg 14mg 8mg
10mg 13mg 16mg
Omg 12mg 24mg

85-87. Answerswill vary.
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