Chapter 13

Sequences; Induction; The Binomial
Theorem

13.4 Mathematical Induction

1. I n=1 24=2andil +1)=2
I If 2+4+6+---+2k = k(k+1)
then 2+4+6+---+2k+2(k+1)
=[2+4+6+- +2k] +2(k+1) = k(k+1) + 2(k +1)
=(k+1)(k+2)
Conditions | and |1 are satisfied; the statement is true.

2. I: n=1 44-3=landi(2®-1)=1
. If 1+5+9+ .- +(4k - 3) =k(2k- 1)
then 1+5+9+... +(4k- 3)+(4k+1)- 3)

=[1+5+9+ .-+ (4k- 3)] +4k+4- 3=k(2k- 1) +4k+1

=2k?- k+4k+1=2k*+3k+1=(k +1)(2k+ 1)
Conditions | and |l are satisfied; the statement is true.

3 I n=1 1+2:3and%>4(l+5)=3
I If 3+4+5+-~-+(k+2):%><k(k+5)
then 3+4+5+..-+(k+2)+[(k+1)+2]
=p+4+5+~~%k+2ﬂ+(h+3=%Xuk+®+(k+3
:1k2+§k+k+3:1k2+zk+3:1><(k2+7k+6)
2 2 2 2 2
:%><(k+1)(k+6)
Conditions | and |l are satisfied; the statement is true.
4. I: n=1 24+1=3and1(1+2)=3

ln:If 3+5+7+.-- +(2k+1) = k(k +2)
then 3+5+7+.-- +(2k+1)+[2(k+1) +1]

=[3+5+7+ - +(2k+1)] +(2k +3) = k(k +2) +( X +3)

= k?+2k+2k+3=k?+4k+3=(k+1)(k+3)
Conditions | and |l are satisfied; the statement istrue.
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5.

| h=L 3><1-1=2and%><1(3><1+bz2
T 2+5+8+---+(3k-1):%xk(3k+1)
then 2+5+8+---+(3k-1)+[3(k+1)- 1]
:[2+5+8+---+(3k-1)]+(3k+2)=%>4<(3k+1)+(3k+2)

:§k2+-1k+3k+2:§k2+-7k+2:-1><(3k2+7k+4)
2 2 2 2 2

= % k+1)(XK+4)

Conditions | and |l are satisfied; the statement istrue.

. n=lL 3><1-2:1and$><L(3><1-1):1

o I 1A+ 74+ (3k- 2)=%><k(3k- 1)
then 1+4+7+---+(3k- 2)+[3(k+1)- 2]
=[1+4+7+ .- +(3k- 2)]+(3k+1):-;><k(3k- 1)+ 3k +1)
=§k2- 1k+3k+1=§k2+-5k+1=-1x(3k2+5k+2)
2 2 2 2 2

=S Xk +D)(E+2)

Conditions | and |1 are satisfied; the statement is true.

I: n=1 2*'=1land2'-1=1

: If 142422 ... 428 =21
then 1+2+2% +...+2kt 40kt

=[1+2+2%+ .+ 25+ 2K = 26 142
=2xQ¢-1=21_1

Conditions | and |l are satisfied; the statement istrue.

I: n=1 3"'=1andi(3'-1)=1

g M 1+3+32+--~+3k'1:%x(3k-1)

then 1+3+3%2+... + 313kl
:[1+3+32+...+3k'1]+3k :%43k _]) + 3k

:1>Gk- £+3k :_3x3k_ }:l%s)ek_l):}(:gkﬂ__l)
2 2 2 2 2 2
Conditions | and |1 are satisfied; the statement is true.

1394



Section 13.4 Mathematica Induction

9 I n=1 41-1:1and]-'><(41-1):1

TR S S A SRR >(4 1)
then 1+4+42+...+4k1+4k+11
:[1+4+42+...+4k'1]+4k:1'><4k_1)+4k

Ll iyl 1(4><4k 1):1><(4k+1-1)
3 3 3 373 3
Conditions | and |l are satisfied; the statement istrue.

1. g1_ 1 _
10. |- =1 5 _1and}1x(5-1)_
k- _E k_
THEL 145+ 5% +...+5 1_4>(5 1)
then 1+5+5% +... +5k 1kl
=[1+5+52+-~+5k'1]+5k:-1>(5k-1)+5k
1

1 5

— k k — k 1 1 k k+1
_Z>5-Z+5 _Z>6 i (5>6 1)= ><(5 -1)
Conditions | and |1 are satisfied; the statement |strue.
11. |I; n==I ﬁ:%andl—ll:%
1 1 1 1k
e m*m*m* "REKED T K+ T
then 1 + 1 1 + 1
o’ T k(k+1) (K+D(k+1+10)
1 1 1 1 1
“ao 4T TRk T KEDKF D)
Kk 1 _ k k+2 1

k1 KFDKk+D)  k+L k+2 " KFDK+D)

kK?+2k+1 _ (k+1)k+1) _ k+1

Conditions | and |l are satisfied; the statement istrue.

1

2.1 n=t mﬂm ga”dm ’3
1 k

I patEmtEg * ke 1)(2k+1) K1
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1.1 .1 1 1
then t3*3stsw T ok 1)(2k+1)+(2(k+1) DOKFD D)
_éel 1 1 0 1
‘éR;+3F6+S_x7+ T k- 1)(2k+1)u+ Tk F
k k k+3 1

_ 2k2+3k+1 _ (k+1)(2k+1) _ k+1
T KTk PkIDkF3) K+ 3

Conditions | and |l are satisfied; the statement istrue.

. n=1L 12:1andl +)2x+1 =1
13, I: AL+

L 12+22+32+---+k2=é><k(k+1)(2k+1)
then 2 +2*+3% +..- + k> +(k +1)°

:[12+22+32+---+k2]+(k+1)2=%3k(k+])(2 k+ 1)+ (k +1)°
é1 u ., 1 U
=(k+1é-k(2k+D)+k+Wg=(k+1)e=k“+=-k+k +
( )%( ) 15 ( )g;3 5 15
€1 7, U1
=(k+1&=k?+ =Kk +1(= =(k +D)|2k?® + 7Tk+ 6
(s Bt S0l + 7

:%x(k+1)(k+2)(2k+3)
Conditions | and |l are satisfied; the statement istrue.
. n=L 13=1and1>42(1+1)2=1
14. I: p

L 13’+23’+33+---+k3=%{kz(k+1)2
then P+22+3%+...+k®+(k+1)*

=[1° +2° +33+...+k3]+(k+1)3:1k2(k+1)2 +(k+1°
=(k+D %= k2+ k+1u——(k+]) o[k + 4k +4]

- %x(k+1>2(k+ 2?
Conditions | and |l are satisfied; the statement is true.

1396



Section 13.4 Mathematical Induction
n=1. 5- 1—4and-1><1(9- =4
15. I - - 5 -

. 4+3+2+.-+(5- k)=i2ka(9- k)
then 4+3+2+.--+(5- k) +(5- (k+1))

=[4+3+2+---+(5- K]+ (4- k):-;k(g- K)+(4- k)

“dk-liesa k:--1k2+-7k+4:-1><[k2- 7k- §|
2" 2 2 2 2

= - SXK+D(K- 8) = Sk +D)(E- K = {k+D[9- (k+1]

Conditions | and |l are satisfied; the statement is true.

1
: =1 -@+D)=-2and =XL +3 =-2
6. ;N +D=-2and -1 +3

g M -2- 3-4-----(k+1)=-%><k(k+3)
then - 2- 3- 4- - (k+1)- (k+1)+1)

=[-2- 3-4- - (k+1)]- (k+2) = -%><k(k+ 3)- (k+2)

3

= Al ke 2= 2 2k 2:--1><[k2+5k+4]
27 2 27 2 2

= - SXK Dk +4)

Conditions | and |l are satisfied; the statement is true.

1
) n=1: +1)=2and- +l +2)=2
17 1 1 +1) YL +2)

TR 1><2+2><3+3><4+---+k(k+]):::-Lg><k(k+1)(k+2)
then 1R +2x3+3x4+ .- +Kk(k+)+(k+1)(k+1+1])
=[1R+2x3+3x4+--- +k(k+D)] +(k+I)(k+2)

:13><k(k+1)( k+2)+(k+1(k+2) :(k+1)(k+2)é-e;k+lllé

- %><(k+1)(k+2)(k+3)
Conditions | and |l are satisfied; the statement is true.

8 | n=l (2><1-1)(2><1):2and-§xn+1)(4>q- =2

g I D356+ (k- 12K =S xk(k+ DAK- D
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19.

20.

21.

22.

23.

then 12+ 3x4+5x6+ --- +(2k - DR k) +(2(k +1)- 1)(2(k+ 1))
=[R2+ 3x4+556+--- + (2k - 1)(2k)] +(2k +1)(k +1) 2

é U
:zl)’k(k+ D(4k- 1)+2(k +1)(2k +1)=(k +1)§xk(4k- 1 +2(2k +1)i1’J
éq., 1 u 1
=(k+1)a=k?- =k +4k +20==xk +1)(4k?- k+12k+6
s 3 =3 k0 )

=%(k +1)(4k2+11k+ 6) :%x(k +1)(K+2)(4k+3)
Conditions | and |1 are satisfied; the statement is true.

I: n=1 PY+1=2isdivisbleby 2

ln:If k* +k isdivisibleby 2
then (k+1)°+(k+1) =K +2k+1+k+1=(k*+Kk)+(2k+2)
Since k’ +k is divisible by 2 andk2+ 2 isdivisibleby 2, thenK+1)* + (k +1)
isdivisible by 2.

Conditions | and |1 are satisfied; the statement is true.

I: n=1 2+2x=3isdivisbleby 3

Il: If  k’+2kisdivisibleby 3
then (k+1)°+2(k+1) = k®+3k> +3k +1+ 2k+ 2= (k® + 2k) +(3K* + 3k + 3)
Since k® + 2k is divisible by 3 andi® + 3k + 3isdivisibleby 3 then
(k +1f +2(k+ 1) isdivisible by 3.

Conditions | and |1 are satisfied; the statement is true.

I: n=1 2-1+2=2isdivisbleby 2

ln: If k- k+2isdivisibleby 2
then (k+1)°- (k+1)+2=k”+2k+1- k- 1+2 = (K* - k+2)+(2k)
Sincek’ - k +2isdivisibleby 2 and R isdivisible by 2,then
(k+1)?- (k+1)+2 isdivisibleby 2.

Conditions | and Il are satisfied; the statement is true.

I: n=1 X +11 +2) =6isdivisbleby 6
. If k(k+1)(k +2) isdivisibleby 6

then (K+1)(k+1+1)(k+1+2) =(k+ 1)K +2)(k +3)

= k(k+1DK+2)+3(k +1)(k+2). k(k+1)(k+2)isdivisbleby 6

and either k+1ork+2 is even. Thus,k31)(k+2)isdivisbleby 6.
Conditions | and Il are satisfied; the statement is true.

I:  n=1 If x>1thenx'=x>1.
Il:  Assume, for any natural numbek, that if x > 1, then x* > 1.
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24,

25.

26.

27.

28.

29.

Section 13.4 Mathematica Induction

Show that if X< > 1, then x*** >1
X = xkxx >1xx = x>1
(x*>1)
Conditions | and |l are satisfied; the statement is true.

I: n=1 If0<x<1lthenO<x'<L.
Il:  Assume, for any natural numbek, that if 0 < x <1, then 0< x* <1.
Show that if 0 x <1, then0< X" <1
0<x""=x xx<1x =x<1
Thus, &x“*<1.
Conditions | and Il are satisfied; the statement is true.

I: n=1 a- bisafactorof &-b"=a- b.
II: Ifa- bisafactor of a*- b
Show that a- bisafactor of a“**- b** = axa* - b>b*
= aa* - axp* +ax - bxp* =a(a* - b*)+b¥(a- b)
Since a- bisafactor of a“ - b* anda- bisafactor of a- b, then

a- bisafactor of a“** - b
Conditions | and |l are satisfied; the statement is true.

I: n=1 a+bisafactorof " +b™*" =a®+b’.
Il:  If a+bisafactor of a*** +b**"
Show that a + b isafactor of a2 D 4 p2(kD+1 = g2k+3 4 [y2k+3
— a.2 >ﬁ2k+1 + a2 ><bZk+1 _ a2 ><b2k+:l. + b2k+3
— a2 (a2k+l + b2k+1) _ b2k+1 (a2 _ b2)
Since a+bisafactor of a*** + b***

a+bisafactor of a?*3 + p?*3,
Conditions | and |l are satisfied; the statement is true.

and a +bisafactor of a° - b?, then

n=1 2°-1+41=41isaprimenumber.
n=41 41°- 41+41 =42 isnot aprime number.

n: If 2+4+6+---+2k=k*+k+2
then 2+4+6+---+2k+2(k+1)

=[2+4+ 6+ +2K| +2k+2 =K +k+2+2K+2
=(K2+2k+1)+(k+1)+2=(k+1)*+(k+1)+2
n=1 24=2and1®+1+2=412

. - r'g
I n=1 ar"'=aanda. 0_
el-rg
k
2 k-1 &-r<o
+ar+ +.+ =a.
. If a+ar+ar ar LT T g
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then a+ar+ar’+...+ar“t+ar<t?

:[a+ar+ar2+ +are ]+ar —aail'r0+ar
re
_all-rY+ar’(l-r) _a-arf+ar‘-ar _ _a&-rkty
- = —a\
1-r 1-7r el-r g
Conditions | and |l are satisfied; the statement is true.
30. I: n=t a+(1-1)d:aandI<a+d](lé1):a
k(k 1)

: If a+(a+d)+(@+2d)+---+[a+(k- 1)d] =ka+d
then a+(a+d)+(a+2d)+---+[a+(k- 1)d] +(a+kd)
=[a+(a+d)+(a+2d)+--- +[a+ (k- 1)d]] + (a +kd)

=ka+d <D+ @ rkd) = (k+Da+ afEG D+l

ék? - k+2ku _ ek2+ku
=(k+1 +dA_ k+1a+d=x
(k+Da+ dg—m==x= (k+Da+dg—=
_ ak+1ky
_(k+1)a+déTO

Conditions | and |l are satisfied; the statement is true.

31 | n=4: Thenumber of diagonals of aquadrilateral is % 44 -3 =2
[1:  Assumethat for any integer k the number of diagonals of a convex polygon

with k sides (k vertices) is -;XK(k- 3). A convex polygon withk+ 1 sides

(k +1 vertices) consists of aconvex polygon withk sides (kvertices) plus
atrianglefor atotal of k +1 vertices. The number of diagonals of this
convex polygon consists of the original ones plusk - 1 additional ones,

3

1 1 1 1
namely, =xk(k- 3)+(k-1 ==k?- =k+k-1==k?- =k-1
Y 3 (k- 3)+(k-2 5K 3 K-35
:-1><(k2- k- 2):1x(k+1)(k-2)
2 2
Conditions | and |l are satisfied; the statement is true.

32. I: n=3 (3-2)x180°=180° whichisthe sum of the angles of atriangle .

[1:  Assumethat for any integer k the sum of the angles of a convex polygon with
k sidesis (k - 2)80°. A convex polygon with k + 1 sides conssts of a

convex polygon with k sides plus a triangle. Thus the sum of the anglesis
(k - 2)»80° +180° = (k- 1)x180°.
Conditions | and Il are satisfied; the statement is true.

33. Answerswill vary.
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