Chapter 4

Polynomial and Rational Functions

4.1 Quadratic Functions and Models

1. D 2. F 3. A 4. H 5 B 6. C
7 E 8. G
9. f(x)=4x 10, f(x)=2x
Using the function y = x?, compress Using the function y = x°, stretch
vertically by afactor of . vertically by afactor of 2.
T y
y 1
8: g1
E.: By
4: 44
2: 7
; + _I4 + _52 + - + é + 45' t XI ; * _I4 * _Iz * ¥ é ' :1_ 4
11, f(x)=%x*-2 12. f(x)=2x*-3
Using the function y = x*, compress Using the function y = X’ stretch
vertically by afactor of %, and shift vertically by afactor of 2, and shift

downward 3 gnits.

downward 2 units.
T y

Y
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Chapter 4

13. f(x)=3ix*+2

Using the function y = x*, compress
vertically by afactor of %, and shift

upward 2 units.

Polynomial and Rational Functions

15. f(x)=4x*+1

Using the function y = x*, compress
vertically by afactor of %, and shift

upward 1 unit.

14. f(x)=2x°+4

Using the function y = x?, stretch
vertically by afactor of 2, and shift

upward 4 units.

16. f(x)=-2x°-

2

Using the function y = x°, stretch
verticaly by afactor of 2, reflect about
the x-axis, and shift downward 2 units.
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17.

19.

Section4.1  Quadratic Functions and Models

f(x)= X" +4x+2

Compl eting the square:

f(X)=(X*+4x+4)+2- 4
=(x+2)Y-2

Using the function y = x*, shift the graph

to the left 2 units, and shift downward 2

units.

f(x)=2x°- 4x+1

Completing the square:

f(X)=2(x% - 2x+1)+1- 2
=2(x- 1)*- 1

Using the function y = x°, shift the graph

to theright 1 unit, stretch the graph
vertically by afactor of 2, and shift
downward 1 unit.

[}

f(x)=x - 6x-1
Completing the square:
f(x)=(x*- 6x+9)-1-9

=(x- 3)*- 10
Using the function y = x°, shift the
graph to the right 3 units, and shift
downward 10 units.

Ay [,

-2

f (x) = 3x” +6x
Completing the square:
f(x)=3(x*+2x+1)- 3

=3(x +17 - 3
Using the function y = x®, shift the
graph to the left 1 unit, stretch the graph
vertically by afactor of 3, and shift
downward 3 units.

359



Chapter 4

f(x)=-x*- 2x 22.

Completing the square:
f(X)=-(x*+2x+1)+1

=-(x+1)*+1
Using the function y = x?, shift the graph
to the left 1 unit, reflect the graph on the
x-axis, and shift upward 1 unit.

21.

2..
@]
(207

f(x)=%x"+x-1 24,

Completing the square:

f(X)=2(x*+2x+1)- 1- &
=3(x+1)°- 3

Using the function y = x*, shift the graph

to the left 1 unit, compress the graph

vertically by afactor of %, and shift

downward £ units.
1Y

23.

Polynomial and Rational Functions

f(x)=-2x*+6x+2

Completing the square:

f(x)=-2(x*- 3x+3)+2+3

=-2x- 3 + ¥
Using the function y = x*, shift the
graph to theright 2 units, stretch
verticaly by afactor of 2, reflect the
graph on the x-axis, and shift upward £

units.
__y

f(x)=&x*+4x-1

Completing the square:

f(X)=%(X*+2x+1)- 1- %
=5(x+1)°- 3

Using the function y = x°, shift the

graph to the left 1 unit, compress the

graph vertically by afactor of £, and

shift downward 2 units.

y
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Section4.1  Quadratic Functions and Models

25. f(x)=-x*- 6x
a=-1b=-6,c=0. Sincea:-1<0 thegraphopensdown.

The x-coordinate of the vertex is x = T Z(_% — = =-3.

The y-coordinate of the vertex is fgergg— f(-3)=-(-3)°- 6(-3)=-9+18=09.

Thus, the vertex is (=3, 9). 39 |
The axis of symmetry istheline x = - 3. {
The discriminant is:
b®- 4ac =(- 6)° - 4(-1)(0) =36 >0,
so the graph has two x-intercepts.
The x-intercepts are found by solving:
-x*-6x=0
-X(x+6) =0 R0,
X=0 orx=-6
The x-intercepts are —6 and O.
They-interceptis f(0) =0

(09 x,

26.  f(x)=-x+4x
a=-1b=4,¢c=0. Sincea=-1<0, the graph opens down.
The x-coordinate of the vertex is x = Tb = 2—415 74 2.

The y-coordinate of the vertex is feTaﬂ_ f(2)=-(2Y +4(2)=-4+8= 4.

Thus, the vertex is (2, 4). Iy x=2
The axis of symmetry istheline x = 2. o G
Thediscriminant is:

b®- 4ac = 4% - 4(- 1)(0) =16 > 0,
so the graph has two x-intercepts.

The x-intercepts are found by solving:
-x* +4x=0 _
-X(x-4)=0 4]
x=0 orx=4 1

The x-intercepts are 0 and 4.

They-interceptis f(0) =0

J{CI) 4.0) X
'—'2'_':‘3' I

27. f(x)=2X - 8x
a=2,b=-8c=0. Sncea=2>0, thegraphopensup.

The x-coordinate of the vertex is x = b ?(78% =2.

They- coordlnateofthevertex|sfeTan f(2)=2(2Y - 8(2)=8- 16=- 8.
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28.

Thus, the vertex is (2, -8). H[y x=2 {
The axis of symmetry istheline x = 2. — ) x
The discriminant is: N °
b®- 4ac =(- 8)°- 4(2)(0=64>0, =
so the graph has two x-intercepts. -4
The x-intercepts are found by solving:
2x* - 8x=0 -
2x(x- 4 =0 -5 28)
x=0 orx=4

The x-intercepts are 0 and 4.
They-intercept is f (0) = 0.

f(x) = 3x” +18x
a=3b=18,¢c=0. Since a=3>0, the graph opens up.

The x-coordinate of the vertex is x = '?g) = Z}g = %ﬁ =-3.

The y-coordinate of the vertex is fgerggz f(-3)=3(-3)°+18(- 3) = 27- 54 =- 27.

Y x,

Thus, the vertex is (-3, -27).
The axis of symmetry istheline x = - 3.
The discriminant is:
b®- 4ac =(18)* - 4(3)(0) =324 >0,
so the graph has two x-intercepts.
The x-intercepts are found by solving:
3x° +18x =0
3X(x+6)=0
X=0 orx=-6
The x-intercepts are 0 and —6.
They-intercept is f (0) = 0.

©0)
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Section4.1  Quadratic Functions and Models

29. f(x)=x*+2x-8
a=1b=21c=-8 Sincea= 1>0thegraphopensup

-2 -2
The x-coordinate of the vertex is x = T Z_) - =- 1.

They-coordlnateofthevertex|sfgerbg— f(-1)=(-1f +2(-1)- 8=1-2-8=-9.

Thus, the vertex is (-1, -9). \ x=-1 Ty [
The axis of symmetry istheline x = - 1. . _(*‘eo)_:z @9,  x
The discriminant is:
b®- 4ac=2"- 41 - 8)=4+32=36>0,
so the graph has two x-intercepts.
The x-intercepts are found by solving:
x*+2x-8=0
(x+4)(x-2) =0
X=-40rx=2
The x-intercepts are —4 and 2.
They-intercept is f (0) =- 8.

30. f(x)=x*-2x- 3
a=1b=-2c=-3 Sincea=1>0, thegraph opens up.

-b_-(-2)_2
The x-coordinate of the vertex is x = "X 3 =1.

The y-coordinate of the vertex is fgerggz f(1)=1°- 2(1)- 3=1- 2- 3=- 4.

Thus, the vertex is (1, —4). y
The axis of symmetry istheline x = 1. 41
The discriminant is:

b®- 4ac=(- 2)*- 4(1)(- 3) = 4+12=16>0,

x=1

so the graph has two x-intercepts. s e

The x-intercepts are found by solving: \
x*-2x-3=0 R /
(x+1)(x-3)=0 ‘4?\‘(1,4)

XxX=-1orx=3
The x-intercepts are—1 and 3.
They-interceptis f (0) =- 3.

31 f(x)= x*+2x +1
a=1b=2c=1 Sncea= 1>Othegraphopensup
The x-coordinate of the vertex is x = T Z% 73 -1.

TheycoordlnateoftheverteX|sfeTaﬂ f(-1)=(-1/+2(-1)+1=1- 2+1=0.
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32.

Thus, the vertex is (-1, 0).
The axis of symmetry istheline x =- 1.
The discriminant is:
b®- 4ac=2"- 4IX) =4-4=0,
so the graph has one x-intercept.
The x-intercept is found by solving:
x> +2x+1=0 _
(x+1°=0 21
x=-1 '
The x-intercept is—1.
They-intercept is f(0) = 1.

f(x)=x"+6x+9
a=1b=6,c=9. Sincea=1>0, thegraph opens up.

The x-coordinate of the vertex is x = %aj = Z% = 7—6 = - 3. They-coordinate of the

vertexis f &0 = f(-3)= (-3 +6(-3)+ 9=9- 18+9=0,

Thus, the vertex is (-3, 0).
The axis of symmetry istheline x = - 3.
Thediscriminant is:

b®- 4ac=6"- 4(1)(9)=36- 36 =0,
so the graph has one x-intercept.
The x-intercept is found by solving:

X’ +6x+9=0

(X+3)2:0 .
X=-3

The x-intercept is—3.
They-intercept is f(0) = 9.
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Section4.1  Quadratic Functions and Models

33 f(x)=2X°- x+2
a=2,b=-1c=2 Sncea=2>0, thegraphopensup.
The x-coordinate of the vertex is x = T ﬂ(%;"'

The y-coordinate of the vertex is f & eTaﬂ fﬁg 22%8

ad 154
Thus, the vertex is o7 ?; o

I

The axis of symmetry istheline x =
The discriminant is:

b®- 4ac =(- 1)’ - 4(2)(2)=1- 16= - 15,
so the graph has no x-intercepts. 17
They-intercept is f (0) = 2. [ y

34. f(x)=4x" - 2x+1
a=4,b=-2,c=1 Sncea=4>0, thegraphopensup.
. . - 2
The x-coordinate of the vertex is x = Tb ?(ZT) 3° Z The y-coordinate of the
_ &y _ aé.o aé.o 1 1 ._
VerteX'SfeTaﬂ Te70= %70 ~ 2e3071=7 371=7

al 3p
Thus, the vertex is o7 7o

I

The axis of symmetry istheline x =
The discriminant is:

b®- dac=(- 2)*- 44)(1)=4-16=-12,
so the graph has no x-intercepts.
They-interceptis f(0) = 1.

35. f(x)=- 2x° +2x- 3
a=-2,b=2c¢c=-3. Sincea=-2<0 thegraphopensdown.

The x-coordinate of the vertex is x = T Z%)F ==z = 2 The y-coordinate of the
. e bo ﬁo ﬁo ﬂ -1 -5
vertex I1s feTaﬂ erﬂ 2 + ZGZﬂ 3= > +1- 3= > -
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36.

37.

ThUS,thevertEXisg,%Sg- —— - ———

The axis of symmetry istheline x = % 4
The discriminant is:

b®- dac=2"- 4(- 2)¢3)=4- 24=- 20, 0529
so the graph has no x-intercepts. -3
They-intercept is f (0) =- 3. [

f(x)=-3x" +3x- 2
a=-3,b=3c=-2 Sincea—-3<0 thegraphopensdown

The x-coordinate of the vertex is x = T 2—335 % 5. The y-coordinate of the

bo_ (ado_  gide g6 o 3,3 ,_ 5
vertexis 18520= 1855 3555 +3855 2= 1+2- 27 -

al -5
Thus, the vertex is &5 T g

The axis of symmetry istheline x = %
The discriminant is:

b?- dac=3 - 4(-3)(- 2 =9- 24= - 15,
so the graph has no x-intercepts.
They-interceptis f(0) =- 2.

f(x) = 3x* +6x+2
a=3b=6,c=2 Sincea=3>0, thegraph opens up.

The x-coordinate of the vertex is x = Tb 7% = —6 = -1. They-coordinate of the

vertemsfeTaw—f( 1)=3(-1)2+6(-1)+2=3- 6+2=-1.

Thus, the vertex is (-1, —1).
The axis of symmetry istheline x = - 1.
The discriminant is:

b®- 4ac=6"- 4(3)(2) =36- 24=12,
so the graph has two x-intercepts.

$(0,2)

The x-intercepts are found by solving: (s Joa20)  x.
X:-bt 2-4ac:-6i‘/1_2 "-'3'-'2\: I
2a 2(3) , -
_-6+2B8 _ -3+ B _-3+1732
6 3 3

The x-intercepts are approximately —0.42 and —1.58.
They-intercept is f(0) =2
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Section4.1  Quadratic Functions and Models

38. f(x)=2x"+5x+3
a=2,b=5c¢c=3. Sincea=2>0, thegraph opens up.

The x-coordinate of the vertex is x = Tb = Z% = TS The y-coordinate of the vertex is
xe bo ®e 50 e 50 50 25 25 _ 1
fe7ae= 1670~ 2e4e:Jr5$ t3=g-7*3=-35
1o
Thus, the vertex is eT To
The axis of symmetry istheline x = - %

Thediscriminant is:
b®- 4ac =5"- 4(2)(3)=25- 24 =1,
so the graph has two x-intercepts.

The x-intercepts are found by solving:
(2x+3)(x+1)=0

X=- l;’ orx=-1
The x-intercepts are 5 and —1.
They-interceptis f(0) =3

39. f(x):- AX* - 6x+2

=-4b=-6,c=2 Sihcea=- 4<0 thegraphopensdown.

6
The x-coordinate of the vertex is x = T Z(_4)5 =
_235_ = 3o 239, 5 -
vertemsfeTag fe4ﬂ 4e4g'6e4g t2=
@3 175

Thus, the vertex is o T To

The axis of symmetry istheline x = T?)
The discriminant is:
b®- 4ac =(- 6)° - 4(- 4)(2)= 36+ 32 = 68,
so the graph has two x-intercepts.
The x-intercepts are found by solving:
-btb?2- dac _ - (- 6)+ J68
2a S 2(-4
_6+x2JT7 _ -3+ JT7 _ -3+4.123
- -8 4 4
The x-intercepts are approximately —1.78 and 0.28.
They-interceptis f(0) =2

X =

40. f(x) = 3x"- 8x+2
a=3b=-8c=2 Sncea=3>0, thegraphopensup

9.9
Tt5+2=

17

(-0.75,4.25)

% . They-coordinate of the

02

-b_-(-8) _
The x-coordinate of the vertex is x = B - 3 = §
. coe by _ o) e’ ae4 16 32 10
'SfeTaz e§ 3e§!2! e§ +2= 3 ?+2_'?

Tlo280

1

The y-coordinate of the vertex
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Thus, the vertex is g% %Oﬂ
The axis of symmetry istheline x = g
Thediscriminantis. @ X
b®- 4ac =(- 8)°- 4(3)(2)=64 - 24 = 40, -2 [ e
so the graph has two x-intercepts. 27
The x-intercepts are found by solving: (D
_-bxyb’- 4ac _ - (-8)+J40 _
X = =
2a 2(3)
_ 822410 _ 4+ 410 _ 4+3.162
- 6 -3 3
The x-intercepts are approximately 0.28 and 2.39.
They-interceptis f(0) =2

M_'_'_'_-L,_o—'—
—— Pt
x
1
s

41, f(x)=2x"+12x, a=2,b=12,¢=0. Sincea=2> 0, the graph opens up,
the vertex isaminimum point. The minimum occurs at
il £ 3. The minimum val
X= T m =- e minimum valueis
aeb _ _ _
eTag f(-3) = 2(- 3)* +12(- 3) = 18- 36 =- 18.
42.

f(x)=-2x*+12x, a=-2,b=12,¢=0. Since a =- 2 <0, the graph opens
down, so the vertex is a maximum point. The maximum occurs at

fZ00= 1(3) =- 2(3" +12(3) =- 18+36 = 18,

43. f(x)=2x"+12x- 3,a=2,b=12,¢c=-3. Sincea=2> 0, the graph opens up,
so the vertex isaminimum point. The minimum occurs at

= Tb -ﬂ%_ £ =-3. Theminimum valueis
&bo

7m0~ f(-3)=2(-3)" +12(-3)- 3=18- 36- 3=- 21.

44. f(x)=4x*-8x+3, a=4,b=-8c=3. Sincea=4>0, thegraphopensup,so

the vertex isaminimum point. The minimum occursat x = %’ = % 3" =1.
. . .3 bg
The minimum valueis féﬁgz f(1) =4x°- 8(1) +3=4- 8+3=-1.
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45.

46.

47.

48.

49.

Section4.1  Quadratic Functions and Models

f(x)=-x*+10x- 4
a=-1b=10,c=-4. Sincea=-1<0, thegraph opensdown, so the vertex isa

maximum point. The maximum occursat x = Tb = Zl_% %O 5. The maximum

valueusfeTarzj f(5)=-(5)* +10(5)- 4 =- 25+50- 4 = 21.

f(x)=-2x*+8x+3
a=-2,b=8c=3. Sincea=-2<0, thegraph opensdown, so the vertex isa

-b_ -8 -8
maximum point. The maximum occursat X = 3 = T === = 2. The maximum

vaueis feﬁz f(2) =-2(2)° +8(2) +3=-8+16+3=11.

f(x)=-3x>+12x+1
a=-3b=12,c=1. Sincea=-3<0, thegraph opensdown, so the vertexisa

maximum point. The maximum occursat X = -Tb Z% = % 2. The maximum

valuelsfeTaz f(2) =-3(2)* +12(2) +1=- 12+24 +1 =13,

f(x) = 4x° - 4x
a=4,b=-4,c¢c=0. Sincea=4>0, thegraph opensup,sothevertexisaminimum

point. The minimum occursat x = Tb e(ﬂz? 5° % The minimum valueis

fee b¢ aé. dy el _
eTag e? 4e28 4e28 1-2=-1.

@ F)=2x- (-3)(x- 1) =1(x+3)(x- 1) =1x* +2x- 3) = x* +2x- 3
f(x)=2(x- (-3))(x- 1) = 2(x+3)(x- 1) = 2(x* +2x - 3) = 2x* +4x - 6
f(x)=-2(x-(-3))(x-1)=-2(x+3)(x-1)

=-2(x*+2x-3)=-2x" - 4x+6
f(x) =5(x- (- 3))(x - 1)=5(x+3)(x- 1) = 5(x? +2x- 3) = 5x* +10x - 15

(b) Thevalue of a multipliesthe value of the y-intercept by the value of a. The values

of the x-intercepts are not changed.

(c) Theaxisof symmetry is unaffected by the value of a.

(d) They-coordinate of the vertex is multiplied by the value of a.
(e) Thex-coordinate of the vertex is the midpoint of the x-intercepts.
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50. (8 f(x)=1x- (-5))(x- 3)=1x +5)(x- 3) =1x* +2x - 15) = X" +2x- 15
f() =2(x- (-5))(x- 3 =2(x+5)(x- 3)=2(x* +2x- 15) =2x* +4x- 30

f(x)=-2(x- (-5))(x- 3 =-2(x+5)(x- 3)= -2(x2+2x- 15)=- 2x% - 4x + 30

f(X) =5(x- (-5))(x - 3)=5(x+5)(x- 3)=5(x* +2x- 15) =5x* +10x - 75
(b) Thevaueof a multipliesthe value of the y-intercept by the value of a. The values
of the x-intercepts are not changed.
(c) Theaxisof symmetry is unaffected by the value of a.
(d) They-coordinate of the vertex is multiplied by the value of a.
(e) Thex-coordinate of the vertex is the midpoint of the x-intercepts.

51. R(p)=- 4p*>+4000p
=-4 b=4000,c=0. Since a =- 4<0, thegraph is aparabolathat opens down, so
the vertex is amaximum point. The maximum occurs at
_-b _-4000 _ - 4000:500
2(- 4) -8 '

R(500) = - 4(500)2 + 4000(500) = - 1000000 + 2000000 = 1,000,000

Thus, the unit price should be $500 for maximum revenue. The maximum revenueis
$1,000,000.

52. R(p)=- %p”+1900p
=-%,b=1900,c=0. Since a=- <0, the graph is aparabolathat opens down, so
the vertex is amaximum point. The maximum occurs at
_-b _-1900 _ - 1900
=55 = 2(_ %) = —— =1900.
R(1900) = - %(1900) +1900(1900) = - 1805000 + 3610000 = 1,805,000.
Thus, the unit price should be $1900 for maximum revenue. The maximum revenueis
$1,805,000
53. (8) R(x)=x(2x+100) = £x" +100x

(b) R(200)= 7 (200f +100(200)= _2(1%) 20000 = 299 ;, 13333

_-b_-100 _-100 _ 300

(© X_Ta_z(-.gl)_ s =300
R(300)= @1 (300)* +100(300)= - 15000+ 30000 = $15,000
(d) p="g(300) +100 = -50+100 = $50
54. (& R(x) = x( X +100) =3 x° +100x
- 10000 20000

(b) R(100) = vor(100) +100(100) = ——— +10000 = =~ » $6,666.6
© x=3P-7100_-100 300
BTG 72

T

=150

R(150) = ;;1(150)2 +100(150) = - 7500 + 15000 = $7,500
(d) p =25 (150)+100 = -50 +100 = $50
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55.

56.

S7.

58.

59.

Section4.1  Quadratic Functions and Models

(@ Ifx =-5p+100, thenpzl—oo'rx. R(x):xgéﬁ)s'—xgz 2 X% +20x

(b) R(15)= (15 +20(15) = - 45+ 300 = $255
-b_-20 _-20 100

C X = = = = — == =50

© 2a  2(4 2 2

R(50)= 2\,,}(50)2 +20(50)= - 500 +1000 = $500

100 - 50 _ 50

d p= -5 = T =$10

500 - x _ a®00- xg _
o R =Xg—2p—5=
(b) R(20)= '761(20)2 +25(20)= - 20 + 500 = $480

_-b_-25_-25_250_
(© Sal- Rl P Rl = 250

(@ If x =- 20p +500, thenp = 2 X +25x

™

R(250)= 55(250} + 25(250)= - 3125 + 6250 = $3125

@ p=2220-20-g1250

(@ Let x =width and y = length of the rectangular area.
P =2x+2y =400
y= 4002- 2X ~200- x
Then A(X) =(200- x)x = 200x- X° = - x* + 200X
_-b_-200 -200 _
(b) x—%—z_—lj—T—looyards
() A(100) = - 100% + 200(100) = - 10000 + 20000 = 10,000 sq yds.

(@ Let x =length and y = width of the rectangular field.
P =2x+2y = 3000
y =202 =1500-
Then A(x) =(1500- x)x =1500x - X° = - X* +1500x
_-b_-1500 -1500 _
(b) X—Ta—my—T—750feet
() A(750)= -750° +1500(750)= - 562500 + 1125000 = 562,500 sq ft.

Let x =width and y = length of the rectangular area.
2x+y=4000 ® y=4000- 2x
Then A(x) =(4000- 2x)x = 4000x - 2x° = - 2x° + 4000x
-b _ - 4000 _ - 4000
x=z=z_—27=7=1000
A(1000) = - 2(1000)” + 4000(1000) = - 2000000 + 4000000 = 2,000,000
The largest areathat can be enclosed is 2,000,000 square meters.
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60.

61.

Let x =width and y = length of the rectangular area.
2x+y=2000 ® y=2000- 2x
Then A(x) =(2000- 2x)x = 2000x - 2x° = - 2X° + 2000x
-b _-2000 _ - 2000
X = T ﬂ =500
A(500)= - 2(500Y + 2000(500) = - 500000 + 1000000 = 500,000
The largest areathat can be enclosed is 500,000 square meters.

@ a= 75% b =1 c¢=200. The maximum height occurs when
_ -1 _ 2500 _
X = Z =32 = 39.0625 feet from base of the cliff.
€25009
(b) Themaximum height is
h(39.0625)= %”ﬂg%ﬂ +39.0625 + 200 = 219.53 fee
(o) Solving when h(x) =
-32
2500x +x+200=0
1+ 12 - 483200200
X = J 275006 )_ -1+ J11.24
B 2&' 32 o) - 60256
€25002

X=-91.90 or x =170.02
Since the distance cannot be negative, the projectile strikes the water 170.02 feet from
the base of the cliff.

(d) Graphing:
240

0 200
0

(e) Solving when h(x) =100:
S +X +200=100

z'%xz +Xx+100=0

1=+ Jf 4Z220(100)
.

25009 _ -1+ {J6.12 _ -
= T e Xx=-57.57 or x=135.70
emﬂ

Since the distance cannot be negative, the projectile is 100 feet above the water
135.70 feet from the base of the cliff.
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- 32

62.(aQ) a= 10000 b =1 ¢ =0. The maximum height occurs when
_-b_ -1 10000 _
X=5s = 2@_32 e =156.25 feet.
100009
(b) The maximum height is
_ 2
h(156.25) = 2202 1 156,25 = 78125 fee.
(c) Solving when h(x) = 0:
— x*+x=0
2500
®e-32 0
><8—x+1+:0® x=0 or x=3125
10000 %)
Since the distance cannot be zero, the projectile lands 312.5 feet from where it was
fired.

(d) Graphing:
0

0 350
0
(e) Solving when h(x) = 50:
-32 o,
10000 X +x=50
-32

— 2 - =
10000 X +x-50=0
) 2 2-32 ¢/
. 1+ J1 4émﬂ( 50) )
- 232 ¢ -
€T00009

X =62.5 or x = 250

The projectileis 50 feet above the ground 62.5 feet and 250 feet from where it was

fired.

-1+ J0.36 _ -1+0.6
~-0.0064 " - 0.0064

63. Locatetheorigin at the point where the cable (-200,75) y (200,75)
touchestheroad. Then the equation of the
parabolais of theform: y = ax®, wherea > 0.
Since the point (200, 75) is on the parabola, we )

can find the constant a: 260 ©0 100 200
_ 2 _ 5 _
75=a(200)° ® a= 5007 0.001875

When x =100, we have:
y = 0.001875(100)* = 18.75 meters.
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64.

65.

66.

Locate the origin at the point directly under the
highest point of the arch. Then the equation of
the parabolais of the form:

0,25)

y =-ax’ +k, wherea > 0. Since the maximum 0
height is 25 feet, when x =0, y =k = 25. Since

the point (60, 0) is on the parabola, we can find

the constant a:

0=-a(60f +25 ® a:§:0.006944
The equation of the parabolais:
y=-§x2+25.
Atx=10 y=- %(10)2 +25=- :23—2+25:24.31feet
Atx=2 y=- %(20)2 +25= - 2425 = 2222 fet

Atx =40 y=- 22(40%+25= - 200 25 = 13,89 feet
60° 9

Let x = the depth of the gutter and y = the width of the gutter.

Then A = xy isthe cross-sectional area of the gutter.

Since the aluminum sheets for the gutter are 12 inches wide, we have

2x+y=12 ory =12 - 2x.

The areaisto be maximized, so: A = xy = x(12- 2x) = - 2x° +12x.

(0,0);

10 20

This equation is a parabola opening down; thus, it has a maximum when

-b_ -12 _-12

7 U] ) By Sl

Thus, adepth of 3 inches produces a maximum cross-sectional area.

40

(60,0)

Let x = width of the window and y = height of the rectangular part of the window.

The perimeter of thewindow is: X+ 2y + %( =20 ®

The area of the window is:
a0- 2x- pxg. 1 _axy X

2

_ _ pX> pxX* _ael p
AX) =xe——F—p*2Pe3g "0 7 Tt F e 33

_ 40- 2x- px
- 4

This equation is a parabola opening down; thus, it has a maximum when

X = 2—b = ae-llo DG = 10I0 > 500 Ted
> 1L PO
%378 7
y= 40 2(5.62)- X5.60) 5 g0 feet

Ou2
X +10x

The width of the window is about 5.60 feet and the height of the rectangular part is about

2.80 feet.
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67. Let x =the width of the rectangle or the diameter of the semicircle.
Let y =thelength of the rectangle.

The perimeter of each semicircleis pTx .
The perimeter of the track is given by: B}( + B} +y+y=1500.
Solving for x:
B+ ER+y+y=1500
p X+ 2y =1500
px =1500 - 2y
_1500- 2y
The area of therectangleis. A=xy = aé500T2yo - 2y2 1500
This equation is a parabola opening down; thus, it has a maximum When
- 1500
_-b D -1500 _ _1500- 2(375) _ 750
y=»5= Yy 20 —r— =375 Thusx = 5 =05 238.73.
€po
The dimensions for the rectangle with maximum area are % » 238.73 meters by 375
meters.

68. Let x = width of thewindow and y = height of the rectangular part of the window.
The perimeter of thewindow is; 3x+2y=16 ® y= &Zﬁ(

The area of the window is;

A(x)—xgél—z—6 3X¢ "é 2 =8x - gx2+—x —§3+‘/§02+8x

This equation is a parabola opening down; thus, it has a maximum when

-8 -8 16 - 3(3.75)
L sen)

X = - »3.75 feet. y=

7a - 3. 36 3
;?2 T, t7T

The window is about 3.75 feet wide and 2.38 feet high (rectangular part).

» 2.38.

Problems 69 — 73. The equations for the curves that are graphed on the screens use many more
decimal placesin order to get the desired accuracy.
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69. (a)

(b)

(©)

Graphing: The data appear to be quadratic with a < 0.
50,000
15 u I " 175
15,000
I(x) = -42.6x* + 3806x - 38526
_-b_ -3806

=44.695

X = =
2a 2(- 42.6)

Anindividual will earn the most income at an age of 44.7 years.

The maximum income will be:
1(44.7) = - 42.6(44.7)% + 3805(44.7) - 38526 = $46,438.87

(d) and (e) Graphing the quadratic function of best fit:
50,000

70. (a)

(b)

(©)

75

Graphing: The data appear to be quadratic with a < 0.

1(x) = -44.8x* + 4009x - 41392
-b_ - 4009

» 44,74

2a  2(- 44.8)
Anindividual will earn the most income at an age of 44.8 years.
The maximum income will be:

|(44.7) = - 44.8(44.7)% + 4009(44.7) - 41392 = $48,295.87
(d) and (e) Graphing the quadratic function of best fit:
55,000
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71. (@) Graphing: The data appears to be quadratic with a > 0.
8000
1979h 0 1998
3000

(b) Note: The coefficients given in the text are incorrect. The correct functionis:
1(x) =17.199%° - 68147.78x + 67507955
_-b_-(-68147.78)
" 2a  2(17.199)

(c) The predicted number of barrelsimported in 1998 (using the equation to many more
decimal places) is: 1(1998) » 3165 thousand barrels

»1981.16 Imports were lowest in 1981.

(d) and (e) Graphing the quadratic function of best fit:

8000
1979b..%9% ... 1998
3000
72. (@) Graphing: The data appears to be quadratic with a < 0.
32
25 u75
15

(b)  M(s)=-0.0185 +1.93s- 25.34

s=L-_1B8 _5g Th imi - i
2a_ 2(- 0.018) . e speed that maximizes miles per gallon is about 54
miles per hour.
(c) The predicted miles per gallon when the speed is 63 miles per hour is:

M (63) =24.81 miles per gallon.

(d) and (e) Graphing the quadratic function of best fit:
32

25
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73. (@) Graphing: The data appears to be quadratic with a < 0.
80

220

(b)  h(x)=-0.0037X +1.03x +5.7

-—b ﬂ »139.19 feet
2a 2(- 0.0037)

The ball travels about 139 feet before reaching its maximum height.

(c) Themaximum height will be: (using the equation to many more decimal places)
h(139) = - 0.0037(139) * + 1.03(139) +5.7 » 77.38 feet

(d) and (e) Graphing the quadratic function of best fit:
80

0 220
0

74. We aregiven: V(x) = kx(a- x) = - k¢ + akx

The reaction rate is a maximum when: X—Tb‘m-ak %E %

75. We have:
a(-h)>+b(-h)+c=ah*- bh+c=Yy,
a(0y +b(0)+c=c=y,
a(h)y> +b(h)+c=ah*+bh+c=y,
Equating the two equations for the area, we have:
Y, + 4y, +y, = ah®- bh+ c+ 4c+ah” +bh +c = 2ah’ + 6¢

h h
Therefore, Area = = (2ah”+6¢) = 5(y, +4y, +,).

76. f(x)=-5x*+8 h=1:
Area= %(Zah2 +6¢) = %(2(- B)(1) +6(8)) = %(' 10+48) = %8 »12.67

77. f(x)=2x°+8, h=2
Area = %(2(2)(2)2 +6(8)) = ?23(16+48) = §(64)= =

78. f(x)=x*+3x+5 h=4
Area = 3 (2ah? +6c) = 3 (2)(@)° +6(5) = 5(32+30)= 222 » 82.67
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79. f(x)=-x*+x+4, h=1
1 1 1 22
Area=5(2(- () * +6(4) = 5(- 2+24) = 5(22)=
80. A(X) = x(10- x) = - x* +10x
The areaisamaximum when: x = '2—2 = Zl_% = % =5

A(5) =- (5)° +10(5) = - 25+50= 25
The largest area that can be enclosed is 25 square units.

81. If x iseven, then ax” and bx are even. When two even numbers are added to an odd
number theresult isodd. Thus, f(x) isodd.
If x isodd, then ax® and bx are odd. The sum of three odd numbers resultsin an odd
number. Thus, f(x) isodd.

82. f(x) =-(x+2)* = -x*- 4x- 4 opens down and has only one x-intercept (- 2, 0).
In general, a quadratic function that has only one x-intercept must have the form
f(x) = ax® + bx +csuch that b*- 4ac =0, since discriminant = 0 means the associated

guadratic equation has exactly one real solution.
Also, we must have a<0in order for the parabolato open downwards.

83. f(x) =X +2x- 3; f(x) = X +2x +1; f(x) =X +2x
each member of this family will be a parabolawith the following characteristics:

opens upwardssincea> 0
vertex occursat x :ﬁ :_—2 =-1
2a  2()

thereis at least one x-intercept since b*- 4ac3 0
84. f(x) = X - 4x +1; f(x) = X% +1; f(x) =X +4x+1

each member of this family will be a parabola with the following characteristics:

opens upwardssincea> 0
y-intercept occurs at (0, 1)
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