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Systems of Equations and Inequalities

12.6 Partial Fraction Decomposition

1. The rational expression 
x

x2 −1
 is proper, since the degree of the numerator is less than the

degree of the denominator.

2. The rational expression 
5x + 2
x 3 −1

 is proper, since the degree of the numerator is less than the

degree of the denominator.

3. The rational expression 
x2 + 5
x2 − 4

 is

improper, so perform the division:

x2 − 4 x 2 + 5
x 2 − 4

9

1

)

The proper rational expression is:
x2 + 5
x2 − 4

= 1 + 9
x2 − 4

4. The rational expression 
3x2 − 2
x2 −1

 is

improper, so perform the division:

x2 −1 3x2 − 2
3x2 − 3

1

3

)

The proper rational expression is:
3x2 − 2
x2 −1

= 3 + 1
x2 −1

5. The rational expression 
5x3 + 2x −1

x2 − 4
 is

improper, so perform the division:

x2 − 4 5x3 + 0x2 + 2x −1
5x3 − 20x

22x −1

5x

)

The proper rational expression is:
5x3 + 2x −1

x2 − 4
= 5x + 22x −1

x2 − 4

6. The rational expression 
3x4 + x2 − 2

x3 + 8
 is

improper, so perform the division:

x3 + 8 3x4 + x2 + 0x − 2
3x4 + 24x

x2 − 24x − 2

3x

)

The proper rational expression is:

      
3x4 + x2 − 2

x3 + 8
= 3x + x2 − 24x − 2

x3 + 8
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7. The rational expression 
x(x −1)

(x + 4)(x − 3) = x2 − x
x2 + x −12

 is improper, so perform the division:

x2 + x −12 x 2 − x + 0
x 2 + x −12

− 2x +12

1

)

The proper rational expression is:
x(x −1)

(x + 4)(x − 3) = 1 +
−2x +12

x 2 + x −12

8. The rational expression 
2x(x2 + 4)

x2 +1
= 2x 3 + 8x

x2 + 1
 is improper, so perform the division:

x2 +1 2x3 + 8x
2x3 + 2x

6x

2x

)

The proper rational expression is:
2x(x2 + 4)

x2 +1
= 2x + 6x

x 2 +1

9. Find the partial fraction decomposition:
4

x(x −1)
= A

x
+ B

x −1
4 = A(x −1) + Bx (Multiply both sides by x(x −1).)

Let  x = 1: then 4 = A(0)+ B,  o r  B = 4
Let  x = 0: then 4 = A(−1) + B(0),  or  A = −4

4
x(x −1) =

−4
x + 4

x −1

10. Find the partial fraction decomposition:
3x

(x + 2)(x −1)
= A

x + 2
+ B

x −1
3x = A(x −1) + B(x + 2) (Multiply both sides by (x + 2)(x −1).)

Let  x = 1: then 3(1) = A(0) + B(3) ,  or  3B = 3 → B = 1
Let  x = −2: then 3(–2)= A(−3) + B(0),   or  − 3A = −6 → A = 2

3x
(x + 2)(x −1) = 2

x + 2 + 1
x −1

11. Find the partial fraction decomposition:
1

x(x2 +1)
= A

x
+ Bx + C

x 2 +1
1 = A(x2 +1) + (Bx + C)x (Multiply both sides by x(x2 + 1).)
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Let  x = 0: then   1 = A(1) + (B(0) + C)(0),  or A = 1
Let  x = 1: then   1 = A(1+1)+ (B(1)+ C)(1),   or  1 = 2A + B + C

or     1 = 2(1) + B + C
or −1 = B + C

Let  x = −1: then  1 = A(1+ 1)+ (B(−1) + C)(−1),   or  1 = 2A + B – C
or     1 = 2(1) + B − C
or −1 = B – C

Solve the system of equations:
B + C = −1
B − C = −1

2B = −2
B = −1

−1 + C = −1
C = 0

1
x(x2 +1)

= 1
x + −x

x2 +1

12. Find the partial fraction decomposition:
1

(x +1)(x2 + 4 )
= A

x +1
+ Bx + C

x 2 + 4

1 = A(x2 + 4) + (Bx + C)(x +1)
(Multiply both sides by (x +1)(x2 + 4).)

Let  x = −1: then   1 = A(5)+ (B(−1) + C)(0) → 5A = 1 → A = 1
5

Let  x = 1: then   1 = A(1+ 4) + (B(1) + C)(1+1) → 1 = 5A + 2B + 2C

→ 1 = 5 1
5( ) + 2B + 2C → 0 = 2B + 2C

→ 0 = B + C
Let  x = 0: then  1 = A(0 + 4) + (B(0) + C)(0 +1) → 1 = 4A + C

→ 1 = 4 1
5( ) + C → 1

5 = C

B + 1
5 = 0 → B = − 1

5

1

(x +1)(x2 + 4)
=

1

5

 
 
 

 
 
 

x +1
+

−
1

5
x +

1

5

 
 
 

 
 
 

x2 + 4

13. Find the partial fraction decomposition:
x

(x −1)(x − 2)
= A

x − 1
+ B

x − 2
x = A(x − 2) + B(x −1) (Multiply both sides by (x −1)(x − 2).)

Let  x = 1: then 1 = A(1− 2) + B(1−1) → 1 = −A → A = −1
Let  x = 2: then 2 = A(2 − 2) + B(2 −1) → 2 = B → B = 2

x
(x −1)(x − 2) = −1

x − 1 + 2
x − 2

14. Find the partial fraction decomposition:
3x

(x + 2)(x − 4)
= A

x + 2
+ B

x − 4
3x = A(x − 4 )+ B(x + 2) (Multiply both sides by (x + 2)(x − 4).)
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Let  x = −2: then 3(−2 ) = A(− 2 − 4 )+ B(−2 + 2)  → −6 = −6 A → A = 1
Let  x = 4: then 3(4) = A(4 − 4) + B(4 + 2) → 12 = 6B → B = 2

3x
(x + 2)(x − 4) = 1

x + 2 + 2
x − 4

15. Find the partial fraction decomposition:
x2

(x −1)2 (x +1)
= A

x −1
+ B

(x − 1)2 + C
x + 1

(Multiply both sides by (x −1)2 (x +1).)
x2 = A(x −1)(x +1) + B(x +1) + C(x − 1)2

Let  x =1: then 12 = A(1 −1)(1 + 1) + B(1 +1) + C(1 −1) 2

 → 1 = 2B → B =
1

2
Let  x = −1: then (−1)2 = A(−1−1)(−1+1) + B(−1+1) + C(−1−1)2

→ 1 = 4C → C =
1

4

Let  x = 0 : then 02 = A(0 −1)(0 + 1) + B(0 +1) + C(0 −1) 2

→ 0 = −A + B + C → A = 1
2

+ 1
4

= 3
4

x 2

(x −1) 2(x + 1)
=

3

4

 
 
 

 
 
 

x −1
+

1

2

 
 
 

 
 
 

(x −1)2 +

1

4

 
 
 

 
 
 

x +1

16. Find the partial fraction decomposition:
x +1

x 2(x −2)
= A

x
+ B

x 2
+ C

x − 2
  (Multiply both sides by x2(x − 2).)

x +1= Ax(x − 2) + B(x −2) + Cx2

Let  x = 0 : then 0 + 1= A(0)(0 − 2) + B(0 − 2) + C(0)2

 → 1 = −2B → B = −1
2

Let  x = 2 : then 2 + 1= A(2)(2− 2) + B(2 − 2) + C(2)2

→ 3 = 4C → C = 3

4
Let  x =1: t h e n 1+ 1= A(1)(1 − 2) + B(1− 2) + C(1) 2

→ 2 = −A − B + C → A = −B + C − 2 = − −
1

2

 
 
 

 
 
 +

3

4
−2 = −

3

4

x +1

x 2(x −2)
=

−
3

4

 
 
 

 
 
 

x
+

−
1

2

 
 
 

 
 
 

x2 +

3

4

 
 
 

 
 
 

x − 2



Section 12.6     Partial Fraction Decomposition

1239

17. Find the partial fraction decomposition:
1

x3 − 8
= 1

(x − 2)(x2 + 2x + 4 )
= A

x − 2
+ Bx + C

x2 + 2x + 4

(Multiply both sides by (x − 2)(x2 + 2x + 4).)
1 = A(x2 + 2x + 4) + (Bx + C)(x − 2)

Let  x = 2 : then   1= A 22 + 2(2) + 4( ) + (B(2) + C)(2 − 2)

→ 1 =12A → A = 1

12

Let  x = 0 : then   1= A 02 + 2(0) + 4( ) + (B(0) + C)(0 − 2)

→ 1 = 4A − 2C → 1 = 4
1

12

 
 
 

 
 
 − 2C

→ − 2C = 2

3
→ C = −1

3

Let  x =1: then   1= A 12 + 2(1) + 4( ) + (B(1) + C)(1 − 2)

→ 1 = 7A − B −C → 1 = 7
1

12

 
 
 

 
 
 − B +

1

3
→ B = −

1

12

1

x 3 − 8
=

1

12

 
 
 

 
 
 

x − 2
+

−
1

12

 
 
 

 
 
 x −

1

3
x2 + 2x + 4

18. Find the partial fraction decomposition:
2x + 4
x3 −1

= 2x + 4
(x − 1)(x2 + x +1)

= A
x −1

+ Bx + C
x 2 + x +1

(Multiply both sides by (x −1)(x2 + x +1).)
2x + 4 = A(x 2 + x +1) + (Bx + C)(x −1)
Let  x = 1: then   2(1)+ 4 = A 12 +1 +1( ) + (B(1)+ C)(1−1)

→ 6 = 3A → A = 2

Let  x = 0: then   2(0)+ 4 = A 02 + 0 +1( ) + (B(0)+ C)(0 −1)

→ 4 = A − C → 4 = 2 − C → C = −2

Let  x = −1: then   2(−1) + 4 = A (−1)2 + (−1) +1( ) + (B(−1)+ C)(−1 −1)

→ 2 = A + 2B − 2C → 2 = 2 + 2B − 2(−2 )
→ 2B = −4 → B = −2

2x + 4
x3 −1

= 2
x −1 +

−2x − 2
x2 + x +1

19. Find the partial fraction decomposition:
x2

(x −1)2 (x +1)2 = A
x −1

+ B
(x −1)2 + C

x +1
+ D

(x + 1)2

(Multiply both sides by (x −1)2 (x +1)2. )
x2 = A(x −1)(x +1)2 + B(x +1)2 + C(x −1)2 (x + 1)+ D(x −1)2
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Let  x =1: then 12 = A(1 −1)(1 + 1)2 + B(1 + 1)2 + C(1 −1) 2(1 + 1) + D(1 −1) 2

 → 1 = 4B → B = 1

4
Let  x = −1: then

(−1)2 = A(−1−1)( −1+1) 2 + B(−1+ 1)2 + C(−1−1)2 (−1+ 1) + D(−1−1) 2

→ 1 = 4D → D =
1

4
Let  x = 0 : then

02 = A(0 −1)(0 + 1)2 + B(0 + 1)2 + C(0 −1) 2(0 + 1) + D(0 −1) 2

→ 0 = −A + B+ C + D → A − C = 1

4
+ 1

4
= 1

2
Let  x = 2 : then

22 = A(2 −1)(2 + 1)2 + B(2 + 1)2 + C(2 −1) 2(2 + 1) + D(2 −1) 2

→ 4 = 9A + 9B + 3C + D → 9A + 3C = 4 −
9

4
−

1

4
=

3

2

→ 3A + C = 1

2
Solve the system of equations:

A − C = 1

2

3A + C = 1
2

4A =1

A =
1

4
→

3

4
+ C =

1

2
→ C = −

1

4

x2

(x −1)2(x + 1)2 =

1

4

 
 
 

 
 
 

x −1
+

1

4

 
 
 

 
 
 

(x −1)2 +
−

1

4

 
 
 

 
 
 

x +1
+

1

4

 
 
 

 
 
 

(x +1)2

20. Find the partial fraction decomposition:
x +1

x2 (x − 2)2 = A
x

+ B
x2 + C

x − 2
+ D

(x − 2 )2

(Multiply both sides by x2(x − 2)2 . )
x +1 = Ax(x − 2 )2 + B(x − 2 )2 + Cx2 (x − 2 )+ Dx2

Let  x = 0 : then  0+1= A(0)(0 − 2)2 + B(0 − 2)2 + C(0)2(0 − 2) + D(0)2

 → 1 = 4B → B = 1

4
Let  x = 2 : then 2 + 1= A(2)(2− 2)2 + B(2 −2)2 + C(2)2(2 − 2) + D(2)2

→ 3 = 4D → D =
3

4
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Let  x =1: t h e n 1+ 1= A(1)(1 − 2)2 + B(1−2)2 + C(1) 2(1− 2) + D(1) 2

→ 2 = A+ B− C + D → A− C = 2 −
1

4
−

3

4
=1

Let  x = 3: then 3 +1= A(3)(3− 2)2 + B(3 −2)2 + C(3)2(3 − 2) + D(3)2

→ 4 = 3A + B + 9C + 9D → 3A + 9C = 4 − 1
4

− 27
4

= −3

→ A + 3C = −1
Solve the system of equations:

A − C = 1 → A = C +1

A + 3C = −1

C +1+ 3C = −1 → 4C = −2 → C = −1
2

A = −
1

2
+1=

1

2

x +1

x 2(x −2)2 =

1

2

 
 
 

 
 
 

x
+

1

4

 
 
 

 
 
 

x2 +
−

1

2

 
 
 

 
 
 

x − 2
+

3

4

 
 
 

 
 
 

(x −2)2

21. Find the partial fraction decomposition:
x − 3

(x + 2)(x +1)2 = A
x + 2

+ B
x + 1

+ C
(x +1)2

(Multiply both sides by (x + 2)(x +1)2 . )
x − 3 = A(x + 1)2 + B(x + 2)(x +1) + C(x + 2)

Let  x = −2: then −2 − 3 = A(−2 +1)2 + B(−2 + 2)(−2 +1) + C(−2 + 2)
 → − 5 = A → A = −5

Let  x = −1: then −1− 3 = A(−1+1)2 + B(−1 + 2)(−1 +1) + C(−1 + 2)
→ − 4 = C → C = −4

Let  x = 0: then
0 − 3 = A(0 +1)2 + B(0 + 2)(0 +1) + C(0 + 2) → −3 = A + 2B + 2C

→ − 3 = −5 + 2B + 2(−4) → 2B = 10 → B = 5
x − 3

(x + 2)(x +1)2 = −5
x + 2 + 5

x + 1 +
−4

(x +1)2

22. Find the partial fraction decomposition:
x2 + x

(x + 2)(x −1)2 = A
x + 2

+ B
x −1

+ C
(x −1)2

(Multiply both sides by (x + 2)(x −1)2 . )
x2 + x = A(x −1)2 + B(x + 2)(x −1) + C(x + 2)
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Let  x = −2 : then (−2)2 + (−2) = A(− 2 −1) 2 + B(−2 + 2)( −2 −1) + C(−2 + 2)

 → 2 = 9A → A = 2
9

Let  x =1: then 12 +1 = A(1 −1) 2 + B(1 + 2)(1 −1) + C(1 + 2)

→ 2 = 3C → C = 2

3
Let  x = 0 : then 02 + 0 = A(0 − 1)2 + B(0 + 2)(0 −1) + C(0 + 2)

→ 0 = A − 2B + 2C → 2B =
2

9
+ 2

2

3

 
 
 

 
 
 =

14

9
→ B =

7

9

x 2 + x

(x + 2)(x −1) 2 =

2

9

 
 
 

 
 
 

x + 2
+

7

9

 
 
 

 
 
 

x −1
+

2

3

 
 
 

 
 
 

(x −1)2

23. Find the partial fraction decomposition:
x + 4

x 2(x2 + 4)
=

A

x
+

B

x2
+

Cx + D

x2 + 4
(Multiply both sides by x2(x 2 + 4).)

x + 4 = Ax(x2 + 4) + B(x 2 + 4) + (Cx + D)x 2

Let  x = 0: then   0 + 4 = A(0)(02 + 4) + B(02 + 4 )+ (C0 + D)(0)2

→ 4 = 4B → B = 1

Let  x = 1: then   1+ 4 = A(1)(1 2 + 4) + B(12 + 4 )+ (C(1)+ D)(1) 2

→ 5 = 5A + 5B + C + D → 5 = 5A + 5 + C + D
→ 5A + C + D = 0

Let  x = −1: then

  −1 + 4 = A(−1)((−1)2 + 4) + B((−1)2 + 4 )+ (C(−1) + D)(−1)2

→ 3 = −5A + 5B − C + D → 3 = −5A + 5 − C + D
→ − 5A − C + D = − 2

Let  x = 2: then   2 + 4 = A(2)(22 + 4 )+ B(22 + 4) + (C(2)+ D)(2)2

→ 6 = 16A + 8B + 8C + 4D → 6 = 16A + 8 + 8C + 4D
→ 16A + 8C + 4D = −2

Solve the system of equations:
5A + C + D = 0

−5A − C + D = −2

2D = −2
D = −1

5A + C −1 = 0
C = 1 − 5A

16A + 8(1− 5A) + 4(−1)= −2

16A + 8 − 40A − 4 = −2

− 24A = −6

A =
1

4

C =1− 5
1

4

 
 
 

 
 
 

C = 1−
5

4
= −

1

4

x + 4

x 2(x2 + 4)
=

1

4

 
 
 

 
 
 

x
+

1

x 2 +
−

1

4
x −1

 
 
 

 
 
 

x 2 + 4



Section 12.6     Partial Fraction Decomposition

1243

24. Find the partial fraction decomposition:
10x2 + 2x

(x −1)2 (x2 + 2)
= A

x −1
+ B

(x −1)2 + Cx + D
x2 + 2

(Multiply both sides by (x −1)2 (x2 + 2).)
10x2 + 2x = A(x −1)(x 2 + 2) + B(x 2 + 2) + (Cx + D)(x − 1)2

Let  x = 1: then   10(1) 2 + 2(1) = A(1− 1)(1 2 + 2) + B(12 + 2) + (C(1) + D)(1−1)2

→ 12 = 3B → B = 4

Let  x = 0: then 10(0)2 + 2 ⋅ 0 = A(0 −1)(02 + 2) + B(02 + 2) + (C(0) + D)(0 −1)2

→ 0 = −2A + 2B + D → 0 = −2A + 8 + D
→ 2A − D = 8

Let  x = −1: then

  10(−1)2 + 2(−1) = A(−1 −1)((−1)2 + 2 )+ B((−1)2 + 2) + (C(−1) + D)(−1 −1)2

→ 8 = −6A + 3B − 4C + 4D → 8 = −6 A +12 − 4C + 4D
→ − 6A − 4C + 4D = −4

Let x = 2: then 10(2)2 + 2(2) = A(2 −1)(22 + 2) + B(22 + 2) + (C(2) + D)(2 −1)2

→ 44 = 6A + 6B + 2C + D → 44 = 6A + 24 + 2C + D
→ 6A + 2C + D = 20

Solve the system of equations  (Substitute for D):
D = 2A −8
−6 A − 4C + 4D = −4 → −6A − 4C + 4(2 A − 8) = −4

→ 2A − 4C = 28 → A − 2C = 14
6A + 2C + D = 20 → 6A + 2C + 2A − 8 = 20 → 8A + 2C = 28

Add the equations and solve:
A − 2C =14

8A + 2C = 28

9A = 42 → A = 14
3

2C = A −14

2C =
14

3
−14 = −

28

3
= −

14

3

D = 2A − 8

D = 2
14

3

 
 
 

 
 
 − 8 = 4

3

10x 2 + 2x

(x −1)2(x 2 + 2)
=

14

3

 
 
 

 
 
 

x −1
+

4

(x − 1) 2 +
−

14

3
x +

4

3

 
 
 

 
 
 

x2 + 2

25. Find the partial fraction decomposition:
x2 + 2x + 3

(x +1)(x2 + 2x + 4)
= A

x +1
+ Bx + C

x2 + 2x + 4

(Multiply both sides by (x +1)(x2 + 2x + 4).)
x 2 + 2x + 3 = A(x 2 + 2x + 4 )+ (Bx + C)(x +1)

Let  x = −1: then

(−1)2 + 2(−1)+ 3 = A((−1)2 + 2(−1)+ 4) + (B(−1)+ C)(−1+ 1)

→ 2 = 3A → A = 2
3
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Let  x = 0 : then   02 + 2(0)+ 3 = A(02 + 2(0) + 4) + (B(0) + C)(0 + 1)

→ 3 = 4A + C → 3 = 4
2
3

 
 
 

 
 
 + C → C = 1

3

Let  x =1: then

  12 + 2(1) + 3 = A(12 + 2(1) + 4) + (B(1) + C)(1+ 1)

→ 6 = 7A + 2B + 2C → 6 = 7
2

3

 
 
 

 
 
 + 2B+ 2

1

3

 
 
 

 
 
 

→ 2B = 6 −
14

3
−

2

3
→ 2B =

2

3
→ B =

1

3

x 2 + 2x + 3

(x + 1)(x2 + 2x + 4)
=

2

3

 
 
 

 
 
 

x +1
+

1

3
x +

1

3

 
 
 

 
 
 

x 2 + 2x + 4

26. Find the partial fraction decomposition:
x 2 − 11x −18

x(x2 + 3x + 3)
=

A

x
+

Bx + C

x2 + 3x + 3
 (Multiply both sides by x(x 2 + 3x + 3).)

x2 −11x − 18 = A(x2 + 3x + 3) + (Bx + C)(x)
Let  x = 0: then 0 2 −11(0) −18 = A( 02 + 3(0)+ 3) + (B(0)+ C)(0)

→ −18 = 3A → A = −6

Let  x = 1: then   12 −11(1) −18 = A(12 + 3(1)+ 3) + (B(1)+ C)(1)

→ − 28 = 7A + B + C → − 28 = 7 −6( ) + B + C → B + C = 14

Let  x = −1: then (−1)2 −11(−1)−18 = A((−1)2 + 3(−1) + 3) + (B(−1) + C)(−1)
→ − 6 = A + B − C → − 6 = −6 + B − C → B − C = 0

Add the last two equations and solve:
2B = 14 → B = 7
C = 14 − B = 14 − 7 = 7

x2 −11x −18
x(x2 + 3x + 3)

=
−6
x + 7x + 7

x 2 + 3x +3

27. Find the partial fraction decomposition:
x

(3x − 2)(2x + 1)
=

A

3x −2
+

B

2x +1
(Multiply both sides by (3x − 2)(2x + 1).)

x = A(2x + 1) + B(3x − 2)

Let  x = −
1

2
: then −

1

2
= A 2 −

1

2

 
 
 

 
 
 + 1

 

 
 

 

 
 + B 3 −

1

2

 
 
 

 
 
 − 2

 

 
 

 

 
 

 → −
1

2
= −

7

2
B → B =

1

7

Let  x = 2
3

: then 
2
3

= A 2
2
3

 
 
 

 
 
 + 1

 

 
 

 

 
 + B 3

2
3

 
 
 

 
 
 − 2

 

 
 

 

 
  → 2

3
= 7

3
A → A = 2

7
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x

(3x − 2)(2x + 1)
=

2

7

 
 
 

 
 
 

3x −2
+

1

7

 
 
 

 
 
 

2x +1

28. Find the partial fraction decomposition:
1

(2x +3)(4x −1)
= A

2x + 3
+ B

4x −1
(Multiply both sides by (2x + 3)(4x −1).)

1 = A(4x −1)+ B( 2x + 3)

Let  x = − 3
2 : then 1 = A 4 − 3

2( ) −1( ) + B 2 − 3
2( ) + 3( )

 → 1 = −7A → A = − 1
7

Let  x = 1
4 : then 1 = A 4 1

4( ) −1( ) + B 2 1
4( ) + 3( ) → 1 = 7

2 B → B = 2
7

1
(2x +3)(4x −1) =

− 1
7

2x + 3 +
2
7

4x −1

29. Find the partial fraction decomposition:
x

x2 + 2x − 3
= x

(x + 3)(x −1)
= A

x + 3
+ B

x −1
(Multiply both sides by (x +3)(x −1).)

x = A(x −1) + B(x + 3)
Let  x = 1: then  1 = A(1−1)+ B(1+ 3)  → 1 = 4B → B = 1

4

Let  x = −3: then  − 3 = A(−3 −1)+ B(−3 + 3) → − 3 = −4A → A = 3
4

x
x2 + 2x − 3

=
3
4

x + 3 +
1
4

x −1

30. Find the partial fraction decomposition:
x 2 − x − 8

(x +1)(x2 + 5x + 6)
= x2 − x −8

(x +1)(x + 2)(x + 3) = A
x +1 + B

x + 2 + C
x + 3

(Multiply both sides by (x + 1)(x + 2)(x +3).)
x2 − x − 8 = A(x + 2)(x + 3) + B(x +1)(x + 3) + C(x +1)(x + 2 )

Let  x = −1: then 

(−1)2 − (−1)− 8 = A(−1+ 2)(−1 + 3) + B(−1 +1)(−1 + 3) + C(−1 +1)(−1 + 2)
 → − 6 = 2A → A = −3

Let  x = −2: then 

(− 2)2 − (−2) − 8 = A(−2 + 2)(−2 + 3) + B(− 2 +1)(−2 + 3) + C(− 2 +1)(−2 + 2)
 → − 2 = −B → B = 2

Let  x = −3: then 

(−3)2 − (−3) − 8 = A(−3 + 2)(−3 + 3) + B(−3 +1)(−3 + 3) + C(−3 +1)(−3 + 2 )
 → 4 = 2C → C = 2

x 2 − x − 8
(x +1)(x2 + 5x + 6)

= −3
x + 1 + 2

x + 2 + 2
x + 3
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31. Find the partial fraction decomposition:
x2 + 2x + 3
(x2 + 4)2 = Ax + B

x 2 + 4
+ Cx + D

(x 2 + 4)2

(Multiply both sides by (x 2 + 4)2. )

x2 + 2x + 3 = (Ax + B)(x2 + 4) + Cx + D

x2 + 2x + 3 = Ax3 + Bx2 + 4Ax + 4B + Cx + D

x2 + 2x + 3 = Ax3 + Bx2 + ( 4A + C)x + 4B + D
A = 0
B = 1

4A + C = 2 → 4(0)+ C = 2 → C = 2
4B + D = 3 → 4(1) + D = 3 → D = −1

x2 + 2x + 3
(x2 + 4)2 = 1

x 2 + 4
+ 2x −1

(x2 + 4 )2

32. Find the partial fraction decomposition:
x3 + 1

(x2 +16)2
= Ax + B

x 2 +16
+ Cx + D

(x 2 +16)2
  (Multiply both sides by ( x2 +16)2 .)

x3 +1= (Ax + B)(x 2 + 16) + Cx + D

x3 +1= Ax3 + Bx2 +16Ax + 16B + Cx + D

x3 +1= Ax 3 + Bx2 + (16 A + C)x +16B + D

A = 1

B = 0

16A+ C = 0 → 16(1) + C = 0 → C = −16

16B + D =1 → 16(0) + D =1 → D =1
x3 +1

(x2 +16)2
= x

x2 +16
+ −16x +1

(x2 +16)2

33. Find the partial fraction decomposition:
7x + 3

x3 − 2x2 − 3x
= 7x + 3

x(x − 3)(x +1)
= A

x
+ B

x − 3
+ C

x +1
(Multiply both sides by x(x − 3)(x +1).)

7x + 3 = A(x − 3)(x +1) + Bx(x +1) + Cx(x − 3)
Let  x = 0: then  7(0)+ 3 = A(0 − 3)(0 + 1)+ B(0)(0+1)+ C(0)(0− 3)

 → 3 = −3A → A = −1
Let  x = 3: then  7(3) + 3 = A(3 − 3)(3+ 1)+ B(3)(3 +1) + C(3)(3 − 3)

→ 24 = 12B → B = 2
Let  x = −1: then
           7(−1) + 3 = A(−1 − 3)(−1 +1) + B(−1)(−1 +1)+ C(−1)(−1 − 3)

→ − 4 = 4C → C = −1
7x + 3

x3 − 2x2 − 3x
= −1

x + 2
x − 3 + −1

x +1
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34. Find the partial fraction decomposition:
x5 + 1

x6 − x 4
=

(x + 1)( x4 − x3 + x2 − x +1)

x 4 (x −1)( x + 1)
=

x4 − x3 + x2 − x +1

x 4(x − 1)

=
A

x
+

B

x2 +
C

x3 +
D

x4 +
E

x −1
  (Multiply both sides by x4 (x −1).)

x 4 − x3 + x 2 − x + 1= Ax 3(x −1) + Bx2(x −1) + Cx(x −1) + D(x −1) + Ex4

Let  x = 0 : then  

04 −03 + 02 − 0 +1= A ⋅ 03(0 −1) + B ⋅ 02 (0 −1) + C ⋅ 0(0 −1) + D(0 −1) + E ⋅ 04

 → 1= −D → D = −1

Let  x = 1: then  

14 −13 +12 −1+ 1= A ⋅13(1 −1) + B ⋅12(1 −1) + C ⋅1(1 − 1) + D(1 − 1) + E ⋅14

→ 1 = E → E = 1
Let  x = −1: then

(−1)4 − (−1)3 + (−1) 2 − (−1) +1

= A(−1) 3(−1−1) + B(−1)2(−1−1) + C(−1)( −1−1) + D(−1−1) + E(−1) 4

→ 5 = 2A −2B + 2C −2D + E → 5 = 2A − 2B + 2C + 2 +1

→ 2A− 2B + 2C = 2 → A − B + C = 1

Let  x = 2 : then  

24 −23 + 22 − 2 +1= A ⋅ 23(2 −1) + B ⋅ 22 (2 −1) + C ⋅ 2(2 −1) + D(2 −1) + E ⋅ 24

→ 11= 8A + 4B + 2C + D + 16E → 11= 8A + 4B + 2C −1+ 16

→ 8A + 4B + 2C = −4 → 4 A + 2B + C = −2
Let  x = −2: then

(− 2)4 − (−2)3 + (−2)2 − (−2) + 1

= A(−2)3(−2 −1) + B(−2 )2 (−2 −1) + C(−2)(−2 −1) + D(−2 −1) + E(−2)4

→ 31 = 24A − 12B + 6C − 3D + 16E
→ 31 = 24A − 12B + 6C + 3 +16
→ 24A −12B + 6C = 12 → 4A − 2B + C = 2

(4 A + 2B + C) − (4A − 2B + C) = −2 − 2 → 4B = −4 → B = −1
A +1+ C = 1 → A + C = 0 → A = −C
4(−C) − 2(−1) + C = 2 → − 3C = 0 → C = 0
A = −0 = 0
x5 +1

x6 − x4 = x4 − x3 + x2 − x +1
x4 (x −1)

= −1
x2 + −1

x4 + 1
x −1
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35. Perform synthetic division to find a factor:
2 1 − 4 5 − 2

2 − 4 2

1 − 2 1 0

)

x3 − 4x2 + 5x − 2 = (x − 2)(x 2 − 2x +1) = (x − 2)(x − 1)2

Find the partial fraction decomposition:
x2

x3 − 4x2 + 5x − 2
= x2

(x − 2)(x −1)2 = A
x − 2

+ B
x −1

+ C
(x −1)2

(Multiply both sides by (x − 2)(x − 1)2 .)
x2 = A(x − 1)2 + B(x − 2)(x −1) + C(x − 2 )

Let  x = 2: then  22 = A(2 −1)2 + B( 2− 2)(2−1) + C( 2− 2 )
 → 4 = A → A = 4

Let  x = 1: then  12 = A(1−1)2 + B(1− 2)(1−1)+ C(1− 2)
→ 1 = −C → C = −1

Let  x = 0: then  0 2 = A(0 −1)2 + B(0 − 2)(0 −1)+ C(0 − 2)
→ 0 = A + 2B − 2C → 0 = 4 + 2B − 2(−1)
→ 2B = −6 → B = −3

x2

x3 − 4x2 + 5x − 2
= 4

x − 2 + −3
x −1 + −1

(x −1)2

36. Perform synthetic division to find a factor:
1 1 1 − 5 3

1 2 −3

1 2 −3 0

)

x3 + x2 − 5x + 3 = (x −1)(x2 + 2x − 3) = (x + 3)(x −1)2

Find the partial fraction decomposition:
x2 +1

x3 + x2 − 5x + 3
= x2 +1

(x + 3)(x −1)2 = A
x + 3

+ B
x −1

+ C
(x −1)2

(Multiply both sides by (x + 3)(x −1)2 . )
x2 +1 = A(x −1)2 + B(x + 3)(x −1) + C(x + 3)

Let  x = −3: then  (−3)2 +1 = A(−3 −1)2 + B(−3 + 3)(−3 −1) + C(−3 + 3)

 → 10 = 16A → A = 5
8

Let  x = 1: then  12 +1 = A(1−1)2 + B(1+ 3)(1−1) + C(1+ 3)

→ 2 = 4C → C = 1
2

Let  x = 0: then  0 2 +1 = A(0 −1)2 + B( 0+ 3)(0 −1) + C(0 + 3)

→ 1 = A − 3B + 3C → 1 = 5
8 − 3B + 3 1

2( )
→ 3B = 9

8 → B = 3
8

x2 +1
x3 + x2 − 5x + 3

=
5
8

x + 3 +
3
8

x −1 +
1
2

(x −1)2
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37. Find the partial fraction decomposition:
x3

(x2 +16)3
= Ax + B

x 2 +16
+ Cx + D

(x 2 +16)2 + Ex + F
(x 2 +16)3

(Multiply both sides by (x 2 +16)3. )

x3 = (Ax + B)(x2 +16)2 + (Cx + D)(x2 +16) + Ex + F

x3 = (Ax + B)(x 4 + 32x2 + 256) + Cx3 + Dx2 +16Cx +16D + Ex + F

x3 = Ax5 + Bx4 + 32Ax3 + 32Bx 2 + 256Ax + 256B + Cx3 + Dx2

+16Cx +16D+ Ex + F

x3 = Ax5 + Bx4 + (32A + C)x3 + (32B + D)x2 + (256A +16C + E)x
+ (256B +16D + F)

A = 0
B = 0

32A + C = 1 → 32(0)+ C = 1 → C = 1
32B + D = 0 → 32(0)+ D = 0 → D = 0

256A +16C + E = 0 → 256(0)+16(1)+ E = 0 → E = −16
256B +16D + F = 0 → 256(0)+16(0)+ F = 0 → F = 0

x 3

(x2 + 16)3 =
x

(x 2 + 16)2 +
−16x

(x2 +16)3

38. Find the partial fraction decomposition:
x2

(x2 + 4)3 = Ax + B
x2 + 4

+ Cx + D
(x2 + 4 )2 + Ex + F

(x2 + 4)3

(Multiply both sides by (x2 + 4 )3. )

x2 = (Ax + B)(x2 + 4 )2 + (Cx + D)(x2 + 4 )+ Ex + F

x2 = (Ax + B)(x4 + 8x 2 +16) + Cx3 + Dx2 + 4Cx + 4D + Ex + F

x2 = Ax5 + Bx 4 + 8Ax3 + 8Bx 2 +16Ax +16B + Cx3 + Dx2

+ 4Cx + 4D + Ex + F

x2 = Ax5 + Bx 4 + (8A + C)x3 + (8B + D)x2 + (16A + 4C + E)x
+ (16B + 4D + F)

A = 0
B = 0

8A + C = 0 → 8(0) + C = 0 → C = 0
8B + D = 1 → 8(0) + D = 1 → D = 1

16A + 4C + E = 0 → 16(0)+ 4(0) + E = 0 → E = 0
16B + 4D + F = 0 → 16(0)+ 4(1) + F = 0 → F = −4

x2

(x2 + 4)3 = 1
(x2 + 4)2 +

− 4
(x2 + 4)3

39. Find the partial fraction decomposition:
4

2x2 − 5x − 3
= 4

(x − 3)(2x +1)
= A

x − 3
+ B

2x +1
(Multiply both sides by (x − 3)(2x + 1).)

4 = A(2x +1) + B(x − 3)
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Let  x = − 1
2 : then  4 = A 2 − 1

2( ) +1( ) + B − 1
2 − 3( )

 → 4 = − 7
2 B → B = − 8

7

Let  x = 3: then  4 = A(2(3) +1) + B( 3− 3) → 4 = 7A → A = 4
7

4
2x2 − 5x − 3

= 4
(x − 3)(2x +1) =

4
7

x − 3 +
− 8

7

2x +1

40. Find the partial fraction decomposition:
4x

2x2 + 3x − 2
= 4x

(x + 2)(2x −1)
= A

x + 2
+ B

2 x −1
(Multiply both sides by (x + 2)(2x −1).)

4x = A(2x −1)+ B(x + 2)
Let  x = 1

2 : then  41
2( ) = A 2 1

2( ) − 1( ) + B 1
2 + 2( ) → 2 = 5

2 B → B = 4
5

Let  x = −2: then  4(−2) = A(2(−2) − 1)+ B(−2 + 2 )
→ − 8 = −5A → A = 8

5

4x
2x2 + 3x − 2

= 4x
(x + 2)(2x −1) =

8
5

x + 2 +
4
5

2 x −1

41. Find the partial fraction decomposition:
2x + 3

x4 − 9x2 = 2x + 3
x 2(x −3)(x + 3)

= A
x

+ B
x2 + C

x − 3
+ D

x + 3

(Multiply both sides by x2 (x − 3)(x + 3).)
2x + 3 = Ax(x − 3)(x + 3) + B(x − 3)(x + 3) + Cx2 (x + 3) + Dx2(x − 3)

Let  x = 0 : then

  2 ⋅ 0 + 3 = A ⋅ 0(0 − 3)(0+ 3)+ B(0 − 3)(0+ 3)+ C ⋅ 02(0 + 3)+ D ⋅ 02 (0− 3)

 → 3 = −9B → B = −1
3

Let  x = 3: then

   2 ⋅ 3+ 3 = A ⋅ 3(3 − 3)(3+ 3)+ B(3 − 3)(3+ 3)+ C ⋅ 32(3 + 3)+ D ⋅ 32 (3− 3)

→ 9 = 54C → C = 1
6

Let  x = −3 : then

   2(−3) + 3 = A(−3)(−3 − 3)(−3+ 3)+ B(−3 − 3)(−3+ 3)+ C(−3)2 (−3 + 3)

+ D(−3)2(−3 − 3)

→ − 3 = −54D → D = 1
18

Let  x =1: then

    2 ⋅1+ 3 = A ⋅1(1 − 3)(1 + 3)+ B(1− 3)(1 + 3)+ C ⋅12(1+ 3)+ D ⋅12 (1 − 3)

→ 5 = −8A − 8B + 4C − 2D

→ 5 = −8A − 8 − 1
3( ) + 4 1

6( ) − 2 1
18( )

→ 5 = −8A + 8
3
+ 2

3
− 1

9
→ − 8A = 16

9
→ A = −2

9

2x + 3
x4 − 9x2 = 2x + 3

x 2(x −3)(x + 3)
=

− 2
9

x +
− 1

3

x2 +
1
6

x −3 +
1

18

x +3
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42. Find the partial fraction decomposition:
x 2 + 9

x4 − 2x 2 − 8
= x2 + 9

(x2 + 2)(x − 2)(x + 2)
= A

x − 2
+ B

x + 2
+ Cx + D

x2 + 2

(Multiply both sides by (x 2 + 2)(x − 2)(x + 2).)
x2 + 9 = A(x2 + 2)(x + 2) + B(x − 2)(x2 + 2 )+ (Cx + D)(x − 2)(x + 2)

Let  x = 2: then

  22 + 9 = A(22 + 2)(2 + 2) + B( 2− 2)(22 + 2) + (C(2) + D)(2 − 2)(2 + 2)
 → 13 = 24A → A = 13

24

Let  x = −2: then

   (− 2)2 + 9 = A((− 2)2 + 2)(−2 + 2) + B(−2 − 2)((−2 )2 + 2 )
+ (C(−2 )+ D)(−2 − 2)(−2 + 2)

→ 13 = − 24B → B = − 13
24

Let  x = 0: then

   02 + 9 = A(02 + 2)(0 + 2) + B(0 − 2)(02 + 2) + (C(0)+ D)(0 − 2)(0+ 2 )
→ 9 = 4A − 4B − 4D → 9 = 13

6
+ 13

6
− 4D

→ 4D = − 14
3

→ D = − 7
6

Let  x = 1: then

    12 + 9 = A(12 + 2)(1+ 2) + B(1− 2)(12 + 2) + (C(1)+ D)(1− 2)(1+ 2 )
→ 10 = 9A − 3B − 3C − 3D
→ 10 = 39

8 + 13
8 −3C + 7

2

→ 3C = 0 → C = 0

x 2 + 9
x4 − 2x 2 − 8

= x2 + 9
(x2 + 2)(x − 2)(x + 2)

=
13
24

x − 2 +
− 13

24

x + 2 +
− 7

6

x2 + 2


