Chapter 4

Polynomial and Rational Functions

4.4 Rational Functions Il: Analyzing Graphs

In problems 1-38, we will use the terminology: R(X) = %(;% where the degree of p(x) =n and
the degree of q(x) =m. Thegraphsin Sep 6 are in dot mode.

1. R(x):ﬂ)%; p(X) = x+1I q(x)=x(x+4)=x"+4x n=1 m=2
Step1: Domain: {x|x* -4, x1 0}
Step2: (a) Thex-intercept isthe zero of p(x): —1
(b) Thereisno y-intercept; R(0)isnot defined, since q(0) = 0.

Step3: R(-X) =- x-(-x):_-I:-L4) =X “:&(  thisis neither R(x) nor - R(x), 0 thereis no
symmetry.

Step 4: The vertical asymptotes arethe zerosof q(x): x=-4andx=0
Step 5: Since n <m, theline y = 0 isthe horizontal asymptote.
R(x) intersects y =0 at (-1, 0).
Step 6:  Graphing: Step 7:  Graphing by hand:
4

2. R(x):mﬁmy p(x)=x q(xX)=(x- D(x+2) =x" +x-2; n=1 m=2
Step 1:  Domain: {x|x1 -2, xt 1}
Step2: (@) Thex-interceptisthezeroof p(x): O
(b) They-intercept; R(0)=0

_ _ - X X
Step 3. R(-X) = XD 2 thisis neither R(x) nor - R(x), so there
IS NO Symmetry.

Step 4:  The vertical asymptotes arethe zerosof q(x): x=-2andx =1
Step 5:  Since n <m, theline y = 0 isthe horizontal asymptote.
R(x) intersects y =0 at (O, 0).
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Section 4.4 Rational FunctionsIl: Anayzing Graphs

Step 6:  Graphing: Step 7:  Graphing by hand:
4 Iy |

R(x):% p(x) =3x+3 q(x) =2x+4;, n=1 m=1
Step 1. Domain: {xlx1 - 2}
Step2: (@) Thex-interceptisthe zero of p(x): -1
, : _30)+3_3
(b) They-interceptis R(0)= OB

Step3: R(-x) = gg g:i = JX23 = X3 thisisneither R(X) nor - R(x) , so there

iSNo symmetry.
Step 4: The vertical asymptoteisthe zero of q(x): x=-2

Step5: Sincen =m,theliney = g is the horizontal asymptote.

R(x) doesnot intersect y = % .

Step 6:  Graphing: Step 7:  Graphing by hand:

6 y
... 4

_——ﬂ"j A 2 y=%
=/ ; 3 (—1,0)‘/'7570_-%)—_x
-5 -4 -z ]
-3 -2
X=-2 —4
2X+4

R(x):ﬁ p(x) =2x+4; q(X)=x-1 n=1 m=1
Step 1. Domain: {xlxll}

Step2: (@) Thex-intercept isthe zero of p(x): -2
, : _2(0)+4_ 4 _
(b) They-interceptis R(0)= o T -1 4.

Step3: R(-X) = 2((_' )>(())_+14 = __2):( _+14 = 2))(( — 14; thisis neither R(x) nor - R(X), so there

IS No Symmetry.
Step 4:  The vertical asymptoteisthe zero of q(x): x=1
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Chapter 4 Polynomial and Rational Functions

Step5: Since n =m, theline y = 2 isthe horizontal asymptote.
R(x) doesnot intersect y = 2.

Step 6:  Graphing: Step7:  Graphing by hand:
10. . y
."“u___ .
10— 10 y=2 j
_——H—zg} X
-8 -6 -4 -2

5. R(x):%f p(x) =3 g(X) =x*- 4, n=0; m=2
Step1: Domain: {x|x? -2, x1 2}

Step2: (@) Thereisno x-intercept.

- - _ 3 _3_-3
(b) They-interceptis R(0)= ity kv
Step3: R(-X) = C x):i — = xf i R(x); R(X) issymmetric to the y-axis.

Step 4: The vertical asymptotes arethe zerosof q(x): x=-2andx =2
Step 5. Since n <m, theline y = 0 isthe horizontal asymptote.
R(x) doesnot intersect y =0 .
Step 6:  Graphing: Step 7:  Graphing by hand:
4 y

I)'I
()]
b

6. R(X):X2-6X-6:(X'3)6(X+2) p(x)=6; q(xX)=x°-x-8 n=0; m=2

Step 1. Domain: {xlx1 -2, x1t 3}
Step2: (@) Thereisno x-intercept.

(b) They-interceptis R(0)= T o0 & =—5=- 1.
: _ 6 _ 6 e ]
Step 3. R(-x) = - (0 6 Xix. 6,thlSlsnelther R(x) nor - R(x), so there
iSNo symmetry.

Step 4: The vertical asymptotes arethe zerosof q(x): x=-2andx =3
Step5: Since n <m, theline y = 0 isthe horizontal asymptote.
R(x) doesnot intersect y =0 .
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Section 4.4 Rational FunctionsIl: Anayzing Graphs

Step 6:  Graphing: Step7:  Graphing by hand:
4 :y

x* +x%+1
P= e T

Step 1: Domain: {x|x1 -1 x1 1}
Step2: (@) Thereisno x-intercept.

p(X)=x*+x*+% qxX)=x*-1 n=4 m=2

i - _0*+0%+1_ 1 _
(b) They-interceptis P(0)= — T cIe 1.
Step3: P(-x) = (- X)4+('X)2+1:X4+X2+1

1 = P(x); P(x) issymmetric to the y-axis.
- X - X -
Step 4:  The vertical asymptotes arethe zerosof q(x): x=-1lad x=1

Step 5:  Since n > m+1, thereis no horizontal asymptote and no oblique asymptote.

Step 6:  Graphing: Step 7:  Graphing by hand:
12 y
~, . . i 10 :
'\.L._ '-,\__.-"'..- a
°T

- e ‘ x=a ‘] |x=1
T o1

-6 —t———— I —
-4 -2 ) =z 4

X1 (0 +HD(X+D)(x- 1)
QXN =502 =~ x+2(x- )
Step 1: Domain: {x|x1 -2, x1t 2}
Step2: (a) Thex-intercepts arethe zerosof p(x): —1 and 1.

p(x)=x"-1 qx)=x*- 4 n=4;, m=2

(b) They-intercept is Q(0) = % =3=3.
Step3: Q- X) = (( ))(()): i = ))((42'_141 =Q(X); Q(x) is symmetric to the y-axis.

Step 4:  The vertical asymptotes are the zeros of q(x): x=-2andx =2
Step 5: Since n > m+1, there is no horizontal asymptote and no oblique asymptote.
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Chapter 4

Step 6:

9. H(x)=

Step 1.
Step 2:

Step 3:

Step 4:
Step 5:

Step 6:

X -9 P

Polynomial and Rational Functions

Graphing: Step7:  Graphing by hand:
20 y
o o .
x=—2 10 x=2
—6 - 3 6
.. .. 5
-6
ol gy x
T4 - a4
L

3
x -1 (X)=x>-1 g(x)=x-9; n=3 m=2

Domain: {x|x1 -3,x1 3}
(8 Thex-intercept isthe zero of p(x): 1.

. : 0*-1_-1_1
(b) They-interceptis H(0)= 075 =—35~35-
U R N D Sl SO ) .
H(-x) = X7 9 -9 ; thisis neither H(x) nor - H(X), so thereisno
Symmetry.

The vertical asymptotes are the zerosof q(x): x=-3and x=3
Since n = m+1, thereis an oblique asymptote. Dividing:
X
X - 9)x° +0x* +0x- 1 H(x):x+92X_1
3 X" -
X - 9x
I9x-1
The oblique asymptoteis y = X.
Solve to find intersection points:
x> -1
X7~ 9
x®-1=x3- 9x
-1=-9x
1

=X

The oblique asymptote intersects H(x) at (%, 3).

Graphing: Step 7:  Graphing by hand:
—
x=3
-8 8 s
x=-3
—"
: -6 -4 -2
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Section 4.4 Rational FunctionsIl: Anayzing Graphs

_oxX3+1 _ (X+D)(XP- x+1)
10. G(x)= X2+ 2X X(X+2)
Step 1. Domain: {xlx1 -2, x1t 0}
Step2: (a) Thex-intercept isthe zero of p(x): —1.

(b) They-interceptis G(0)= ﬂ = 1. No y-intercept.
02+2(0) 0

p(x) =x>+% qx)=x*+2x n=3 m=2

_ IV G i W Sk TSR ) .
Step3: G(-x) = X200 - 2x thisis neither G(x) nor - G(x), so thereisno
symmetry.

Step 4:  The vertical asymptotes arethe zerosof q(x): x=-2andx =0
Step 5:  Since n = m+1, thereis an oblique asymptote. Dividing:

X-2
2 3 2
CrBPCrOCH OO Gy m ke 2 XL
- 2%? +1
- 2X% - 4x
4x+1

The oblique asymptoteis y = x- 2.
Solveto find intersection points:

x*+1
rox X2
x}+1=x3- 4x
1=-4x
x=-4
4
The oblique asymptote intersects G(x) at (- §, - 3).
Step 6:  Graphing: Step 7:  Graphing by hand:
6 y
X=-2 4
6 N el P \2V
. o oy T X
-4 -z 2 4
ol _I[
- -4
-12 YR
x=0
-2
/\ of

B NG B X
RX = X6~ KFIX- D)
Step 1: Domain: {x|x1 -3, x1 2}

Step2: (@) Thex-intercept isthe zero of p(x): 0

: . _ _ 0 _
(b) They-interceptis R(0)= 7706 -6- 0.

11. p(X)=x; q(x)=x+x-6, n=2 m=2
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Chapter 4

Step 3:

Step 4:
Step 5:

Step 6:

12.

Step 1:
Step 2:

Step 3:

Step 4:
Step 5:

Step 6:

Polynomial and Rational Functions

R(x) =

o (- x)* X ]
R(- X) X7 (0 6 X x 6,thlSlsneither R(x) nor - R(x), so there
IS No Symmetry.
The vertical asymptotes are the zerosof q(x): x=-3and x=2
Since n = m, theline y =1 isthe horizontal asymptote.
R(X) intersects y =1 at (6, 1), since:
2
—X _—1® ®=x’+x- 6® 0=x-6® x=6
X“+X- 6
Graphing: Step 7:  Graphing by hand:
6 N '
__ﬂ.-' .':. 4
-8 8
L
X2 +x-12 _ (x+4)(x- 3) _ 2 : e A= me
vyl )T re) p(x)=x"+x-12; qX)=x"-4,n=2, m=2
Domain: {x|x1 -2, x1t 2}
(@ Thex-intercept isthe zero of p(x): <4 and 3
: : _0%°+0-12 _ -12 _
(b) They-interceptis R(0)= F-a -2 =3.
L 2 EXHEX 12 X - X 12 s neither R(X) nor - R(X) , S0
R(- X) = a2 R(x) R(x),
there is no symmetry.
The vertical asymptotes are the zerosof q(x): x=-2andx =2
Since n = m, theline y =1 isthe horizontal asymptote.
R(X) intersects y =1 at (8, 1), since:
2 -
XX -2 +2X412:1® X +x-12=% - 4® x=8
Graphing: Step 7 Graphing by hand:
" 6 X=-2 'y
S 41 x=2
©3
—6F= 6 2
y=1
T 20 | GO~ x
-4 2 ? 4
—6 -21
_4.
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Section 4.4 Rational FunctionsIl: Anayzing Graphs

X X

18, G(X) = = il CTII T p(X)=x q(x)=x*-4 n=1 m=2

14.

Step 1:
Step 2:

Step 3:
Step 4
Step 5:

Step 6:

G(X) =

Step 1:
Step 2:

Step 3:

Step 4:
Step 5:

Step 6:

Domain: {x|x1 -2, x1 2}

(@ Thex-intercept isthe zeroof p(x): O
. : 0 0
(b) They-lnterceptls G(O):m :j =0.

-X =X _ : , .
0F 4 -4 G(x); G(x) issymmetric tothe origin.
The vertical asymptotes are the zerosof q(x): x=-2and x =2
Since n <m, theline y = 0 isthe horizontal asymptote.

G(x) intersects y =0 at (0, 0).

G(-x) =

Graphing: Step 7.  Graphing by hand:
4 Ty |
. X=-2 4
S == ]
: 09)
=
- ]
_2.
] X=2
_4.
33X 3X

(X)=3x; q(x) =x*-1 n=1 m=2

-1 - P
Domain: {x|x1 -1 x1 1}
(@ Thex-intercept isthe zero of p(x): 0
(b) They-interceptis G(0)= (?2(0)1 = % =0.

-3X -3 _ ) . . .
-1 %1 G(x); G(x) issymmetric to the origin.
The vertical asymptotes arethe zerosof q(x): x=-1lad x=1
Since n <m, theline y = 0 isthe horizontal asymptote.

G(x) intersects y =0 at (0, 0).

Graphing: Step 7:  Graphing by hand:
6 y

G(-x) =
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Chapter 4 Polynomial and Rational Functions

15.

16.

3 3
RX) = x- DC-4) (X-DX+2(X- 2) p(x) =3 q(x)

n=0;, m=3

Step 1. Domain: {x|x1-2,x11x12}
Step2: (@) Thereisno x-intercept.

(b) They-interceptis R(0)=

3 3
Step 3: -X) = = X
ep R (- x- 1)((-x)2- 4) (- x- 1)(x* - 4)
so there is no symmetry.

Step 4. The vertical asymptotes arethe zerosof q(x): x=-2,x=1,andx=2
Step 5: Since n <m, theline y = 0 isthe horizontal asymptote.

R(x) doesnotintersect y=0.

= (x- D¢ - 4);

3 3

0-D@-4) &
thisis neither R(x) nor - R(x),

Step 6:  Graphing: Step 7:  Graphing by hand:

9 ol

—4 S L 4

."\'.. ? 4 «

™ . x=1

-4 ﬂ X=2
= (X +1)(x*- 9) T IX+FDx+I)(X- 3 p(x) =-4; q(x) = ,
n= O, m=3

Step 1: Domain: {x|x1 -3,xt -1 xt? 3}
Step2: (@) Thereisno x-intercept.
(b) They-interceptis R(0)=
-4 _ )
(- x+D((-%2-9) (-x+1)(x*- 9)’
S0 there is no symmetry.
Step 4:  The vertical asymptotes arethe zeros of q(x): x=-3,x=-1,andx =3
Step 5:  Since n <m, theline y = 0 isthe horizontal asymptote.
R(x) doesnot intersect y =0.

-4 -4 4
O0+1(0*-9) -9 9

Step 3. R(-X) = thisis neither R(x) nor - R(x),
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Step 6:

17. H(x) =

Step 1.
Step 2:

Step 3:

Step 4:
Step 5:

Step 6:

18. H(x)=

Step 1:
Step 2

Step 3:
Step 4

Section 4.4 Rational FunctionsIl: Anayzing Graphs

Graphing: Step7:  Graphing by hand:
6 [y

-6 — 6
-6 x=-3 -2

X :-—1

D) MDD g g0 g (= K- 26

x*- 16 (X +4)(x+2)(x- 2)
n=2, m=4
Domain:; {x|x1 -2, x1? 2}
(@ Thex-intercepts are the zerosof p(x): —1 and 1
: . _40-1)_ -4 _1

(b) They-interceptis H(0)= 15 - -T6-1a-
o) = 4(-x2-1)  4(x*-1)

N =116 ¥ 16
The vertical asymptotes are the zerosof g(x): x=-2, andx =2

Since n <m, theline y = 0 isthe horizontal asymptote.
H(x) intersects y =0 at (-1, 0) and (1, 0).
Graphing: Step 7:  Graphing by hand:
3 y o]
] 3
4 | el A 2

-3
X2 +4 X2 +4 . .
x*-17 (& +1)(x+1)(x- 1) PO) =X +4 q(x) = x"- 1
n=2, m=4
Domain: {x|x1 -1 x1? 1}
(@ There are no x-intercepts.
. : _0°+4 _ 4 _
(b) They-interceptis H(0)= FI-T1T 4.

_(-XP+4_x2+4
H(-%) = (x)*-1 x-1

The vertical asymptotes arethe zerosof q(x): x=-1 andx=1

= H(x); H(X) is symmetric to the y-axis.

= H(x); H(x) issymmetric to the y-axis.
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Chapter 4 Polynomial and Rational Functions

Step 5: Since n <m, theline y = 0 isthe horizontal asymptote.
H(x) doesnot intersect y = 0.

Step 6:  Graphing: Step7:  Graphing by hand:
6 [y
. J
4 4 Al

T o4 2 |z 4 -
-6 ol
o
x=-1 fv\ x=1

_X%-3x-4 _ (x+1)(x- 4)
19. F(x) = X+2 X+ 2
Step 1. Domain: {xlx1 - 2}
Step2: (a) Thex-intercepts arethe zerosof p(x): —1 and 4.
: : _0°-30)-4_-4_
(b) They-interceptis F(0)= —0+ > -7 - 2.
_ (X’ -3-X)-4_ x2+3x- 4
Step 3. F(-x) = —~ 17 )
there is no symmetry.
Step 4: The vertical asymptoteisthe zero of q(x): x=-2
Step 5: Since n =m+1, thereis an oblique asymptote. Dividing:
X- 5
x+2)xC - 3x- 4 _ 6
X% + 2x R0 =x- 5% 533
-5x- 4
- 5x- 10
6
The oblique asymptoteis y = x- 5.
Solveto find intersection points:

p(x)=x*- 3x- 4 q(X)=x+2: n=2; m=1

; thisis neither F(x) nor - F(x), so

2_ -
xTe,x24:X_ 5® x- 3x- 4= X - 3- 10® - 4=-10
Since there is no solution, the oblique asymptote does not intersect F(X).
Step 6:  Graphing: Step7:  Graphing by hand:
6 sy
- X=-2
-9 = ~=16 o \(—1,0). (49
e 6 -4 4 on] S
| — -5
-20
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Section 4.4 Rational FunctionsIl: Anayzing Graphs

2
X AXH2_ (XH)XHD =2 +3x+2 q(x) =x-T n=2 m=1

20. F(x) =
Step 1:
Step 2:

Step 3:

Step 4:
Step 5:

Step 6:

21. R(x)=
Step 1:
Step 2:

Step 3:

Step 4:

x-1 x-1
Domain: {x|x1 1}
(@ Thex-intercepts are the zerosof p(x): —2 and -1.

2
(b) They-interceptis F(0)= T33O 2= 2 =5,
2 2
F(- )= X L300 *2_ X - 342 hisisneither F(x) nor - F(x), s0
there is no symmetry.
The vertical asymptote isthe zero of g(x): x=1
Since n = m+1, thereis an oblique asymptote. Dividing:
X+4

2
x-lix +3x+2 F(x) =x+4+ 6

X2 - X X- 1

4x+2
4x- 4
6
The oblique asymptoteis y = x+4.
Solve to find intersection points:
X% +3X+ 2
x-1
X +3x+2=x"+3x- 4
2=-4
Since there is no solution, the oblique asymptote does not intersect F(x) .
Graphing: Step 7:  Graphing by hand:

15 144y V
p— ol
\,_,f"fff =
10

=x+4

2
= :(-3(2112 = (X+)?2()4(1_ 3 p(X) = x* +x-12; q(x)=x- 4 n=2, m=1
Domain: {x|x1 4}

(@ Thex-intercepts are the zeros of p(x): —4 and 3.

2 - -
(b) They-intercept is R(0)= 2 8?412: _142:3.

- 2 - - 2 - -
R(-x) = (X) -+x(- )2 12_X - x)f 412; thisis neither R(x) nor - R(X), so

there is no symmetry.
The vertical asymptote isthe zero of q(x): x=4
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Chapter 4 Polynomial and Rational Functions

Step 5: Since n = m+1, there is an oblique asymptote. Dividing:

X+5
2
x-4ix+ x-12 R(X) = X+ 5+ 8
X2 - 4x x- 4
5x- 12
5x-_ 20
8
The oblique asymptoteis y = X +5.
Solveto find intersection points:
2
X ;r( x 12 _ X+5
X +x-12=x"+x- 20
-12=-20
Since there is no solution, the oblique asymptote does not intersect R(X).
Step 6:  Graphing: Step 7:  Graphing by hand:
20 Ty
H_'_'_FP_ - X =4
-5 ﬂ'. 10 T
103

(_49/7_& X

T4 2 2\; 6 8

p(x)=x - x- 12 q(x)=x+5 n=2 m=1

_XP-Xx-12 _ (x- 4(x+3)
22. R(x)= T - 7L

Step 1: Domain: {x| x1 - 5}
Step2: (a) Thex-intercepts arethe zeros of p(x): —3 and 4.

. , _0°-0-12_-12
(b) They-interceptis R(0)= 0iE - T
- 2_ - - 2 -
Step3: R(-x) = ) - x(+)f(3) 12_X _+XX+ 512; thisisneither R(x) nor - R(x), so

there is no symmetry.
Step 4. Thevertical asymptoteisthezeroof q(x): x=-5
Step 5:  Since n =m+1, thereis an oblique asymptote. Dividing:
X-6
2 18
x+5§x2- x- 12 R(x)=x-6+XT5
X~ + 5X
- 6x- 12
- 6x- 30
18
The oblique asymptoteis y = x- 6.
Solveto find intersection points:

2_ -
XTX;Z:x- 6® - x-12= X2- Xx- 30® -12= - 30
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23.

Step 6:

F(x) =
Step 1:

Step 2:
Step 3:

Step 4:
Step 5:

Section 4.4 Rational FunctionsIl: Anayzing Graphs

Since there is no solution, the oblique asymptote does not intersect R(X).

Graphing: Step 7:  Graphing by hand:
10 x=-5 [y
- 5 L
-15 ."‘— = 10 —————————— (_:3'?) + :(4’0.2"":')(5
-1z -3 -6 —4“\—%;__63;?4
i -1
=30 o -15
_2|:| L
/_\ o

X2+ x-12 (x+4)(x- 3
X2 = x)-£2 L p() =x"+x-12, g =x+2 n=2; m=1

Domain: {x| X1 - 2}
(@ Thex-intercepts are the zeros of p(x): —4 and 3.

. . 0°+0-12 _-12
(b) They-interceptis F(0)= V) =- 6.
- 2 - - 2- -
F(- x) = (X) -+x(+)2() 12_X - X)i 212 ; thisisneither F(x) nor - F(x), so

there is no symmetry.
The vertical asymptote isthe zero of q(x): x=-2
Since n = m+1, thereis an oblique asymptote. Dividing:
x-1
x+2)5C + x- 12 - 10
2 +2x F(X):X-l'i'm
- x-12
- X- 2
- 10
The oblique asymptoteis y = x- 1.
Solve to find intersection points:
X2+ x- 12

X+ 2
Since there is no solution, the oblique asymptote does not intersect F(X).

=x-1® X°+Xx-12=x°+x-2® -12=-2
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Chapter 4 Polynomial and Rational Functions

24,

Step 6:  Graphing: Step7:  Graphing by hand:
y

12
1071

_X2-x-12 _ (x+3)(x- 4)
G(x) = x+1 x+1

Step 1: Domain: {x| X1 - 1}
Step2: (@) Thex-intercepts are the zerosof p(x): —3 and 4.
0°-0-12 _-12 _

p(x)=x°- x-12; g(X)=x+L n=2; m=1

(b) They-interceptis F(0)= O 12.
- 2 - - - 2 -
Step 3. G(-X) -(Xx) - x(+)i) 12_X _+XX+112; thisis neither G(x) nor - G(x), so

there is no symmetry.
Step 4:  The vertical asymptoteisthezero of q(x): x=-1
Step 5:  Since n = m+1, thereis an oblique asymptote. Dividing:
X- 2 G(x)=x-2+_—10
x+1)x - x - 12 X+1
X2 + X The oblique asymptoteisy = x- 2.
- 2x-12
- 2X-_ 2
- 10
Solve to find intersection points: x2- x- 12

x+1
Since there is no solution, the oblique asymptote does not intersect G(x).

=X-2® X -Xx-12=x*- x-2® -12=-2

Step 6:  Graphing: Step 7:  Graphing by hand:
10 y

. y=x-2
—10} 10 /
Ab 20 40) x

/ -8 -6 -4f -2 2/ 6 =
_2 s

[ S n (R 1)
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25.

26.

R(x) =

Step 1:
Step 2:

Step 3:

Step 4:
Step 5:

Step 6:

R(x) =

Step 1:
Step 2:

Step 3:

Step 4:
Step 5:

(x- DX+2)(x-3)

Section 4.4 Rational FunctionsIl: Anayzing Graphs

X(x - 1)°
(x+3)°
Domain: {xlx1 - 3}
(@ Thex-intercepts are the zerosof p(x): Oand 1

P(X) = x(x- 1% q(x)=(x+3); n=3 m=3

. . _0(0-1)° _ 0 _
(b) They-interceptis R(0)= W =57 0.
-X(-x-1P _
R(- x) = W thisisneither R(x) nor - R(x), so thereisno symmetry.

The vertical asymptote isthe zero of q(x): x=-3
Since n = m, theline y =1 isthe horizontal asymptote.
Solve to find intersection points:

X(x- 1P _

(x+3)°

X2 - 23 +x= X+ 9% + 27x + 27
0=11x* + 26X + 27

Sincethereis no real solution, R(x) does not intersect y = 1.

Graphing: Step 7.  Graphing by hand:
7 [y
._.". a4+
--"'f 4:
-12 8 -
2 L
. | y=1
A (1) {2 ——
—4 -0-g -6 -4 -2/ 2 4 & X
2 L
x=-3 L
4 L

P(X) = (X- D(x+2)(x- 3 a(x) = x(x- 47

X(X- 4)?
n=3 m=3
Domain: {x|x1 0, x1 4}
(@ Thex-interceptsarethe zerosof p(x): —2,1,and 3

(b) They-interceptis R(0)= Q- 1())((%+ i))go 3 - g No y-intercept.
Cx-DEx+2(-X-3).

- X(- x- 4)? ’
symmetry.

The vertical asymptotes are the zerosof q(x): x=0and x =4

Since n =m, theline y =1 isthe horizontal asymptote.

R(-x) =

thisisneither R(x) nor - R(x), so thereisno
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Solveto find intersection points:
(x- D(x+2)(x- 3) _1
X(x- 4Y
(X2 +x- 2)(x- 3) = x(x*- 8x+16)
x%- 2x?- Bx +6= x> - 8x* +16X

6x°- 21x+6=0
2x%- 7x+2=0
7897 42)(2) _ 7+ Y33
X= 202) -2
R(X) intersects y =1 at ik ‘,3_3,10and i ‘,@’,10
e 4 s e 4 @
Step 6:  Graphing: Step 7:  Graphing by hand:
5 1
HH 6
4_
= 9
2.
y=1
= — 9]\ [@o X
—4 —2\ a4 6 &
-2
X=4

2
27. R(X)= XXZTXX-]? = E§+§'))(())((+§)) = i:g p(x) = x* +x- 12; g(x) = x*- Xx- 6;
n=2 m=2
Step1: Domain: {x|xt -2, xt 3
Step2: (a) Thex-intercept isthe zero of p(x): —4 (3isnot azero because reduced
form must be used to find the zeros.)

- , _0*+0-12 _ -12 _
(b) They-interceptis R(0)= F 0.6 - -0 =2.

2 2
((_))(()): ((-);))-162 = );2 +)§<-162; thisisneither R(x) nor - R(X), so
there is no symmetry.
Step 4. The vertical asymptoteisthe zero of q(x): x=-2 (x=3isnotavertica
asymptote because reduced form must be used to find the them.)
Step 5:  Since n =m, theline y =1 isthe horizontal asymptote.
R(x) doesnot intersect y =1 because R(x) isnot defined at x = 3.
X +x-12 _4
X" - X- 6
X*+x-12=x*- x- 6
2X=06
X=3

Step3: R(-x) =
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Step7:  Graphing by hand:
y

Step 6:  Graphing:
6
x==2 \ 4
‘xq___

-4

2
x* +3x-10 _ (Xx+5)(x-2) _ x-2 (x) = x> +3x - 10;

8 RO vexrs - (xF5)(x¥3) ~ x+3 P
qx)=x*+8x+15 n=2;, m=2

Step 1: Domain: {xlxl -5 x1 _3}
Step2: (@) Thex-intercept isthe zero of p(x): 2 (-5isnot azero because reduced
form must be used to find the zeros.)
- - 0?2+3(0)- 10 _ - 10 2
b) They-interceptis = — = =_%.
©) yAnereeptis RO0)= g5~ 5 -3
2 2
()" +3(x)-10 _ X - 3X- 10. yhisjsneither R(x) nor - R(x), so

Step 3: -X) = -
ep R(- X) (- X)*+8(- x) +15 x*- 8x+1

there is no symmetry.
The vertical asymptoteisthezero of q(x): x=-3 (x=-5isnotavertica

Step 4:
asymptote because reduced form must be used to find them.)

Step 5: Since n =m, theline y =1 isthe horizontal asymptote.
R(x) doesnot intersect y =1 because R(x) isnot defined at x = - 5.

x> +3x-10 _ 1
X +8x+15
x?+3x-10 =x?>+8x +15
-5x =25
X=-5
Step 6:  Graphing: Step7:  Graphing by hand:
6.2 Iy
—— .
9.4 - 94 ]
) y=1
—6.2
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_6X2- 7x- 3 _ (X+1)(2x- 3) _ 3x+1
2 R = 7x76 (XD X2

q(x)=2x*- 7x+6 n=2 m=2

p(x) = 6x°- 7x- 3;

) o 3 U
Step1: Domain: %xlxlz,xlzﬁ

Step2: (@) Thex-intercept isthe zero of p(x): ?1 (3 isnot azero because reduced
form must be used to find the zeros.)
. . _6(0Y - 7(0)- 3
(b) They-interceptis R(0)= 2(07- 7(0)%6
6(-X)°- 7(-X)- 3 _ 6xX°+7x- 3,
2(- X)? - 7(- X)+6  2x*+7x+6’
there is no symmetry.
Step 4. The vertical asymptote isthe zero of q(x): x=2 (x=$% isnot avertical
asymptote because reduced form must be used to find the them.)
Step5:  Since n = m, theline y = 3 isthe horizontal asymptote.

1
5.

_-3_
==

Step3: R(-x) = thisisneither R(x) nor - R(X), so

R(x) doesnot intersect y = 3 because R(x) isnot defined at x = g

6x%- 7x- 3 _ 3
— =
2X° - 7X+6
6x?- 7x- 3=6x>- 21x+18
14x =21
_ 3
=3
Step 6:  Graphing: Step7:  Graphing by hand:
14 y
T 10+
—
] ww—— 10 y=3 7T
::_:4:_:2: :;:A:E:‘:élxl
—-10
-3 X=2
0T 81511

8x?+26x+15 (4x+3)(2x+5) 4x+3
0. RX) =15 :((2x+%§(x-3)): == p(x) =8¢ +26x+15;

q(x)=2x*- x-15; n=2; m=2

) o 5 U
Step1: Domain: {xlxl-z,xl 3%

Step2: (@ Thex-interceptisthe zeroof p(x): - % (- 2 isnot a zero because reduced
form must be used to find the zeros.)
15 _

(b) They-interceptis R(0)= 8(2?5 ):_2(6(%)0_)';;5 =Sz =-1
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31.

Step 3:

Step 4:

Step 5:

Step 6:

R(x) =

Step 1:
Step 2:

Section 4.4 Rational FunctionsIl: Anayzing Graphs

8(- X)? +26(- x) +15 _ 8x*- 26x+15
2(- x)?- (-x)- 15 = 2x?+x- 15
so there is no symmetry.
The vertical asymptoteisthe zero of q(x): x=3 (x=- 2 isnot avertica
asymptote because reduced form must be used to find them.)
Since n =m, theline y = 4 isthe horizontal asymptote.

R(- x) = ; thisisneither R(x) nor - R(X),

R(x) doesnot intersect y = 4 because R(x) isnot defined at x = - g

8x"+26x+15_

2x%- x-15
8x° +26x +15=8x°- 4x- 60® 30X = -75® X = g
Graphing: Step7:  Graphing by hand:
13 “zly
10
\,_____ .
_7 13 y:4 j
. 2.8).
-6 -4 -z 2 4 6 8 10 12
-2
-4
& x=3
2
O (AT o2 p( =i H5xHE GO =X+
n=2 m=1

Domain: {x| X1 - 3}
(@ Thex-intercept isthe zero of p(x): —2 (-3 isnot azero because reduced

form must be used to find the zeros.)

Step 3:

Step 4:

Step 5:

2
(b) They-interceptis R0)= T2+ =8 -
-X)?+5(-X) +6 _ x°- 5Xx+6
R = et = 2
there is no symmetry.
There are no vertical asymptotes. (x = - 3 isnot avertical asymptote because
reduced form must be used to find the them.)
Since n = m+1 thereisaoblique asymptote. Theline y = x+ 2 isthe oblique

asymptote.
The oblique asymptote does not intersect R(x).

; thisisneither R(x) nor - R(x), so
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Step 6:  Graphing: Step7:  Graphing by hand:
3.1 [y
4/
4.7 47 5
"—'4'2'_'é'='1'x'
31 /’1’_2_
_4.
x> +x-30_ (x+6)(x-5
32. R(X)= —7p oy X)JEG ) - x-5 p(x) =x*+x- 30; q(X)= x+86;

n=2 m=1
Step 1: Domain: {x|x1 - 6}
Step2: (ad) Thex-intercept isthe zero of p(x): 5 (-6 isnot azero because reduced

form must be used to find the zeros.)
0?+(0)- 30 _ -30 _

(b) They-interceptis R(0)= 076 =5 =- 5.
- 2 - - 2_ -
Step3: R(-X) = CX) -+x(+)((3) 30 _X - XX+ 630 ; thisis neither R(x) nor - R(X), so

there is no symmetry.

Step 4: There are no vertical asymptotes. (x =- 6 isnot avertical asymptote because
reduced form must be used to find them.)

Step 5:  Since n = m+1 thereisaoblique asymptote. Theline y = x- 5 isthe oblique

asymptote.
The oblique asymptote intersects R(x) at every point of the form (x, X - 5)

except (-6, —11).
Step 6:  Graphing: Step 7:  Graphing by hand:
3 4:y

94 9.4 I o &

-12

1 x4+l
33. f(x)= X+ ==
Step 1: Domain: {x| x1 O}
Step2: (a) Thereareno x-intercepts.
(b) Thereisno y-intercept because 0 is not in the domain.

_ C(-x)+1_ x2+1 _ . .

Step3: f(- x) = *— - f(x); Thegraph of f(x) issymmetric to the
origin.

p(x)=x*+% qx)=x; n=2;, m=1
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Step 4:
Step 5:

Step 6:

4. f(x)= 2x+ ==
Step 1:
Step 2

Step 3:

Step 4:
Step 5:

Section 4.4 Rational FunctionsIl: Anayzing Graphs

The vertical asymptoteisthe zero of g(x): x=0
Since n = m+1, thereis an oblique asymptote. Dividing:

1
X f(X) = x+=
x) % +1 X .
5 The oblique asymptoteis y = X.

1

Solveto find intersection points:

2
X ;1=x® x°+1=x*® 1=0
Since there is no solution, the oblique asymptote does not intersect f (X).
Graphing: Step7:  Graphing by hand:
5 y
El
-5 5 2 y=x
/’fﬁ.ﬂ_ SRS T T
-5
_alx=0
9_2x*+9

= p(x) =2x°+9; q(x)=x n=2, m=1
Domaln. {x|x1 0}
(@ There are no x-intercepts.

(b) Thereisno y-intercept because 0 is not in the domain.

2
f(-x)= - X) +9 _2x ;9 =- f(x); Thegraph of f(x) issymmetric to the

origin.
The vertical asymptote isthe zero of g(x): x=0
Since n = m+1, thereis an oblique asymptote. Dividing:
2X
9
2 —
xin +9 f(x)—2x+§
2%
9
The oblique asymptoteis y = 2x.
Solve to find intersection points:
2
2X*2_ox® 2x2+9=2x2® 920

Since there is no solution, the oblique asymptote does not intersect f (x).

431



Chapter 4

Step 6:

I
35. f(x)=x +3

Step 1:
Step 2:

Step 3:

Step 4:
Step 5:
Step 6:

36. f(x)=2x"+

Step 1.

Step 2:

Step 3:

Step 4:
Step 5:

Polynomial and Rational Functions

Graphing:
15

1_x+1
X
Domain: {xlx1 0}

Step 7 Graphing by hand:

p(x)=x>+% q(x)=x; n=3 m=1

(8 Thex-intercept isthe zero of p(x): -1
(b) Thereisno y-intercept because 0 is not in the domain.

-x)°+1_-x3+
flox= X EL . X
symmetry.

The vertical asymptote isthe zero of g(x): x=0
Since n > m+1, thereisno horizontal or oblique asymptote.

Graphing:
10
H'H. ..‘\-\.—"’-;-
4 4
-5

9_2x°+9
X X
Domain: {x|x1 O}

Step 7:  Graphing by hand:
y

=

L. thisisneither f(x) nor - f(x), so thereis no

p(x)=2x’+9 g(x)=x n=3 m=1

(@ Thex-intercept isthe zero of p(x): - £ » - 1.65
(b) Thereisno y-intercept because 0 is not in the domain.

2(- X2 +9 _ - 2x3+9

fex)===% - X
symmetry.

; thisisneither f(x) nor - f(x), sothereisno

The vertical asymptote isthe zero of q(x): x=0
Since n > m+1, thereisno horizontal or oblique asymptote.
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Step 6:  Graphing: Step7:  Graphing by hand:
15 [y
e 101

A
N

sS4

-2 =24 -1 1 2 I

101

4
f(x):x+X—13:XX—:1 p(x)=x"+% qx)=x* n=4, m=3
Step 1: Domain: {x|x1 0}
Step2: (a) Thereareno x-intercepts.

(b) Thereisno y-intercept because 0 is not in the domain.

4 4
Step3  f(-%)= ('(’_‘)X)jl =X ):’31 = - f(x); Thegraph of f(X) issymmetric to the

origin.
Step 4: The vertical asymptoteisthezero of q(x): x=0
Step 5. Since n = m+1, thereis an obligue asymptote. Dividing:

1
f(x):x+?

The oblique asymptoteis y = X.

Solve to find intersection points:

xt+1

==X ® x*+1=x'® 1=0
Since there is no solution, the oblique asymptote does not intersect f (x).
Step 6:  Graphing: Step 7.  Graphing by hand:
5 Ty

-.\_//f/ 4
[ “v=x
/‘_\. IIIIIIIIIII X I
. -4 -2 2 4

-5

(IJ'I
(63}
8}

4
f(x) = 2x+ % = 2XX3+9 p(x)=2x*+9; q(x) =x*; n=4; m=3
Step 1: Domain: {x| x1 0}

Step2: (@) Thereareno x-intercepts.
(b) Thereisno y-intercept because 0 is not in the domain.
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39.

41.

43.

2(- X)*+9 _2x*+9 _
Cx° T T
origin.
Step 4:  The vertical asymptote isthe zero of q(x): x=0
Step 5: Since n = m+1, there is an oblique asymptote. Dividing:

9
f(x)=2x+F

Step3: f(-x)= f (X); Thegraph of f(x) issymmetric to the

The oblique asymptoteis y = 2x.
Solveto find intersection points:

4
+
ZXX3 2 _ox® 2x* +9=2x® 9=0

Since there is no solution, the oblique asymptote does not intersect f (X).

Step 6:  Graphing: Step7:  Graphing by hand:
m v
-5 5 :
E ._10 /\:2
F(x) = == 4. f(x)= ==
x*- 4 , ' x*-1 ,
_ (x-D7(x- 3 _3(x+2)(x-1)
T =P (x- 27 42 0= ay
€) C(t)—; L leomstezry

- »
20 +1 2t 2t
therefore the horizontal asymptoteis.
The concentration of the drug decreases to O as time increases.

(b) Graphing:
0.4

0 12
0

(c) Using MAXIMUM, the concentration is highest when t = 0.71 hours.

(8 The degree of the numerator is 1 and the degree of the denominator is2. Thus, the
horizontal asymptote is C(t) = 0. The concentration of the drug decreasesto 0 astime
iNncreases.
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45.

46.

(b)

(©)

(@
(b)

(©)

(d)

(€)
(f)

(b)

(©)
(d)

(€)
(f)

Section 4.4 Rational FunctionsIl: Anayzing Graphs

Graphing:
6
0 50
0
Using MAXIMUM, the concentration is highest when t =5 minutes.

- 3 2
The average cost functionis. C(x) = 0.2x°- 2.3x* +14.3x +10.2

5(6)= 0.2(6J- 2.3(6)25 +14.3(6) +10.2 _ 5%4 :);_ A
The average cost of producing 6 Cavaliers per hour is $9400.
&(9)= 0.2(9y- 2.3(9);+14.3(9) +102 _ 9%4 ~10.933

The average cost of producing 9 Cavaliers per hour is $10,933.

Graphing:
50
0 20
0
Using MINIMUM, the number of Cavaliersthat should be produced per hour to

minimize cost is 6.38.

The minimum average cost is $9,366.

- 3 _ 2

The average cost functionis: C(x) = 0.015x 0'595))(( +9.1ox + 9843

- 3 _ 2
&(13) = 0.015(13) 0.595(1?5) +91513) +98.43 _ 14?.378 1152
The average cost of producing 13,000 textbooks per week is $11.52.
- _ 2
&(25)= 0.015(25} 0.595(2255) +9.15(25) +98.43 _ 182.568 » 759
The average cost of producing 25,000 textbooks per week is $7.59.
Graphing:

100

0 100
0

Using MINIMUM, the number of textbooks that should be produced per week to
minimize cost is 25.058 thousand or 25,058 textbooks.
The minimum average cost is $7.59.
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47.

48.

49.

@

(b)

(©)
(d)

(b)

(©)
(d)

(@

The surface areais the sum of the areas of the six sides.
S=Xxy+Xxy+Xxy+xy+ X+ X° :4xy+2x2

Thevolumeis xxxxy = x’y =10,000 ® y= 100200
3
Thus, S(x) = 4x~’f‘é00000Jr 23 = 252 40)(200 _2x3+ foooo
Graphing:
10,000
0 60
0

The minimum surface area (amount of cardboard) is 2,785 square inches.

The surface areais aminimum when x = 21.544 .

_ 10000 — 21545

21.544?
The dimensions of the box are: 21.544 in. by 21.544 in. by 21.545 in.
The surface areais the sum of the areas of the six sides.

S= xy+xy+xy+xy+x2+x2 :4xy+2x

Thevolumeis xxxxy =x’y=5,000 ® y=— 5000
Thus, S(X) = 4Xaé30000 Loy’ = 232 205)(00 _ 2x + X20000
Graphing:
5000
0 50
0
The minimum surface area (amount of cardboard) is 1,754.41 square inches.

The surface areais aminimum when x =17.1.
— 2000 »17.1

177
The dimensions of thebox are: 17.1in. by 17.1in. by 17.1in.

500 =pr’h ® h_500
pr

C(r)=6(Pr?)+4(2orh) =12pr° +8prg§_(r)92:12pr2 + 4Oroo
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50.

(b)

(b)
(©)
(d)

Section 4.4 Rational FunctionsIl: Anayzing Graphs

Graphing:
6,000
0 10
0 The costisleast for r = 3.76 cm.
100=prh ® h=2%
pr
— 2pr? +2prh = 2pr? + 2pr 000 _ 5 2, 200
A(r) =2pr° +2prh =2pr Zpréprzz 2pr :
200 200
A(3) = 2p B + =~ =18p + =5~ » 123.22 square feet
A(2)=2px2° + 3‘? = 8p +100 » 125.13 square feet
200

A(4)=2p A4° + — = 32p +50 » 150,53 square feet
400

0 5
Graphing: 0 The areaissmallest when r = 2.52 feet.
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x = 1isnot avertical asymptote because of the following behavior:

2_ -
y:x 1:(x+1)(x 1):x+1 when xt 1
x-1 x-1
. -D( +x+1
3/:)(3 1:(X )(X X ):x2+x+1whenx11
x-1 x-1
4. 2 +7)(x%-1 2 +1)(x- D(x +1
y_x 1=(X )(X )=(X )(X )(x ):x3+x2+x+1whenx11
x-1 x-1 x-1
5._ P+ +x+1)(x-1
y== 1:(X X e (x ):x4+x3+x2+x+1whenx11
x-1 x-1

n

,n3 1 aninteger will have a“hole” with

In general, the graph of y = X T
X_

coordinates (1n).

.“:l'
Y x-1 .
FE - R ¥ o2 3
A
AL
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1074 '
E[l.
y= X_8 B 1
x-1 4
A4 |
2 1 : Fi
24 T
A4
i1
ik
-1|I|.
54,
]
aQ
S f(x) = 2x+= x>0
]
Al V
n
!  F . 8 6@ 1
_ . %96
minimum value: f(1) =2 minimum value: fg>=» 6.24
[}
55. 56.
I 17
:I m
':": J'
L l 7 |
1l 0l
. _ 2.1 i
'ﬂl f(X)—X +X1X>O -| f(X):2X2+_,X>0
|
T A 1. & : R ST TR TR
210 2&fg0
minimum value: fg:i» 1.89 minimum value: fg#:i» 10.30
29 4y
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S7.
1n

minimum value: f(%) »1.76
59.  Answerswill vary.

60.  Answerswill vary, one exampleis R(x) =

61.  Answerswill vary, one exampleis R(x)=

58,
M5
'E'!
.I.-'-E
|‘§
)
B4
i f(x) = 2X+= x>0
AR REAGF N Takte AARA"

. 2270
minimum value: f Ei» 511
a

Ax- 2)(x+7)°

(<*9)(x- 8
2(x- 3)(x+2)°

(x- 1
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