Chapter 13

Sequences; Induction; The Binomial
Theorem

13.R Chapter Review

10.

11+3 4 2+3_5 3+3 6
a=(Ur=-3 a=(Vy=7 a=(Vx3=%
_ 4 4+3_ 7 _ s5+3_ 8
4= g7 =057

a =(-1)"(24+3) =5 a,=(-)"(2R+3)=-7 a =(-1)""(28+3)=9
a,=(-1)"@2x4+3)=-1, a,=(-1""(26+3)=13

5 _2° _ 2t 16_, _ _2®_3
Q=g 172 4 w77l ¥z =g 4Tl a5 xm

1 1 1 1
:4’ =-=—=X4=- :_—x_l:_’ A === = o — = e X — T —

a,=2 a=2-2=0,a=2-0=2 a8=2-2=0, a,=2- 0=2
a,=-3 a=4+(-3)=1 a,=4+1=5, a,=4+5=9, a,=4+9=13
{n+5} Arithmetic

d=(n+1+5)- (n+5=n+6- n-5=1

811:%[6+n+5]:%(n+11)

{4n+3} Arithmetic

d=(4n+1)+3)- (4n+3)=4n+4+3- 4n- 3=4

S = %[7+4n+3]: §(4n +10) = 2n? +5n
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15.
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18.

19.

20.

Section 13.R

{2n3} Examine the terms of the sequence: 2, 16, 54, 128, 250, ...
There is no common difference; there is no common ratio; neither.

{ 2’ - 1} Examine the terms of the sequence: 1, 7, 17, 31, 49, ...
Thereis no common difference; thereis no common ratio; neither.

3(n+1)

{ % } Geometric =2 _ = =
A- 8n A - 8n0 8 n

S = Seng 8 7= 7(8 - 1)

23n+3

- 23n+3- 3n - 23 - 8

2(n+1)

{32”} Geometric r :—332n =
A-99 HA-99_9

S = 9eﬂﬂ 9 =5, g(9 1)

32n +2

— 32n+2- 2n — 32 — 9

0,4,8,12,... Arithmetic d=4-0=4

S, = 5(2(0) + (n- 1)4) = 5(4(n- 1)) = 2n(n- 1)

1,-3,-7,-11, .. Arithmeticd =-3-1=- 4
S = (2(3) +(n- 1)¢ 4) = (2 4n+4) =

Geometric
& &1d‘0
& &3 3+ 15% @180

a6 L T
é 36 5

Neither. Thereisno common difference or common ratio.

1

-

3579
2'4'6'8

Chapter Review

2(6 4n) =3n- 2n’

' 1_0 """Neither. Thereis no common difference or common ratio.
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Chapter 13 Seguences; Induction; The Binomial Theorem

21.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

3
(k*+12)=13+16 +21+ 28+ 37 =115 22. A (k+2)?=9+16+25=50

k=1

Qo

=
1
[y

10 10 10
A k-9=8 3k Ho=34k So-= L6 10(9) = 165- 90 =75

k=1 k=1 k=1 k=1 k=1

Ov—\

9

9 a(1+9)¢p _ -
k+8) =8 - 2k+8 8=-28 k+§ 8=-2Z25 001 9(8)=-00+72=-18

ka=.1( ) kall al ka.l kall e 2 ()

J k_1ael (1)7‘_j 18- (1)'0 14 1 5 1 2186 _ 1003

a() =35 =353 "6l wmet 27018 - I

¥ - (-2)°0_ - 10245 _ 2
o) =-2¢ *=- 22 6 =_ £(- 1023) = 682

ka:-l( 2 ET-(F2) 4 &3 o= 3l )

Arithmetic &, =3, d=4, a,=a+(n-1)d
a,=3+(9-1)4=3+8(4) =3+32=35

Al’lthmetlc a1:l d = - 2’ an - a+(n_ 1)d
8, =1+(8-1)(-2)=1+7(-2)=1-14=-13

1 g+ e &0 1
=185 ~805 ~ 10000000000

1
Geometric 2% ' ~10’ n=11

Geometric a=1 r=2 n=11 a, =142)" " = (2)" = 1024

Arithmetic  a, =42, d=4J2, n=9, a =a+(n- 1)d
=J2+9- )2 =J2+8J2=92

Geomettic @, =42, d=42, n=9, a =ar"’
8, =v2(v2)" = V2(V2) = V276 =1642

a,=a+6d=31 a,=a+19d=96
Solve the system of equations:
31- 6d+19d = 96
13d = 65
d=5
a=31- 6(5)=31-30=1

General formula:  {5n - 4}
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Section 13.R  Chapter Review
34 a=a+7d=-20 a,=a+16d=-47

Solve the system of equations:
-20- 7d +16d = - 47

93:57 General formula:  {- 3n+ 4}
=-20- 7(-3)= - 20+21=1
35 a,=a+9d=0 ay,=a+17d=8

Solve the system of equations:
-9d+17d =8

83 :f General formula:  {n- 10}
a=-99) =-9

36. a,=-a+11d=30 a, =a+21d =50

Solve the system of equations:
30- 11d +21d = 50

10d = 20
d=2

a=30-11(2)=30-22=8
General formula:  {2n+ 6}

37.
1 _a __ 3 3.9
a=3 r=3 Since|r|<1 S‘_l-r_ae_ B @02
3 &30
38.
, _a _ 2 2 _
a=2 r==  Since|r|<1 S“_l-_r_ae_ 19_59_4
§ 2 &b
39.
- _a__2 _2_4
a=2,r=-= Since|r|<1, § =T r-%e_wlg_aag_g
8 & 2w &0
40.
. _a_ 6 6 18
a=6,r=-=  Since|r|<1, 51—1_ r_gf_GBZO__O_a%‘E_ c
e 33@5 géb
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Chapter 13 Seguences; Induction; The Binomial Theorem

41.
1 . _a _ 4 _ 4 _
a=4 r=3 Since|r|<1 S'“_l-r_ae_ T
26 &0
42.
3 . a 3 3 12
a=3 r=-3 Since|r|<1, S, =T r—g_ &399“8679_7
e g-4éb SZEJ
43. 1: n=1 3d=3andF(1+1)=3

. If 3+6+9+---+3k:%(k+1)
then 3+6+9+ .- +3k+3(k +1)

=[3+6+ 9+ +3K|+3(k +1) :%((k+1)+3(k +1)
= (k+ )X+ P = Jk+ 1)k +2)

Conditions | and |l are satisfied; the statement is true.

4. 11 n=1 4x-2=2and2(1)f =2
Il:  If  2+6+10+ ---+(4k- 2)= 2K
then 2+6+10+---+(4k- 2)+(4(k+1)- 2)

=[2+6+10+ - +(4k - 2)] +4k+2 = 2k* +4k+2
=2(K* + 2k +1) = 2(k +1)°
Conditions | and |l are satisfied; the statement istrue.

45. 11 n=1 28 '=2and3-1=2
n: If 2+6+18+ .- +231=3-1
then 2+6+18+ .- +2>3°1 + 2@

=[2+6+18+ .- +2>3 | +2:8" =3 - 1+ 23"
=33-1=3"-1
Conditions | and |l are satisfied; the statement is true.

46. 11 n=1 30"'=3and3(2'-1)=3
I:1f 3+6+12+..+32¢ =32 1)
then 3+6+12+..-+3° " +3:2"*
= [3+6+12+ . + 32| +3:2 =3(2" - 1) +30"
=3(2"- 1+2) =320~ 1) =3(2¢"*- 1)
Conditions | and |1 are satisfied; the statement is true.
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48.

49.

50.

51.

Section 13.R  Chapter Review

1
. n=1 (3x-2)*=land §><1(6><12- 3x1-1)=1

. 1 a7 (3K 2)2=%><k(6k2- 3k - 1)
then 12 +42 +7%+... +(3k- 2)2+(3(k+1)-2)2
=[P +47+ 774 -+ (3k- 2] +(3k+1)°
_1 2 2
—§><k(6k - 3k- 1)+ (3k+1)
:1><[6k3- 3K - k+18k2+12k+2]=1>{6k3+15k2+11k+2]
2 2
:%><(k+1)[6k2+ ok + 2] :%x(k +1)[6k2+12k+ 6- 3k- 3- 1]
:§><(k+1)[6(k2+2k+1)- 3k+1)- 1

= % Xk +1)[6(k +1)° - 3(k +1)- 1]
Conditions | and |l are satisfied; the statement istrue.

I n=1 1 +2) :3andé><(1+1)(2 X+7)=3

. If 1><3+2><4+3>5+---+k(k+2):§(k+1)(2k+7)
then 13+2x4+35+---+k(k+2)+(k+1)K+1+2)
=[18+2:4+36+ - +k(k +2)] + (k +1)(k +3)
= g(k+ 1)(2k +7) +(k+1)(k+3) = %j’—l)(zk2+7k+6k+18)

= L (2 +13c+18) = E Mk 2) (& +9)

Conditions | and |l are satisfied; the statement is true.

s _ 0,5 BG4, B0, 860 2 by &)
(X+2) = 500" + 10X 2+ epgX 2 2+ i ppX R+ a2

= X° +5x4 +10x4x3 +108x> +5>16x+1>32

= x° +10x* + 40x® + 80x* +80x + 32

A A A

(x- 3" _eog + elg X(- 3)J’ezg X*(- 3)° +e3ﬂx( 3)° +e4ra -3
= x* +4(-3)x> +6X9x* + 4(- 27)x + 81
= x* - 12x3 +54x% - 108x + 81

(2x +3)° = 8(2x) +e1fa(2X) 3+ S Q(ZX) X3+ 3é(Zx)2>G3
+é432X)1>G4+2653>65
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Chapter 13 Seguences; Induction; The Binomial Theorem

92.

53.

4.

55.

56.

S7.

58.

= 32x°+ 5X16X* x3+1058x° X9 + 10 X4x® 27 + 552X 581 + 13243
= 32x°+ 240x* + 720x® + 1080 x> + 810x + 243

(3x- 4)* = (30 + BO(3)°(- ) + DY 307 (- 4 + T3 4° + 9[- 4)°

= 81x* +427x3(- 4) + 6>9x* X6+ 4 3X(- 64) + 1256
= 81x* - 432x® +864x° - 768X + 256
n=9, j=2, X=X, a=2

35,7 .52 - 9! 7_9><8 7 _ 7
e2ﬂX>Q 2I7I>~'4 mx4x = 144x

The coefficient of x” is 144.

n=8 j=5 x=%x, a=-3
|

BO0C(- 9P = pig(- 243 = 222 243)x° = -13,608°

The coefficient of X% is - 13,608.
n=7, j—5 X = 2X, a 1

8(2x)2 3° —5.,-7, x3(1) = m><4x =84x?

The coefficient of x? is 84.

n=2§ j:2 Xx=2x, a=1
6 2 — 6
eZQ(ZX) A mf<64 0 =
The coefficient of x® is 1792.

8 xr Sy B4xX° =1792x°

Thisisan arithmetic sequencewitha =80, d=-3 n=25
@ ax= 80 +(25- 1)(- 3) =80- 72 =8 bricks

(b) S;= 7 (80 +8) = 25(44) = 1100 bricks
1100 bricks are needed to build the steps.

Thisis an arithmetic sequencewitha =30, d=-1 a, =15

15=30+(n-1)(- 1)® -15=-n+1® -16=-n® n=16
Ss = 2(30 +15) = 8(45) = 360 tles
360 tiles are required to make the trapezoid.
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59. Thisisan ordinary annuity with P =$200 and n =(12)(20) = 240 payment periods.
The interest rate per period is 11—; =.0083. Thus,

7o u
=4 -1
12u

0

BHP
+

>

12U ¢
A =20 1 u $151873.77

0]
25§

60. Thisisan ordinary annuity with P =$500 and n =(4)(30) =120 payment periods.

(D> (D>

The interest rate per period is %3 =.02. Thus

‘?é ogd® U
+ '_ 1 - l;l

Oe—
A =50 2080 ld $244129.08

25

D> D>

61. Thisisageometric sequencewith =20 F =7

230135 g aa t
(@) After striking the ground the third time, the height is 084;5 16 ce

(b) After striking the ground the n™ time, the height is 084;2;
(c) If theheight islessthan 6 inches or 0.5 feet, then:
. ad _ad . a80_  10g0.025
0.5 _2082,;'3 ® 0.025 _821'3 ® 10g0.025 —nlog84a® n= R gZ%O =12.82

49

The height is less than 6 inches after the 13th strike.
(d) Sincethisisageometric sequence with |r | <1, the distance is the sum of the two

infinite geometric series - the distances going down plus the distances going up.

20 20
. . S =5 3550 O
Distance going down: 81 5 S5 feet.
15 15
. . SURE 30" @m0 0
Distance going up: 81 15 S5 feet.

The total distancetraveled is 140 fest.

62. Thisisageometric sequencewith a =20,000,r =1.04, n=5.
Find the fifth term of the sequence:
a, = 20000(1.04)>* = 20000(1.04)" = $23,397.17
The salary in the fifth year will be $23,397.17.
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