Chapter 12

Systems of Equations and Inequalities

12.6 Partial Fraction Decomposition

1

Therational expression xz)i 1
degree of the denominator.

The rational expression %

degree of the denominator.

2
The rational expression

> is
X*- 4
improper, so perform the division:
1

X2 - A x2+5
X% - 4
9
The proper rational expression is:
x?+5 _ 9

-4 1t

5x3+2x-1 .
= = s

The rational expression v

-4
improper, so perform the division:
5x
x?- 45+ 0x" + 2x- 1
5x3 - 20X

22x- 1

The proper rational expression is:
5x°+2x-1 _ 5y + 22%x- 1

X*- 4 X*- 4

is proper, since the degree of the numerator is less than the

is proper, since the degree of the numerator is less than the

2

The rational expression 3))((2 1 is

improper, so perform the division:
3

X - 1i3x2- 2
3x*- 3

1
The proper rational expressionis:
3x?-2 _ 34 1

x2-1 ° x-1

x®+8
improper, so perform the division:
3X
x*+83x" +x° + 0x- 2
3x* + 24X
X - 24x- 2

The proper rational expression is:
X'+ x2- 2 :3X+x2 - 24%- 2

x*+8 x®+8

Therational expression
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Chapter 12 Systems of Equations and Inequalities

7.

10.

11.

X(x-1) _ x*-X
(X+4)(X-3) = x*+x- 12

The rational expression isimproper, so perform the division:

X2+ x- 12]x%- x+ 0
X2+ x-12
- 2x+12
. o - - 2x +12
The proper rational expressionis: (x+(4),(ﬂxl_)35 =1+ m

2X(X2 +4) _ 2x°+8x .

The rational expression voary Ealalavare isimproper, so perform the division:

2X
x> + 1; 2%° +8x
2x3 + 2x
6X

2X(X2 + 4) _ 6X
vy

The proper rational expressionis.

Find the partial fraction decomposition:
4 A B

— T — —
X(x-1) x x-1
4 = A(x- 1)+ Bx (Multiply both sides by x(x - 1).)
Let x=1 then4=A(0)+B, orB=4
Let x=Q then4=A(-1)+B(0), orA=-4

4 _-4,. 4
X(x-1) ~ X ' X-1
Find the partial fraction decomposition:
3x A B

(x+2)(x-1)_x+2+x-1
3X=A(x-1)+B(x+2) (Multiply both sidesby x+2)(x- 1).)
Let x =1 then3(1) = A(0) +B(3), orB=3 ® B=1
Let x =-2: then 3(-2F¥ A(-3)+B(0), or -3A=-6 ® A=2
3X __2 N 1
(x+2)(x-1) x+2 x-1

Find the partial fraction decomposition:

1 _A,Bx+C
x(x2+1) X x7+1

1=A(X*+1)+(Bx+C)x (Multiply both sides by x(x* + 1).)
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Section 12.6  Partial Fraction Decomposition

Let x=Q then 1=A0 +(B(0)+C)(0), orA=1

Let x=1 then 1=A(1+1)+(B(1)+C)), or 1=2A+B+C
or 1=20) +B+C
or-1=B+C

Let x=-1 then 1=A(1+1)+(B(-1)+C)(-D), or 1=2A+B-C
oo 1=20) +B-C

or-1=B-C
Solve the system of equations:
B+C=-1
B-C=-1
2B =-2 -1+C=-1
B =-1 C=0
1 1 - X
==+
X(x2+1) X x*+1

12. Find the partial fraction decomposition:
1 A  Bx+C

(x+1)(x*+4) x+1 x?>+4
1= A(X* + 4) + (Bx + C)(x +1)
(Multiply both sides by x+1)(x* +4).)
Let x=-1 then 1=A(5)+(B(-1)+C)(0) ® 5A=1 ® A=}
Let x=1 then 1= A(l+4)+(B) +C)(1+1) ® 1=5A+2B+ X
® 1=5%)+2B+2C ® 0=2B+2C
® 0=B+C
Let x=Q then 1= A0+4)+(B(0)+C)(0+1) ® 1=4A+C
® 1=4()+C ® i=cC
B+{=0 ® B=-1%
a0 &1 10
1 _8§B+8§X+§E
(X+D)(X°+4) x+1 x> +4

13. Find the partial fraction decomposition:
X A B

(x- 1)(x-2)  x- 17 %2
X=A(x- 2)+B(x-1) (Multiply both sidesby x- 1)(x - 2).)
Let x=1 thenl=A(1-2)+B(1-1) ® 1=-A® A=-1
Let x=2 then2=A(2- 2+B2-1) ® 2=B ® B=2
X -1 2

KDX-2 X-1 X2

14. Find the partial fraction decomposition:
3X A B

(x+2)(x- 4) X2 %X -4
X = A(x- 4)+B(x+2) (Multiply both sides by x +2)(x- 4).)
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Chapter 12 Systems of Equations and Inequalities

Let x=-2 then3(-2)=A(- 2- 4)+B(-2+2) ® -6=-6A ® A=1
Let x=4. then3(4) =A4-4)+B(4+2) ® 12=6B ® B=2

3X _ 1 + 2
(Xx+2)(x-4)  x+2 x-4

15. Find the partial fraction decomposition:
X2 __ A, _B . C
(x-1*(x+1) x-1 (x-1f x+1
(Multiply both sides by - 1)°(x+1).)
= A(X - I)(x+1)+ B(x+1)+ C(x- 1
Let x=1: then?=AQl- Il +) +BA+D)+C(@-1?

® 1=2B ® B:%

Let x=-1: then(-D)?=A(-1- D(- 1+ +B(- 1+ + C(-1- )
® 1=4C ® c::zl1
Let x=0: then(’ =AQ- )0 +1) +B(0+1) +C(0- 1?

® 0=-A+B+C ® A::-2L+i—§

4 4
230 @b Ao
x? 8';25 20 . AQ
(x-D3%(x+D  x-1 (x-])2 X +1

16. Find the partial fraction decomposition:
2X+1 —A+E+i (Multiply both sides by x*(x - 2).)
x(x-2) x x° x-2
X +1=Ax(x- 2)+B(x- 2)+Cx?
Let x=0: then0+1=A(0)(0- 2)+B(0- 2)+C(0)*

® 1=-2B ® B:-:-2L

Let x=2: then2+1=A(2)(2- 2)+B(2- 2)+C(2)?
® 3=4C ® C=3
Let x=1: then¥1=A@l - 2)+B(1- 2)+C(Q) 2
% 3
® 2=-A-B+C ® A=-B+C-2=-¢ >s+--2=-
2 4

g0 |0 amo
x+1 _ &0 &0 &b

x?(x - 2) X X x-2
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Section 12.6  Partial Fraction Decomposition

17. Find the partial fraction decomposition:
1 1 A + Bx+C

-8 (x-2(x*+2x+4) X-2 x> +2x+4
(Multiply both sidesby (x- 2) (X + 2x + 4).)
1= A(X*+2x+4) +(Bx+C)(x - 2)
Let x=2: then 1= A2*+2(2)+ 4)+(B(2)+C)(2- 2)
1

® 1=12A ® A==
12

Let x=0: then 1= AD*+2(0) + 4)+(B(0) +C)(0- 2)

210
® 1=4A-2C® 1:481_2_:;2; 2C

® -x=2® Cc=-1%
3 3
Let x=1: then 1= A1*+2l) +4)+ (B +C)L- 2)
0
® 1=7A-B-C ® 1:7§ei+ Bi~ ® B=-—
120 3 12

&0 *0 1
1 =812ia+ &8 3
x?-8 x-2 XxX*+2x+4

18. Find the partial fraction decomposition:
2X+4 2x+ 4 A + Bx+C

-1 (x- DC+x+1) x-1 x2+x+1
(Multiply both sides by (x- 1)(x* +x +1).)

2X+ 4= A(X*+ x+1)+(Bx+C)(x- 1)

Let x=1 then 2(1)+4=AL*+1+1)+(B(1)+ C)(1- 1)
® 6=3A® A=2

Let x=Q then 2(0}4=A(0*+0+1)+(B(0)+C)(0- 1)
® 4=A-C® 4=2-C ® C=-2

Let x=-1 then 2(1)+4=A((-17+(-1)+1)+(B-1+C)(-1- 1)
® 2=A+2B-2C ® 2=2+2B- 2(- 2)
® 2B=-4 ® B=-2

2x+4 _ 2 - 2x- 2

-1 X-1 x2+x+1

19. Find the partia fraction decomposition:
x? _ A B C D
= + + +
(x- )*(x+1)*  x-1 (x-1y x+1 (x+1f
(Multiply both sides by %- 1)*(x +1)*.)
x> = A(X- I)(x +1)* + B(x +1)* + C(x - 1*(x+1)+ D(x - 1y
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Chapter 12 Systems of Equations and Inequalities

Let x=1: then?®=A@- 1 +D*+B@AL+D)*+C@- D*L+D +D@A- >

® 1=4B ® B:::l'1

Let x=-1: then
(D°=A(-1- (- 1+D°+B(-1+D*+ C(- 1- D*(-1+ ) + D(- 1- )*

® 1=4D ® D=%
Let x=0: then
0> =A(0- )0 +D2+B(0+1)*+C(0- D30+ + D(0- 1)
® 0=-A+B+C+D ® A.C:1+i:iL
4 4 2
Let x=2: then
22 =A2- D2 +1D2+B(2+12+C(2- D3(2+1) +D(2-1)?
® 4=9A+9B+3C+D ® 9A+3C:4-g-l:§
4 4 2
1
® 3A+C—E
Solve the system of equations:
A-c=2
2
3A+C=1
_ 2
4A =1
A =@ 3ic=le c=-1
4 4 2 4
|80 &0 e&10 @&AO
X  _&o &0 4o, o

(x-1*(x+1)* x-1 (x-1F x+1 (x+1y

20. Find the partial fraction decomposition:
x+1 _A B C D

Xx-22 X ¥ X2 x-27
(Multiply both sides by x*(x - 2)°.)
X+1=AX(Xx- 2P+ B(x- 2 +Cx?*(x- 2)+ Dx?
Let x=0: then 0+% A(0)(0- 2)°+ B(0- 2)°+ C(0)*(0- 2)+ D(0)’

® 1=4B ® 82%

Let x=2: then2+1=A(2)(2- 2)? +B(2- 2)2+C(2)42- 2)+D(2)

® 3=4D ® D=%
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Section 12.6  Partial Fraction Decomposition

Let x=1: then®1=AQl - 2)2+B(1- 2)2+C() ¥1- 2)+D} 2
1 3

® 2=A+B-C+D ® A-C=2-—- =1
Let x=3: then 3+1=A(3)(3- 2)* +B(3- 2)* +C(3)%(3- 2) + D(3)’
® 4=3A+B+9C+9D ® 3A+9C= 4- 211- 24—7:-3

® A+3C=-1
Solve the system of equations:
A-C=1® A=C+1

A+3C=-1
C+1+3=-1 ® 4C=-2 ® C=-

Nl

A:-1-+1:1-
2 2
a0 a0 @10 a30
x+1 _&0 815 & 20, _&io
x(x-2?* x X x-2 (x-2)7

21. Find the partia fraction decomposition:
X- 3 __A + B + C
(X+2)(x+1F x+2 Xx+1 (x+1)°
(Multiply both sides by % +2)(x +1)*.)
X- 3= AX+1F+B(x +2)(x+1)+C(x+ 2)
Let x=-2: then-2-3=A(-2+1)°+B(- 2+2)( 2+1)+C(- 2+2)
® -5=A® A=-5
Let x=-1 then -1- 3= A(-1+1)°+B(-1+2)(-1+1) +C(- 1+ 2)
® -4=C® C=-4
Let x =Q then
0-3=A0+1)*+B(0+2)(0+1)+C(0+2) ® -3=A+2B+2C
® -3=-5+2B+2(-4) ® 2B=10 ® B=5
X- 3 _-5 .5 . -4
(x+2)(x+1f X+2 X+1° (x+1)

22. Find the partia fraction decomposition:
X% + X __ A, B _ _C
(x+2)(x-1f x+2 x-1 (x-1)°
(Multiply both sides by X+ 2)(x - 1)°.)
X*+x=AX-1F +B(X +2)(x- 1)+ C(x +2)
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Chapter 12 Systems of Equations and Inequalities

Let x=-2:then (-2)°+(-2) = A- 2-D?+B(- 2+ (- 2-) + C(- 2+ 2)

® 2=9A ® Azg

Let x=1. then 1°+1=A(l- )?+Bl+21- ) +ClL+?2)

® 2=3C ® C=%

Let x=0: then0? +0=AQ- )2+B(0+ 2)(0-
2

® 0=A-2B+2C ® ZB=-+28-+:— ® B=-
9 39

®0 o @0
X2+ X &0 . ggia+ &30
(x+2)(x-D> x+2 x-1 (x-2°

23. Find the partial fraction decomposition:
xt4 A B Cx+D

XA(x2+4) X X°  xX+4
X+ 4= AX(X* + 4) + B(x’ + 4) + (Cx + D)x°

Let x=Q then 0+4= A(0)(0°+4)+ B(0°+4)+(CO0+ D)(0)

® 4=4B ® B=1

Let x=1 then 1+4=AQQL >+ 4)+ B2 +4)+(C(1)+ DY)

D +C(0+2)
20 14
9

(Multiply both sides by x*(x°+ 4).)

® 5=5A+5B+C+D ® 5=5A+5+C+D

® 5A+C+D=0
Let x =-1 then

- 1+4 = A-1)((- 17 + 4 + B((- 1)° +4)+(C(- ) + D)(- 1f
® 3=-5A+5B-C+D ® 3=-5A+5-C+D

® -5A-C+D=-2

Let x =2 then 2+4=A(2)(Z+4)+B(2*+4)+(C(2)+ D)(2¥
® 6=16A+8B+8C+4D ® 6=16A+8+8C+4D

® 16A+8C+4D=-2
Solve the system of equations:

5A+C+D= 0
-BA-C+D=-2
2D =- 5A+C-1=0
D=-1 C=1-5A
16A+8(1- 5A) + 4(- 1)= -2 )
16A+8- 40A- 4=-2 C=1. 5?;2
- 24A=-6 49
_1 c=1-2=.1
2 4° 4

1 1(_3
X+4 gtb 1 _4X_ 2
N = t—t 7
X (x“+4) x X X“+4
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Section 12.6  Partial Fraction Decomposition

24. Find the partia fraction decomposition:
10x*+2x _ A B Cx+D
= + +
(x- D*(x*+2) x-1 (x-1F x*+2
(Multiply both sides by X - 1 (xX* + 2).)
10x% +2x = A(X- 1)(X* +2) + B(x* +2) +(Cx+ D)(x- 1f
Let x =1 then 10(1) *+2(1)= A(1- 1L > +2) +B(¥ +2)+(C@) +D)(1- 1)
® 12=3B ® B=4
Let x =Q then 10(0)* +2>0 = A(0 - 1)(0” +2) + B(0° +2) + (C(0) + D)(0 - 1)?
® 0=-2A+2B+D ® 0=-2A+8+D
® 2A- D=8
Let x =-1 then
10(- 1) +2(-1) = A(-1- 1)((- 1)* +2)+ B((- 1)* +2) +(C(- 1) + D)(- 1- 1Y
® 8=-6A+3B-4C+4D ® 8=-6A+12- 4C+4D
® -6A-4C+4D=-4
Let x = 2: then 10(2) + 2(2) = A(2- 1)(2° +2) + B(2* +2) + (C(2) + D)(2 - 1)
® 44=6A+6B+2C+D ® 44=6A+24+2C+D
® 6A+2C+D=20
Solve the system of equations (Substitute for D):
D=2A-8
-6A-4C+4D=-4 ® -B6A- AC+4(2A-8)=-
® 2A-4C=28 ® A-2C=14
6A+2C+D=20 ® B6A+2C+2A-8=20 ® B8A+2C=28

Add the equations and solve:
A-2C=14
8A+2C =28 2C=A-14 D=2A-8
0
OA =42 ® A= oM - B_ 1 oo @-4_-8__
3 3 3 3 3
@_49 &14 +£9
10x*+2x €35 _ 4 83 30
(x-1)°(x*+2) x-1 (x-13°? xX* +2

25. Find the partia fraction decomposition:
x?+2x+3 _ A Bx +C
(x+1)(x®+2x+4)  x+1 x> +2x+4
(Multiply both sides by (x +1)(x* +2x +4).)
X?+2x+3= A(X* +2x+4)+(Bx+C)(x +1)
Let x=-1: then
1 +2(-1)+ 3=A((- 1¥ +2(- 1)+ 4) +(B(-1)+ C)(-1+1)

® 2=3A ® A:%
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Let x=0: then 0°+2(0)+ 3= A(0°+2(0)+ 4)+(B(0) +C)(0+1)
® 3=4A+C ® 3:4§?E+c ® c=1
39 3
Let x=1: then
T+7) +3=AT+2) +4)+(B(J) +C)(1+1)

® 6=7A+2B+2C ® 6= 78-+ ZB+285

® 2B= 6-1—4-g® ZB—2® B:}
3 3 3 3

: 10
X2+2x+3 83;'21 85
(x+1)(¢ +2x +4) X1 X +2x+4

26. Find the partia fraction decomposition:
2
X A 18 AL _BX*C  Multiply both sidesby x(x? + 3x + 3).)
X(X"+3x+3) X X +3x+3
x? - 11x- 18=A(X* +3x +3) + (Bx+ C)(X)
Let x=Q then0?- 11(0)- 18 = A +3(0)+3) + (B(0)+ C)(0)
® -18=3A® A=-6
Let x=1 then 2°- 11(1) - 18 = A(2* +3(1)+ 3) +(B(1)+ C)(1)
® -28=7A+B+C ® -28=7(-6)+B+C ® B+C=14
Let x=-1 then(-1f- 11(- 1)- 18 = A((- 1> +3(- 1) +3) +(B(- 1) + C)(- 1)
® -6=A+B-C® -6=-6+B-C ® B-C=0
Add the last two equations and solve:
2B=14 ® B=7
C=14-B=14- 7=7
x? - 11x- 18 _ﬁ+ IX+7
X(xX*+3x+3) X  x?+3x+3

27. Find the partia fraction decomposition:
X _ A N

(3x- 2)(2x+1) 3x-2 2x+1

X =A(2x+1 +B(3x- 2)

1 1 @®e10 0 @e10 0O
Let x—--2: then-——Ag,Zg -—|-1—+B§38 - 2+

(Multiply both sidesby (3x- 2)(2x+ 1))

® -2=-I8 ® B-=
2

_2, 2 _
Let x= 73’ then -—A§28§5+ ; B@géﬂ
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Section 12.6  Partial Fraction Decomposition

206 Ao
X _ &79 . &0
(3x- 2)(2x+1) 3x-2 2x+1

28. Find the partia fraction decomposition:

1 __A . B

Ox+3)(&X-1) 2x+3 7x-1
(Multiply both sides by (2+ 3)(4x- 1).)
1=A(4x- 1)+ B(2x+3)
Let x=-§: then1= Al4(- §)- 1) +B(2(- §)+3
® 1=-7TA® A=-1

Let x=4: then1= A(4(3)- 1)+B(2(3)+3) ® 1=3B ® B=3

1 __-3
X+ 3)(&X-1  2x+3 Ix-1

~in

29. Find the partia fraction decomposition:

X - X __A ,_B

X +2x-3 (X+3)(x-1) x+3 x-1
(Multiply both sides by x +3)(x- 1).)
X =A(x-1)+B(x+3)

Let x =1 then 1=A(1-1)+B(1+3) ® 1=4B ® B=3
Let x=-3: then - 3= A(-3-1)+B(-3+3) ® -3=-4A® A=32

X __% .3
x2+2x-3 X+3 Xx-1

30. Find the partial fraction decomposition:

x?- x- 8 B X?-x-8 A B C
XFD)(C+5x+6) XFDXFIX+3)  x+1 x+27x+3
(Multiply both sides by x + 1)(x + 2)(x +3).)
X?- X- 8= A(X+2)(x+3)+ B(x +1)(x+3) + C(x+1)(x +2)
Let x=-1 then
(-1)%- (-1)- 8= A(-1+2)(-1+3) + B(-1+1)(- 1+3) + C(- 1 +1)(- 1+ 2)
® -6=2A® A=-3
Let x =-2: then
- 2)%-(-2)- 8= A(- 2+2)(- 2+3)+ B(- 2+1)(- 2+3)+C(- 2+1)(- 2+2)
® -2=-B® B=2
Let x =-3: then
(-3)°- (-3)- 8= A(-3+2)(-3+3)+ B(- 3+1)(-3+3) + C(- 3+1)(-3+2)
® 4=2C ® C=2
x?- x- 8 _ -3 .2 2
(x+1)(x* +5x+6) X+1 X+2 X+3
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31. Find the partia fraction decomposition:
X°+2X+3 _ Ax+B . Cx+D
(X“+4)°  x°+4 (x“+4)°
(Multiply both sides by x* +4)2.)
x?+2Xx+3=(AX+B)(x* +4) +Cx+D
x> +2x +3= A + BX’ + 4AX+ 4B+ Cx +D
X°+2x+3= AC +BX +(4A+C)x+4B+ D
A=0
B=1
4A+C=2 ® 4(0)+C=2® C=2
4AB+D=3® 4) +D=3® D=-1
X*+2x+3_ 1 L 2x-1
(2 +4)?  x*+4 (X +4Y

32. Find the partia fraction decomposition:
x+1 Ax+B_ _Cx+D

(¢ +16)>  x2+16 (x’+16)°
X2 +1=(AX+B)(x*+16)+Cx +D
x* +1= Ax® + Bx® +16Ax +16B + Cx + D
x> +1=Ax*+Bx* +(6 A+C)x +16B+D
A=1
B=0
16A+C=0® 1§l) +C=0® C=-16
16B+D=1® 16(0)+D=1® D=1
X*+1 _ X Lo 16x+1
(X*+16fF x*+16 (x*+16Y

(Multiply both sides by (x* +16)2.)

33. Find the partial fraction decomposition:
X+3 X +3 _A, B ., C
- 2%2- 3x  X(X-3)(X+I) X x-3 x+1
(Multiply both sides by x(x- 3)(x+1).)
7x+3=A(x- 3)(x+1)+Bx(x+1)+Cx(x- 3)
Let x=Q then 7(0}3=A0- 3)(0+1)+B(0)(0+1)+C(0)(0- 3)
® 3=-3A® A=-1
Let x =3 then 7(3)+3= A(3- 3)(3+1)+ B(3)(3+1)+C(3)(3- 3)
® 24=12B ® B=2
Let x=-1 then
7-1)+3=A(-1- 3)(-1+1)+B(- )(- 1+1)+C(- 1)(- 1- 3)
® -4=4C ® C=-1
—_— :i‘+ 2 +__1
X3- 2x2- 3x X  X-3 X+1
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Section 12.6  Partial Fraction Decomposition

Find the partial fraction decomposition:
X+l (X+D)(X - X+ -x+D)  x- X+ X - x+1
X - x4 x*(x- D x+17) B x4(x- 0
A B C D

E . .
:; +? +F +?+m (Multiply both sides by x* (x - 1))

X4 X3+ x%- x+1=Ax3](x- D) +Bx*(x- )+ Cx(x- ) +D(x- D + Ex*

Let x=0: then

0%- 0°+0%- 0+1= AX0%(0- 1) + Bx0?(0- 1) + C>0(0- ) + D(0- 1) + E >0
® 1=-D® D=-1

Let x=1: then

1*- 13+1%- 1+ 1=AXA- ) + BX°(@A- ) +Cx(l - H+D@- ) +EX*
® 1=E ® E=1

Let x=-1. then

(D% (-D*+(-2% (-)+1

=A-D%-1-D+B(-D°(-1- D+C(-1(-1- D+ D(- 1- ) + E(-D*

® 5=2A-2B+2C-2D+E ® 5=2A- 2B+2C+2+1
® 2A-2B+2C=2 ® A-B+C=1

Let x=2: then

24 - 234 27- 2+1=AXR%(2- )+ BX*(2- )+ CxR(2- )+ D(2- ) + EX*

® 11=8A+4B+2C+D+16E ® 11=8A+4B+2C-1+16

® 8A+4B+2C=-4 ® 4A+2B+C=-2
Let x =-2: then
-2 (-2°+(-2°- (-2+1
=A(-2%-2-1D)+B(- 2(- 2- 1)+C(- 2)( 2- 1)+ D(- 2- 1) +E(- 2)*
® 31=24A- 12B+6C- 3D +16E
® 31=24A- 12B+6C+3+16
® 24A-12B+6C =12 ® 4A-2B+C=2
(4A+2B+C)- (4A- 2B+C)=-2-2 ® 4B=-4 ® B=-1
A+1+C=1 ® A+C=0 ® A=-C
4-C)-2(-1)+C=2 ® -3C=0 ® C=0

A=-0=0

x°+1 _ x*-x3+x*-x+1_-1 -1 1
= =S4t —

x®- x* x*(x- 1) x> x* x-1
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35. Perform synthetic division to find a factor:
2]1 -4 5 -2
2 -4 2
1 -2 1 0
x> - 4AX% +5x- 2 = (x- 2)(x* - 2x+1) = (x- 2)(x- 1)
Find the partial fraction decomposition:
x? _ X __ A, B, . C
x3- 4x? +5x- 2 (x- (x-17 x-2 x-1 (x-1)?
(Multiply both sides by x- 2)(x- 1).)

1
02 = A(O- 17 +B(0- 2)(0- 1)+C(0- 2)
® 0=A+2B-2C ® 0=4+2B- 2(-1)
® 2B=-6 ® B=-3
X __4 -3, -1
x3- 4x% +5x-2 X-2 X-1' (x-1Y

36. Perform synthetic division to find a factor:

T 1 -5 3
1 2 -3
12 -3 0

x>+ X - 5x+3=(x- 1)(X* +2x- 3) = (x+3)(x- 1)°
Find the partial fraction decomposition:
x> +1 _ X*+1 A ., B ., _C
X3+ x?-5x+3 (x+3)(x-1?* x+3 x-1 (x-1F
(Multiply both sides by %+ 3)(x - 1¥.)
x> +1=A(Xx- 1)+ B(x+3)(x- 1)+ C(x+3)
Let x =-3; then (-3)2+1= A(-3- 1)+ B(-3+3)(- 3- 1)+ C(- 3+3)
® 10=16A ® A=32
Let x =1 then 2°+1= A(1- 1+ B(1+3)(1- 1)+ C(1+3)
® 2=4C ® C=3%
Let x=Q then 0?+1=A(0- 1F + B(0+3)(0- 1)+ C(0 +3)
® 1=A-3B+3C ® 1=3%- 3B+3(3)
® 3B=2® B=}
*+1 8 . 8 . _ 3
x*+x*-5x+3 X+3 x-1 (x-1y
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37. Find the partia fraction decomposition:
X  _Ax+B, Cx+D . Ex+F
(x“+16) x“+16 (x°+16)° (x°+16)
(Multiply both sides by X2 +16)°.)

x® = (Ax+ B)(x* +16)* + (Cx+ D)(x* +16) + Ex+ F

x> = (Ax+ B)(x* +32x° + 256) + Cx’ + DX’ +16Cx +16D + Ex+ F

x> = AC + Bx' +32Ax% + 32Bx* + 256 A + 256B+ Cx® + Dx*
+16Cx +16D+ Ex + F

x* = AC + Bx' +(32A+C)x® + (32B+ D)X* + (256A +16C + E)x
+(256B+16D +F)

A=0
B=0
PA+C=1® 32(0+C=1® C

1

32B+D=0® 32(00+D=0® D=0
256A+16C+E=0 ® 256(0)+16()+E=0 ® E=-16
256B+16D+F =0 ® 256(0)+16(0)+F=0 ® F=0

x> X L - 16x
(x*+16)° (x°+16)° (x*+16)°

38. Find the partia fraction decomposition:
2

X _Ax+B_ Cx+D . Ex+F
(X +4)° X +4 (X +4)Y (X +4)
(Multiply both sides by x* +4).)

Xx* = (AXx+B)(X* +4) +(Cx+ D)(x* +4)+ Ex+ F

x* = (Ax +B)(x" +8x* +16) + Cx’> + Dx’ + 4Cx + 4D + EX + F

x* = AC + Bx* + 8AX +8Bx* +16Ax +16B+ Cx’ + Dx°
+4Cx+4D + Ex+F

x* = AX + Bx* + (8A+C)x’ +(8B + D)x” + (16A+ 4C + E)x
+(16B+4D + F)

A=0
B=0
BA+C=0® 80)+C=0® C=0
8B8+D=1® 80)+D=1® D=1
16A+4C+E=0 ® 16(0)+40)+E=0® E=0
16B+4D+F=0 ® 16(0)+4l) +F=0® F=-4

X 1 - 4

(XZ + 4)3 - (X2 + 4)2 + (XZ +4)3

39. Find the partial fraction decomposition:
4 _ 4 __A . _B
2x° - 5x-3 (Xx-3)(2x+1) x-3 2x+1
(Multiply both sides by x- 3)(2x+1).)
4=A(2x+1)+ B(x- 3)
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Let x=-4: then 4= A2(- §)+1)+B(- 3- 3)
® 4=-{B® B=-§
Let x =3 then 4=AR(3)+1)+B(3-3 ® 4=TA® A=
4 4 4

7

2x% - Bx- 3 (x 3)(2x+1) Xx-3" 2x+1

4
7

40. Find the partial fraction decomposition:
4x _ 4x A B

X ix-2 FOX-D) x+2 2x-1

(Multiply both sides by X +2)(2x - 1).)

4x = A(2x - 1)+ B(x +2)

Let x =4: then @):A(Z(%)-l) Bi+2) ® 2=5B ® B=4%
Let x =-2: then 4(- 2) = A2(- 2)- 1)+ B(- 2+2)

® -8=-5A® A=

4x B 4x g

2 +3x- 2 (XF(X-D 2t o1

o Ol

41. Find the partial fraction decomposition:
2X+3 2X+3 é

x*-0x® T x¥(x-3)(x+3) X x* Xx-3 x+3
(Multiply both sides by x*(x - 3)(x+3).)

2X +3= AX(X- 3)(x +3)+ B(x- 3)(x +3) + Cx*(x+3) + Dx*(x - 3)
Let x=0: then

2x0+ 3=A>0(0- 3)(0+ 3)+ B(0- 3)(0+ 3)+ Cx0%0+ 3)+ D>0?(0- 3)
® 3=-9B ® B=-1%
Let x=3: then

2x3+ 3=A>3(3- 3)(3+ 3)+ B(3- 3)(3+ 3)+ Cx3%3+ 3)+ Dx3*(3- 3)
® 9=54C ® C=4
Let x=-3: then

2(-3)+3= A(- 3)(-3- 3)(- 3+ 3)+ B(-3- 3)(- 3+ 3)+ C(-3)*(-3+3)
+ D(- 3)*(- 3- 3)
® -3=-54D ® D=3
Let x=1: then
2x1+ 3= Al - 31 +3)+ B(1- 3 + 3)+ Cx*(1+ 3)+ DX’ - 3)
® 5=-8A-8B+4C- 2D
® 5=-8A-8(- 3)+4(%)- 2(3)

® 5=-8A+2+2-1® -8A=L ® A=-

ol
oo

2x+3 _ 2X+3 :-_é_l_ﬁ_'_ g + %
X" - 02 XA(x-3)(x+3) X X2 X-3 X+3

1250



Section 12.6  Partial Fraction Decomposition

42. Find the partial fraction decomposition:
X°+9  _ x> +9 __A ., B . Cx+D
X*-2x%-8 (X*+2(x- 2)(x+2) X-2 X+2 x*+2
(Multiply both sides by x* +2)(x- 2)(x+2).)
X*+9=AX*+2)(X+2) +B(x- 2)(x* +2)+ (Cx+ D)(x- 2)(x+2)
Let x =2 then
22+9=A(2*>+2)(2+2)+B(2- 2)(Z+2)+(C(2+D)(2- 2)(2+2)
® 13=24A ® A=3
Let x =-2: then
-2°+9=A((- 2°+2)2+2) +B(- 2- 2)((- 2 +2)
+(C(- 2)+D)(- 2- 2)- 2+2)
® 13=-24B ® B=-2
Let x =Q then
02+9=A(0° +2)(0+2) +B(0- 2)(* +2)+(C(0)+ D)(0- 2)(0+2)
® 9=4A-4B-4D ® 9=8+8-4D
® 4D=-% ® D=-1
Let x =1 then
17 +9= A(F +2)(1+2) +B(1- 2)(1* +2) +(C(1)+ D)(1- 2)(1+2)
® 10=9A- 3B- 3C- 3D
® 10=2+2-3C+3
® 3C=0 ® C=0
X2+9 X2 +9 _ 8 -3 -1
x*-2x%2- 8 (C+2)(x- 2)(x+2) X-2 X+2 x*+2
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