Chapter 13

Sequences; Induction; The Binomial
Theorem

13.1 Sequences

1. a=1a=2 =3 =4 a=5

2. a=2 a =39 8,=10, a, =17, a, =26

3 1 _1 _ 2 _2_1 3 _3 _ 4 _4_2
- al—m—@az—rgz—g—z 737275 ATIF2TF T
% 57277
4 _2X4+1_ 3 _2X+1_ 5 _2%3+1 _ 7 _2X+1_9
ST T2 R BT TR ATTd T8
_2X%+1 11
=78 TI0

5. a,=(-1"()=1 a =(-1""(?)=-4, a=(-1""() =9,
a,=(-1)""@#)=-18 a=(-1)"()=2

_ e 1 _ & 2 . 2 _ e 3 _ 3
6. a=(Nag 1=t 2=V 1= 3 &=(D e 1075
4 4 5 5
=" Gg15=7 &=V e 15"3
. _ 2 2.1 2 _4_2 _ 22 _8_2
a1_31+1_4_7 a2_32+1_m_5 33—33_'_1—%—7,
2 16 _ 8 2 32 8
LTI TR T BTF L 246l
s 4 aly® 16 &y’ 64 aly' 256
8 a=g3p 3 %73y "9 %7630 "7 X739 T BT
oy’ 1024
€39 T 243
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10.

11.

12.

13.

16.

19.

21.

22.

23.

24,

25.

26.

27.

28.

29.
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O S (1 _ 1 _1
ATTIDIF2) 2R 6 2T ANy 34 I

= (-13 = -lzj a, = (-1)4 = 1 :i

(B+1)(3+2) 4% 20 ° (4+1)(4+2) 56 30

() -1 1

ST B)GEr2 6x7 42
3.3, .9 ¥ 22, _F_81 _3F_243
4=T173 &=75%32 &=733=% 457 &5 T
1.1 __2 __3 __4 __5
qW=g-g &g T ATaT &=F
P 1 2% _F 9 4 16 _ 5 _25
a=5773 H=53=1 =5 =171 5D
n 1 1
n+l 14 m 15 o1

LCD°

g%?g 17. - 18. g%g
- 1)™n 20. (- )™*2n

a=2 a=3+2=5 a,=3+5=§ a,=3+8=11, a,=3+11=14
a,=3 a,=4-3=1 a,=4-1=3 a,=4-3=1 a =4-1=3
a=-2 a=2+(-2=0, a,=3+0=3, ,=4+3=7, a,=5+7=12
a,=1 a=2-1=1 a,=3-1=2, a,=4-2=2, a =5-2=3

a =5 a,=2%=10, a,=240=20, a, =2x20=40, a;, =2>x40=380
8,=2 a8,=-2 8,=-(-2)=2 a,=-2 a;=-(-2)=2

3 :Szz 1 Szz 1 88@ 1

:3’:- L
A7 &=2, &5 AT T &5

a=-2 a,=2+3(-2)=-4, a,=3+3(-4)=-9, a, =4+3(-9)=- R
a, =5+3(-23)=- 64

=1 a=2 a,=24=2, a,=2X=4 a,=4X =8
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

=-1 a,=1 a=-1+34=2, a,=1+4X =9, a,=2+5X0 =47

a=A a=A+d, a,=(A+d)+d=A+2d, a,=(A+2d)+d=A+3d,
a; = (A+3d)+d=A+4d

a,=A a,=rA a=r(tA=r’A a =r(r’A)=r’A a=r(r’A) =r‘A

a =2 a,=y2+42, aS:J2+J2+J§, a4:‘I2+J2+J2+J§,
a, = y2+ 2+J2+J2+J§

2% Co\l2 1 ’2‘1’4 oAz 1
al=\/§,a2= E=(21/2) =21/4=2W133= - =(25/z) :25/8=ﬁ’

2—5/8 1 2—13/16 1
a4 =‘IT = (2 13/31/2= 2-13116 = 213/16 ’ as = 2 = (2_29/16)1/2 :2_29/32: 229/3:

10
A 5=5+5+5+.45=50
k=1 10 times

A 8=8+8+8+..+8 = 20(8) = 160
k=1 20 times

k=1+2+3+4+5+6=21

Qoo

=
1
=

Qo

(K= (-D+(2)+ (-3 +(- 4= -10

=
1
=

(5k+3) =8+13+18+ 23+28 =90

Qocn

=
1l
iy

Qoo

(3k-7)=- 4+(-1)+2+5+8+11=21

=
1
=

(K +4)=5+8+13= 26

Qo.,

=
1

1

(K- 4)=- 4+(-3)+0+5+12 =10

Qo

=~
1l
o

1370



Section 13.1  Sequences

Qoo

(D2 =(-1 R +(- 1Y R+ (- 1°°+ (- 1)) 2%+ (- 1) + (- 1)°
=-2+4- 8+16- 32+64 =42

=~
1l

1

4

A (D3 = (- 1B+ (- 1)+ (- 1P 8+ (- 1) >3 =-3+9- 27 +81 =60
k=1

3

A(K-1)=0+7+26+63=96

k=1

S

aAK’+2)=2+3+10+29=44

k=0

A (k+2) =3+4+5+6+ - +(n+2)

k=1

A (2k+1)=3+5+7+9+ - +(2n+1)

k=1

o k¥ _1 9 25 n?

A=s=35+2+5+8+=+ -+

@22 i 7 2

A (K+1)? =22+ +4%+ .. +(N+1)° = 4+ 9 +16+ - +(n +1)?
k=1

g 1 _ 1.1 1 1

ka:'o3_k_1+g+§+77+ +?

n k 0 1 2 n n
o a8y _ a8y LBy L IBo By _.,3.9 a3y
Ae7p ~eJp *edo tezo T Tede T2 a0
n-1

cv1 1,1 1 1

EOF—3+§+27+---+?

rsl

A (@k+1)=1+3+5+7+--+(2(n-1)+1)=1+3+5+7+--- +(2n- 1)
k=0

a(-1fInk=1n2- In3+In4 In5 - +(-1)"Inn

=
U

2

(_ 1)k+12k — (_ 1)423 + (_ 1)524 + (_ 1)625 +o ¥ (_ 1)n+12n

Qo

T
w

=93 _ ot 405 26+m+(_1)n+12n
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20
57. 1+2+3+...+20=gKk

k=1

58. 1°+2°+3+...+8 = k*

1 2 3 13 & k

60. 1+3+5+7+...+[2(12)-1]:%21(3(_ 1)

61 1- ?1>+é 217+"'+(_1) é?ézg('l)kég—g
o §pgeor® -dorg
63 3+3+3+.+2-8%
64. %+§+§+...+

65. at+(at+d)+(a+t2d)+--- +(a+nd):§n{ (a+ kd)

k=0

n

- o -

66. a+ar+ar +--+ar"'=gqar<!
k=1

67. B,=1.01(3000) - 100=$2930
68. B, =1.005(18500)- 534.47 = $18,058.03

69. p, = 1.03(2000) + 20 = 2080; p, = 1.03(2080) + 20 = 2162.4
70. p=09(250)+15=240;  p,=0.9(240) +15=231
1 a=1a=1 a=2 8=3 &=5 a§=8 =13 a3=2, a,=a,,+a,,

a=a +ta, =13+8=21
After 7 months there are 21 mature pairs of rabbits.
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() - (VB 1B 144 24B

2. @ u= 21‘/% = 2‘,3 2‘,3
u_(1+ﬁ2-£1-‘/5)2 1+2J6+5-1+2J/5-5 _ 45 _,
2 2°J5 4J5 45

_ (1+ Jg)"[1+,/§+22]+-1‘%- ﬁ)n[l- J§+2]
_ [+ 4B) [3+B]- (1 ¥B)T3- JB]

n+2 (3+2J;‘)r
= Ak

- 2n+1J§

n+2 3+ Jg n+2 3' Jg
Ll Rl
- on 1J§
(1+ Jg)n +2 1 (1 Jg)n 21 (1 JE) ( Jg)mz
2n N3 225

: (8- )
[t ¥5)

- un+2

() Sincey =1 u,=1 u,, =Y, +u,, {u,} istheFibonacci sequence.

73. 1,1,2,35,8,13 Thisisthe Fibonacci sequence.

74. Q) u=1 u=1

u, = 34, 4ul_0 =55
3—;:%3’:1625 3—32%21615 “_2:37‘1‘:1619
%z%zlﬁl& Tcl):%:mls
0 1618

u_1_. Y _
d) U;"i'_l 0
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Seguences; Induction; The Binomial Theorem

Chapter 13
U _ 5 U _ 8 W
U_e_§_0625 __E = 0.615, ——Z—0619
u, _ 21 _ U _34 Uo _
T 0.618, % = = 0.618, uﬂ = @ =0.618
€) 0.618
75. Toshow that 1+2+ 3+..+(n-1)+n= n(n+1)
Let
S=1+2+3+ ... +(n- 1) + n, we can reverse the order to get

.+ 21 now add these two lines to get
+[(n-2)+2]+[n+1]
_/

+S=n+(n-1)+(n-2)+..
2S=[1+ h+[2+(n- D] +[3+(n- ] +.....

N
——

nterms

So we have
2S=[1+ n] +[1+ n] +[1+n] +....

—
Y

n terms

+[n+1+[n+1]
_/

2S=nxn+1® S= ”x(r; 1)

76. Answerswill vary.
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