Chapter 1

Equations and Inequalities

1.6 Equations and Inequalities Involving Absolute Value

1

11.

|2x|=6
2X=6 or 2x=-6
Xx=3 or X=-3
The solution set is{-3, 3}.

|2x+3|=5

2Xx+3=5o0r 2x+3=-5
2x=2 or X=-8
x=1 or XxX=-4

The solution set is{—4, 1}.

|1- 4t]+8=13® |1- 4t]|=5
1- 4t=5or 1- 4t=-5

-4t=4 or -4t=-6
t=-1 or t:§
o2
o
Thesolutionsetisi'lzf\;.
|- 2x|=8
-2x=8 o -2x=-8
X=-4 or X=4

The solution set is{—4, 4}.

|- 2|x =4
2x=4
X=2
The solution set is{2}.
gx|=9
|x|:z® x=2L or x=-2L
2 2 2
27 27y

|
The solution set is%'- ? —_Yy.

2.

10.

12.

|3x|=12
3x=12 or ¥=-12
X=4 or X=-4

Thesolution set is {- 4,4} .

[3x- 1]=2
3x-1=2 or X-1=-2

3xX=3 or X=-1
_ _ 1
Xx=1 or X = 3

The solution setis {- 4,1} .

[1- 2z|+6=9® |1- 2z|=3
1-2z=3 or1- 2z=-3

-2z=2 or -2z2=-4
z=-1 or z=2
Thesolution setis {- 1,2} .

|- x| =
-x=1 o -x=-1
The solution setis{-1, 1}.

[3]x=9
3x=9
Xx=3
The solution set is{3}.

zlx[=9

|x|=12® x=12 or x=-12
The solution set is{-12, 12}.
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X 2|_
13 |§+§ =2
X 2 _ X 2 _
3t5=2 O 3*5=-2
5x+6=30 or %+6=-30
5x =24 or 5% =-36
_24 - 36
x—-5- or X = =
The solution set is ﬁ,%
5'5
15. |u-2|=-—1
2

impossible, since absolute value always

yields a non-negative number.

17.
4-12x|=3® -|2x|=-1
®|2x|=1
2x=1 or 2x=-1
1 1
X== 0Or X=-=
2 2 ‘
1 10
Thesolutlonsetls:- = -2%
19. |X2- 9|:
x%-9=0
x?=9
X=43
Thesolutlonsetls{ 33}.

21. |x?- 2x|=
X?-2x=3 o x*-2x=-3
x*- 2x-3=0 or x*-2x+3=0
(x-3(x+1) =0
_2+J4-12 2448
2 2
Xx=3xXx=-1 or ® norea solution
The solution set is {-13)"

or

14.

N X

I
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SN
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I
9 o
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wioo 0 o -

o

=

X or

I
1
wh > o -

wlh X

Thesolutionsetis{- %}
16. |2' V|: i

impossible, since absolute value always
yields a non-negative number.

18.
5-|1xi:3® =2
2 2
® 1x=2
2
1x:2 or 1x:-2
2 2
X=4 or x=-4
The solution setis{ - 4, 4}.
20. |x*- 16| =
x%- 16=0
x*=16
X=%4 _
Thesolutlonsetls{_44}.

|x2+ x|=12
X2+ x=12 or x?+x=-12
X?+x-12=0 or xX*+x+12=0
(x- 3(x+4) =0 orx:-liJ21-48:1i\£-_4'
X =3,X=-4 or no rea solution

The solution set is{_4 3}
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23. |x2+x-]]=l
x’+x-1=1 or xX*+x-1=-1
X2+x-2=0 or xX*+x=0
(x-1)(x +2) =0 orx(x+1)=0
x=1x=-2 or x=0,x=-1
The solution set is {-2-101}"

25. |2x|<8
-8<2x<8
-4< x <4
{X-4<x<4 or (-4,4)

———

—4 4

27. |3x|>12
3x<-12 or X>12
X<-4 or x>4
{xIx<-4orx>4} or
(-¥,- 4E (4,+¥)

e

—4 4

29. |x- 2|+2<3
|x- 2|<1
- 1<x-2<1

1<x<3
{xj1<x<3 or (193

——

Equations and Inequalities

24 |x*+ 3x- 2|=2

X*+3x-2=2 or X*+3x-2=-2
x*+3x=4 or x*+3x=0
x?+3x- 4=0 or x(x+3 =0
(x+4)(x-)=0 or x=0x=-3
X=-4x=1

The solution set is {-4-301}"

26. [3x|<15
-15<3x<15
-5< X <5
{xI-5<x<5 or (-55)

———

-5 5

28. |2x|>6
2X<-6 or X>6
Xx<-3 or x>3
{xIx<-3orx>3} or

(-¥,-3)E(3 +¥

e e

=3 3

30. |x+4|+3<5
|x+4]<2
-2<X+4<2

-6<x<-2
{x]- 6<x<- Z or (-6,-2)

——
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31 |3t-2|£4
SA4EX-2£4
S2£ X £6
-2

?£t£2

belo2g gl g €2 L0
t|l—=—E£t£E£2y or —, 2;
%|3 b &3 0

|

-2
2 2

33. |x-3]|32
Xx-3E£-2 or x- 332
XE1l or x35
{x|xELlorxs 5
or (-¥,1E [5¥)

— >

1 5

35. |1- 4x|- 7<-2
|1- 4x|<5
- 5<1- 4x<5
-6<-4x<4

-1<X<§
2

& 30

1 3 :
%x - 1< x<§g or 8 1,—25

- /2

37. |1- 2x| >3
1- 2x<-3 or 1- 2x>3
-2X<-4 or -2x>2
X>2 or x<-1
{X|x<-10rx>2} or ((¥,- D)E(2¥)

G (e

-1 2

32. [2u+5|£7

- TE2u+5£7
-12£ 2u £2
~6£ u £1
{ul-6£u£d} or [- 6,1

_H_

—6 1

34. |x+4]3 2
X+4£-2 or x+432
XE-60or Xx3-2
{XIx£-60rx3 -2
or (-¥,- 6| E[-2,¥)

—

6 -2

36. [1- 2x|- 4<-1
[1- 2x| <3
- 3<1- 2x<3
-4<-2x<2

-1<x<2
{x-1<x<2} or (- 1,2)

———

38.]2- 3x|>1
2-3x<-1 or 2-3x>1
-3x<-3or -3x>-1

x>1 or x<%

x<é orx>1gor (-¥ YE@Y¥)

N
:
I'X

e e ——

3 1

[iN
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39. |- ax|+} 5£1
|4x|+5£1

|4x|£ -4

Equations and Inequalities

40. |- x|- J4|£2

but this is impossible since absolute value
always yields a non-negative number.

41 |- 2x|>} 4
|2x|>3

|x]- 4£2
|x|£6
-6EXEG

{x|- 6£ x£6} or [-6,6]

——

42. - x- 2|1

2X<-3 or 2x>3

x<-§ or
2

N
Ve
A

i
x<-§ orx>§'
2 2{V)

x>
2

-X-2£-1 or - x-231
-X£1 or - x33
x3 -1 or X£-3

{XIxE-3orx2 -3 or

(-¥,- [ E[-1+¥)

®, 30.98 0
¥ et

-3/2 3 ;

43.  -|2x- 13 -3
|2x- 1£3

-3£2x-1£3
-2£2xE4
-1£EXE£2

-3 -1

44. -l- 2x|3 -3

{x]-1£ x£3 or [-1,2]

——

[L- 2x|£3
- 3£1- 2x£ 3
- 4E£-2XE2

-1£ X£2
{X]-1£ x£3 or [-1,2]

——

45, 46
[x-]<3® -3<x-1<3 x+2]<5® -5<x+2<3
® -2<x<4 ® -7<x<-1
® 2<x+4<8 ® -9<x- 2<-3
® a=2,b=8 ® a=-9b=-3
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47.
K+4£2® -2EX+4£2
® -6EXE-2
® -12£2X £ -4
® -15£2x- 3£ -7
® a=-15b=-7

49,
K- A£7® -7TEx- 2£7

® -5£XED
® -15£ x- 10£ -1

RO

15 x-10
® -1£ ! £-i
x-10 15
1
a=-1b=-—
4 15

3.1

If bt O,prove H:H
bl [d

ol.

k- J£1® -1£x- 3£1
® 2£x£4

® 6£3x£12

® 7£3x+1£13

® a=7b=13

K+1£3® -3£x+1£ 3
® -4E£XE?2
® 1EX+5E 7

1,1

x+5 7
® 1£L£1
7 X+5

® azl,bzl
7

® 13

Casel:%13 O® a3 0and b>0 or a£0 and b<O.

if a3 0 and b>0 then |a|:a and |p|=bh.

b Ibl

if a£0 and b<O then |d=-a and |{=-

0, Es 0® |€|=§=J§|:H

b -l o

CaseZ:E<0® a>0 and b<0 or a<0 and b>0.

if a>0 and b<0 then [a|=a and |b|= -b.

&0_ &g 0_
ol” €z &bo b

now, -<0®
b

now, %<O® |§| 8___ —_——

if a<0 and b>0 then |a|: -a and |o=b.

2 g0 a
b o b
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52. Show that af[q.
Weknow that 0 £]a]. Soif a<0, thenwehave a<0£]|d® af|q

Now, if a3 0, then |g=a. So a£f.

53.  |a+b’ =|a+H{a+]
Casel:a+b30® |a+H=a+b
so la+H{a+b=(a+b)(atb)=a’+2ab+b?
E|d +2a4d+B" by problem 52
=(d+b)’
\ (a+H)’ £(d+p)* ® Ja+ b £ |+l
Case 2a+b<0® |a+H=-(a+h)

0 [a+HAa+b=(-(a+b))- (a+b))
=(a+b)(a+b)=a’+2ab+b?

Eld"+2Jal4d+|H* by problem 52
=(id+p)°
\ (a+H)" £(d+b)" ® [a+bl£ o] +]o]

54. To prove |a- b|? a- b, consider the following:

l4=|(a- b) +b|£|a- H+p| by the Triangle Inequality

0 | £]a- b|+p|® |- H£f- H
therefore |a- b2 |9- |o].

55. xdiffersfrom 3 by lessthan 4 56 xdiffersfrom - 1 by lessthan 1
- (- 9)]<
|x-3|<1 Ix- (- 4]<1
2 |x+4]<1
-1 7
?<X- 3<§ -1<x+4<1
5 v -5< x <-3
5 X <3 {x- 5<x<-3

1|3 S0
zx<z
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S7.

59.

60.

61.

Section 1.6  Equations and Inequalities Involving Absolute Value

x differsfrom —3 by more than 2 58. xdiffersfrom 2 by more than 3
|x- (-3)|>2 [x-2]>3
X+3<-2o0r Xx+3>2 X-2<-3o0r x-2>3

X<-1 or x>5

x<5 o x>-1 {xIx<-10rx>5

{x|x<-5 orx>-1}

A temperature x that differs from 98.6F by at least 1.5

|x- 98.6°|3 1.5°
x- 98.6°£- 15 or x- 98.6°% L5
X£97.1° or x 3 100.1°

The temperatures that are considered unhealthy are those that are less than 97.1°F or greater
than 100.1°F, inclusive.

A voltage x that differs from 115 volts by at most 5 volts

|x- 115|£5

-5£ x-115£5
110£ x £120

The actual voltage is between 110 and 120 volts, inclusive.
giventhata>0

x*’<a® x*- a<0

(e J3)x- 43 <0

if x<-va , then x+va<0 and x- va <-2va<0

therefore (x + J?i)(x - le) >0

if -Ja<x<va, thenO<x+va<2ya and - Afa<x- ya<0

therefore (x+\/3)(x- JE)<O

if x>J§ , then x+J5>2J5>0 and x- \/5>O

therefore (x + JE.)(X - \/3) >0

So the solution set for
x*<ais {real numbers X- va < x<\/5}
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62. giventhata>0

x’>a® x*-a>0

(x+Va)(x- Ja)>0

if x<-Ja , then x+va<0 and x- va <-2va<0
therefore
s V30

if -Ja<x<va, then 0<x+va<2va and - Afa<x- ya<0
therefore
(x+J5)(x-J5)<o

if x>ya , then x+va>2vya>0 and x- ¥a >0

therefore (x+\/5)(x- JE)>O

So the solution set for
x*>a is {real numbers xx < - va or x>\/5}

63. 64.

{rea numbers x|-1 <x<1} {real numbers |- 2< x< 2}
65. 66.

{real numbers x|]x£ -3 or x® 3 {real numbers x]x£ -1 or x3 3
67. 68.

{real numbers x|- 4 £ x £ 4} {rea numbers |- 3£ x£ 3
69. 70.

{real numbers xJx< -2 or x>2} {real numbers x]x<-4 or x> 4}
71. | 8-|2X+]_”:4

® 3x-2x +]=4 or X-2x+)=-4
3X-2x+]=4® 3x-4=[2x+]|

® 2x+1=3x-4 or 2+1=-(3x-4)
2X+1=3x-4® 5=xX

2x+1=-(3x-4) ® 2x+1=-3x+4® 5x =3® x:-g
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72.

73.

74.

75.

Section 1.6  Equations and Inequalities Involving Absolute Value

3AX-[2x+]=-4® 3x +4 =]2x +]|

® 2x+1=3x+4 or X +1=-(3x+ 9

2X+1=3x+ 4® -3=X

2x+1=-(3x+ 4 ® 2x+1=-3x- 4® 5x=-5® x=-1

however, the only values that check in the original equationarex=5and x=- 1.

| x+|3x- 2|=2

® x+[3x-4=2 or x+Bx-23=-2
X +Hx-3=2® |3x- 3=2- x
® 3x-2=2- x or 3x-2=-(2- X)
3X-2=2- x® 4x=4® x=1

3x-2=-(2- x) ® 3x-2=-2x+1® 5x=-3® x:-g
X +H3x-2=-2®|3x-3=-2- x

® 3x-2=-2- x or 3x- 2=-(- 2- X)

3X-2=-2- X® 4x=0® x=0

3x-2=-(-2- X)® 3x- 2=2+X® 2x=4® x=2
however, the only values that check in the original equation arex=0and x = 1.

The absolute value of areal number is always greater than or equal to zero.

The absolute value of areal number is always greater than or equal to zero, and zero is
greater than — 0.5.

if x>0, then [x|=x, therefore |x|>0.

if x<0,then [x]=-x.S0 x<0® -x>0® |{>0.
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