Chapter 5

The Zeros of a Polynomial Function

5.2 The Real Zeros of a Polynomial Function

1

f(X)=4x - 3x*- 8x+4; c=2
f(2)=4(2)°- 32)°-8(2)+4=32-12-16+4=81 0
Thus, 2isnot azeroof f\ x- 2 isnotafactor of f.

f(x)=-4x°+5x°+8;, c=-3
f(- 3)=- 4(- 3)°+5(- 3)°+8=108+45+8=161 0
Thus, —3isnotazeroof f\ x+ 3isnotafactorof f.

f(x)=3x" - 6x° - 5x+10; c=2
f) =3(2)" - 6(2)°- 5(2) +10= 48- 48- 10+10=0
Thus, 2isazeroof f\ x- 2is afactor of f.

f(x)=4x*-15x°- 4, c=2

f(2) =4(2) - 15(2f - 4=64- 60- 4=0

Thus, 2isazeroof f\ x- 2isafactor of f.

Factoring: f(x) = (4x* +1)(x* - 4) = (4x° +1)(x+2)(x - 2)

f(x)=3x+82x>+2' ¢c=-3
f(-3)=3- 3°+82(-3%+27=2187- 2214- 27=0

Thus, -3isazeroof f\ x+ 3isafactor of f. Usesynthetic division to find the factors.

-333 0 0 8 0 0 27
-9 27 -8 -3 9 -27
3-9 27 1-3 9 0
The factored formis. f(X) = (x+ 3)(3x5 -ox* +27x°%+ X% - 3x + 9).

f(x)=2x>-18x* +x’-9; ¢c=-3

f(-3)=2(-3)°- 18(-3)* +(-3)° - 9=1458- 1458 +9- 9 =0
Thus, -3isazeroof f\ x+ 3isafactor of f.

Factoring:

f(x)=2x*(x*- 9)+(x*- 9) = (x*- 9)(2x* +1) = (x+3)(x- 3)(2x" +1)
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7. f(X)=4x’-64x*+x*- 15, c=-4
Use synthetic division to determine whether -4 is a zero.
-4)4 0 -64 01 0 -15
-16 64 0 O -4 16

4 -16 001 -4 1
Thus, -4isnotazeroof f\ x+ 4 isnot afactor of f ..

8. f(x)=x"-16x"+x’-16;, c=-4
f(-4)=(- 4°-16(-4)+(- 4°- 16 = 4096 - 4096+ 16- 16 =0
Thus, 4isazeroof f\ x+4 isafactor of f.
Factoring:
f(x) = x"(x* - 16) +(x” - 16) = (x* - 16)(x* +1) = (x +4)(x- 4)(x* +1)

9. fO=2x'-x"+2x-1 c:-;

aqo ad a—;l_O” 86_('5 11
%5 %20 &6 %55 g 10

1 f\ 1
Thus, Eisazeroof x- 2 isafactor of f.
Factoring:
& 10 @& 10 _& 10
f(X) =2x* - x* +2x-1=2x3cX- =<+ 2cX- 5= X- =42x3 +2
9 & 25 & %5 & E(

:2?(- %%x3+1)= i ;Ox+1)(x - x+1)

10. f(x)=3x"+x*-3x+1 c=-%
f(-4)=3(4)'+ (-4~ 3(3§)+1=5- p+1+1=21 0

1
Thus, - £ isnot a zero of fA X+§ isnot afactor of f.

11, f(x)=-4x +x°- x*+2
The maximum number of zerosis the degree of the polynomia whichis7.
Examining f(x) = - 4x” + x*- x” +2, there are 3 variations in sign; thus, thereare 3 or 1
positive real zeros.
Examining f(- X) = - 4(- X)" +(- X)*- (- x)*+2 =4x"- x> - x* + 2, thereare 2 variations
in sign; thus, there are 2 or 0 negative real zeros.

12. f(x)=5x*+2x*- 6x- 5
The maximum number of zerosis the degree of the polynomia whichis4.
Examining f (x) = 5x* +2x° - 6x- 5, thereis 1 variation in sign; thus, thereis 1 positive
real zero.
Examining f (- X) = 5(- X)* +2(- x)* - 6(- X)- 5= 5x" +2x” +6x- 5, thereis 1 variation
in sign; thus, thereis 1 negative real zero.
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13.

14.

15.

16.

17.

18.

Section 5.2 The Real Zeros of a Polynomial Function

f(x)=2x°- 3x°- x+1

The maximum number of zerosis the degree of the polynomial which is 6.

Examining f(x) = 2x°- 3x* - x+1, there are 2 variations in sign; thus, thereare 2 or 0
positive real zeros.

Examining f (- x) = 2(- X)® - 3(- x)*- (- x) +1=2x° - 3x* +x +1, thereare 2 variationsin
sign; thus, there are 2 or 0 negative real zeros.

f(x)=-3+4x" +2

The maximum number of zerosis the degree of the polynomia whichis5.

Examining f(x) = - 3x” + 4x" + 2, thereis 1 variation in sign; thus, there is 1 positive real
zeros.

Examining f(- x) = -3(- x)° +4(- x)* +2 = 3x” +4x" + 2, thereis no variation in sign;
thus, there are no negative real zeros.

f(x) =3 - 2x*+x+2

The maximum number of zerosis the degree of the polynomial whichis 3.

Examining f(x) = 3x®- 2x* + x+ 2, there are 2 variationsin sign; thus, thereare 2 or 0
positive real zeros.

Examining f (- X) = 3(- X)*- 2(- X)* +(- X)+ 2=-3x>- 2x*- x+2, thereis 1 variationin
sign; thus, there is 1 negative real zero.

f(x)=-x>- x*+x+1

The maximum number of zerosis the degree of the polynomial whichis 3.

Examining f(x) =- x>- x*+ x+1, thereis 1 variation in sign; thus, there is 1 positive real
zero.

Examining f(- X) = - (- X)*- (- X)*+(-x) +1= x>- x*- x+1, thereare 2 variationsin
sign; thus, there are 2 or 0 negative real zeros.

f(x)=-x"+x°-1

The maximum number of zerosis the degree of the polynomia which is 4.

Examining f(x) =- x* +x° - 1, there are 2 variations in sign; thus, there are 2 or 0 positive
real zeros.

Examining f(- x) = - (- X)* + (- x)*- 1= - x* + X* - 1, there are 2 variationsin sign; thus,
there are 2 or 0 negative real zeros.

f(x)=x"+5x>- 2

The maximum number of zerosis the degree of the polynomial which is 4.

Examining f(x) = x* +5x° - 2, thereis 1 variation in sign; thus, thereis 1 positive real
zero.

Examining f (- x) = (- x)* +5(- X)* - 2 =x*- 5x*- 2, thereis 1 variation in sign; thus,
thereis 1 negative real zero.
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19.

20.

21.

22.

23.

24,

25.

f(X)=xX+x' +xX +x+1

The maximum number of zerosis the degree of the polynomial whichis5.

Examining f(x) = x° + x* + x> + x + 1, there are no variations in sign; thus, there are 0
positive real zeros.

Examining f(- X) = (- X)°+(- X)* + (- X)*+ (- X) +1=- X+ x* + x* - x +1, thereare 3
variationsin sign; thus, there are 3 or 1 negative real zeros.

f(X)=x- xX*+x3- X +x-1

The maximum number of zerosis the degree of the polynomia whichis5.

Examining f(x) = x° - x*+x>- x*+ x- 1, thereare 5 variationsin sign; thus, there are 5
or 3or 1 positivereal zeros.

Examining f(- X) = (- X)°- (- X)* +(-X)*- (- X)°+(-x)-1=-x"- x*- x*- X - x- 1,
thereis no variation in sign; thus, there is no negative real zero.

f(x)=x°-1

The maximum number of zerosis the degree of the polynomial which is 6.

Examining f(x) = x°- 1, thereis 1 variation in sign; thus, thereis 1 positive real zero.
Examining f (- x) = (- x)®- 1= x° - 1, thereis 1 variation in sign; thus, thereis 1 negative
real zero.

f(x)=x>+1

The maximum number of zerosis the degree of the polynomia whichis 6.

Examining f(x) = x° +1, thereis no variation in sign; thus, there is no positive real zero.
Examining f (- x) = (- x)® +1= x° +1, thereis no variation in sign; thus, thereis no
negative real zero.

f(x)=3x"- 3 +x°- x+1
p must beafactor of 1. p==z=1

g must beafactorof 3: q==1 +3

+
The possible rational zeros are: %

+] i%

f(x)=x"- x*+2x° +3
p must beafactorof 3: p=+1 +3
g must beafactorof 1. q==1

The possible rational zeros are: g =+1 +3

f(x)=x>- 6x° +9x- 3
p must beafactor of -3: p==
g must beafactor of 1. q==1

The possible rational zeros are: % =41 +3

488



Section 5.2 The Real Zeros of a Polynomial Function

26. f(x)=2x°- x*- xX* +1
p must beafactorof 1: p=+1
g must be afactor of 2. q==1]

The possible rational zeros are:

27. f(x)=-4x- X +x+2
p must beafactorof 2. p=+1 +2
g must be afactor of —4: q 1] +

The possible rational zeros are: g =1]

28. f(x)=6x"- xX*+2
p must be afactor of 2:
g must be afactor of 6:

The possible rational zeros are:

29. f(x)=6x"- x*+9
p must beafactor of 9: p=+1+3+9
g must be afactor of 6: q=+#1,+2+3+6
The possible rational zeros are: ——+l 1. l,il,iSig,iQig
q 27376 2 2

30. f(X)=-4x’+x°+x+6
p must beafactor of 6: p=+]1+2+3+6
g must beafactor of 4: q=%1 +2,+4

I+
N
I+
L

The possible rational zeros are: 5 =+1+2,

31 f(x)=2X - x>+2x*+12
p must beafactor of 12: p=+1+2 + 3+4,+6§+12

g must beafactorof 2: q==%1 2
Ponsos44243

H
|+
Iw
%
+
H
N

The possible rational zeros are:

o]

32. f(x)=6x"-x>+9
p must beafactor of 9: p=+1+3+9
g must be afactor of 6: q=+#1,+2+3+6

The possible rational zeros are: q
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33. f(x)=6X" +2x°- x*+20
p must be afactor of 20: p=+1 +2+4 +5+10 +20
g must beafactorof 6: q=+1 £2,£3,£6
The possible rational zeros are:

B:ilizil,il,i2,12,1415,1515),15,1?,110,il—o,izaié)
q 2 3 3 6 3 2 3 6 3 3
34. f(x)=-6x>- X +x+10
p must beafactor of 10: p=+]1+2+5+10
g must beafactorof 6: q=+1 £2,+3,£6
The possible rational zeros are:
E:+ + +1' +§ +1+1'+ +2+ +-5+§+§+ +E
Hheds 272" 3'_6’_2_ 3’_5_2’_3’_6'_1Q_ 3

35. f(x)=x*+2x°- 5x- 6
Step 1:  f(x) hasat most 3 rea zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
Also because f (- X) = (- X)*+ 2(- X)* - 5(- x) - 6=- x> +2x* +5x - 6, thereare
2 or O negative real zeros.
Step 3:  Possible rational zeros:

p=+1+2+3,£6;, q=%J

olo
1
I+
H
I+
N
I+
W
I+
o

Step 4:  Using synthetic division:
-31 2 -5 -6
-3 3 6
1 -1 -2 0
Sincetheremainder is0, x- (- 3) = x+ 3 isafactor. The other factor isthe
quotient: x*- x- 2.
Thus, f(x) = (x+3)(xX" - x- 2) =(x +3)(x+1)(x- 2).
The zerosare—-3, -1, and 2.

36. f(x)=x>+8x>+11x- 20
Step1: f(x) hasat most 3 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
Also because f (- x) = (- X)°+8(- x)* +11(- x) - 20=- x* +8x* - 11x- 20, there
are 2 or 0 negative real zeros.
Step 3: Possiblerational zeros. p=+1 £2,+4,£5 +10,+20;, =1

g=¢1¢2,¢4,¢5 +10, + 20
Step 4:  Using synthetic division:
-51 8 11 -20
-5-15 20
1 3 -4 0
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Section 5.2 The Real Zeros of a Polynomial Function

Sincetheremainder isO, x- (- 5) = x+5 isafactor. The other factor isthe
quotient: x° +3x- 4.

Thus, f(x) = (x+5)(X* +3x- 4) = (x +5)(x + 4)(x - 1).

The zeros are -5, -4, and 1.

37. f(x)=2x-x*+2x-1; f(-X)=2(- X)° - - X)*+2(- X)- 1=-2%x>- x*- 2x- 1
Step 1: f(x) hasat most 3 rea zeros.
Step 2: By Descartes Rule of Signs, there are 3 or 1 positive real zeros,
thus, there are no negative real zeros.
Step 3:  Possible rational zeros:

p 1
=+l =42, —=+l+t=
p q=#1 a 1 >
Step 4:  Using synthetic division:
-2 -1 2 -1
-23 -5

2 -35 [-6]®

X +1is not afactor
Sowetry x-1

12

2

-1
2
1

WL N

1
{2t ®
X - 1is not afactor
1
Let'stry x- =
Y 2

1)2-12-1
2210 1
2 0 2 ®

X

[EEN

- = isafactor\ thequotientis2x®+2

N

2 10
Thus, f(x)=2x" - x*+2x- 1=¢x- 55(2x2+2).

Since 2x°+2=0 hasno red solutions, x :-; isthe only real zero.

38. f(x)=2x+x>+2x+1
Step1:  f(x) hasat most 3 real zeros.
Step 2. By Descartes Rule of Signs, there are no positive real zeros.
f- x)=2(- X)° +(- X)* +2(- X)+1=-2x>+ x>- 2x+1; thus, there3 or 1
negative real zeros.
Step 3. Possiblerational zeros: p=+]1 q=%1%2;

E:ilil
o} 2
Step 4:  Using synthetic division:
_])2 T 5 1 X +1is not afactor
-21 -3
2 -13 {-21®

491



Chapter 5 The Zeros of a Polynomial Function

39.

40.

4]1.

1 x+1isafactor
-=)2 1 2 1 2
22 .10 -1
2 0 2 ®

The other factor isthe quotient: 2x* + 2.

f(x)=2x° +x° +2x+1:§§"<+-§-§(x2 +2)

Thus, . Theonly rea zerois - %

f(x)=x"+x°- 2
Stepl:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, thisis one positive real zero.
f- X)=(- X)* +(- X)?- 2= x* +x* - 2; thus, there is 1 negative rea zero.
Step 3:  Possible rational zeros:

p=4142 q=41; =412

Step 4.  Using synthetic division:
-J1 0 1 0 2
-11 -2 2
1 -12-2 0®
Since the remainder isO, x - ( 1):x+1 isafactor. The other factor isthe
quotient: x3- 3 +2x - 2.
Thus, f(X) :(x+1)(x3- X +2x- 2). We can factor x°- x* +2x- 2
by grouping terms x°- X +2x- 2= x*(x- 1) +2(x- 1) = (x- )(x* +2)
Thus, f(X) = (x+1)(x-2)(x*+2). Since x?+2=0 has no real solutions, we
have two rea zerosfor f, namely —1 and 1.

f(x)=x"-3x*- 4
Stepl:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f(- X)=(- X)* - 3¢ X)* - 4=x" - 3x>- 4; thus, thereis one negative real zero.
Step 3:  Possiblerational zeros: p=+1,+2+ 4; g=4%1
Pot11244
q

We can factor f asfollows:
f(x)=x" - 3x° - 4=(x" - 4)(x*+1) =(x+2)(x- 2)(x*+1).
Thus, we have two rea zeros, - 2 and 2.

f(x) =4x" +7x% - 2
Step1: f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f(- X)=4(- X)* +7¢ X)* - 2=4x"* +7x>- 2; thus, there is one negative real zero.
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Section 5.2 The Real Zeros of a Polynomial Function

Step 3:  Possiblerational zeros: p=+1+2; q=+#1+2,+4

We can factor f asfollows:
f(x) =4x' +7x* - 2=(4x° - )(x* + 2) = (2x +1)(2x - P(x*+ 2).

Thus, we have two real zeros, - % and %

42. f(x)=4x" +15x°- 4
Step1:  f(x) hasat most 4 real zeros.
Step 2. By Descartes Rule of Signs, thereis 1 positive real zero.
f(- X)=4(- X)* +15(- X)*- 4=4x" +15x°- 4; thus, there is one negative real
zero.
Step 3. Possiblerational zeros: p=+]1+2+4; gq=+1+2,%4

Poyeliliogg
q 4
We can factor f asfollows:
f(x) =4x* +15x° - 4=(4x*- 1)(x*+ 4) = (2x+1)(2x- I(x* + 4).

Thus, we have two real zeros, - % and %

43, f(X) =X +x3- 3x3- x+2
Step1: f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are 2 or O positive real zeros.
f-X)=(-xX"+%°-3-x7- (-x)+2=x*- x*- 3xX° + x+2; thus, there are
2 or O negative real zeros.
Step 3.  Possible rational zeros:

p=%£1+£2, q=%1 ap: 1 £2
Step 4.  Using synthetic division:

-2)T 1 -3 -1 2 T -1 -1 1
-2 2 2 -2 -1 2 -1
1-1-1 1 0 1-2 1 0

Sincetheremainder isO, x+ 2 and x +1 arefactors. The other factor isthe
quotient: x*- 2x +1.

Thus, f(x) = (x+2)(x +1)(x- 1)°.
The zerosare—2, —1, and 1 (multiplicity 2).

44, f(x)=x*- x>- 6X° +4x+8
Stepl:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are 2 or O positive real zeros.
fi-X)=(-%X)*- (- %X)°- 6(-xX)° +4(- x) +8=x" +x* - 6x° - 4x +8; thus, there
are 2 or O negative real zeros.
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Step 3:  Possible rational zeros:
D=+l +2,+4+8 q=+1 %:1112,1418

Step 4:  Using synthetic division:

-2)T -1 -6 4 8 -JT -3 0 4
-2 6 0 -8 -1 4 -4
1-3 04 O 1 -44 0

Sincetheremainder is0, x+ 2 and x +1 arefactors. The other factor isthe
quotient: x*- 4x+4.

Thus, f(x) = (x+2)(x +1)(x- 2.

The zeros are -2, -1, and 2 (multiplicity 2).

45. f(x)=4x"- 8x"- x+2
Step 1: f(x) hasat most 5 real zeros.
Step 2: By Descartes Rule of Signs, there are 2 or O positive real zeros.
f(- X)=4(- X)°- 8(-X)*- (-x) +2=-4x>- 8x" + x+2;
thus, thereis 1 negative real zero.
Step 3:  Possible rational zeros:

p=x1+2;, q=%1 £2 %4

N o)

= +] iZ,i%,i

olo

Step 4:  Using synthetic division:
24 -8 00 -1 2
8 00 0 -2
4 00O0-1 O
Sincetheremainder isO, x- 2 isafactor. The other factor is the quotient:
4x*- 1,
Factoring,

f(x) = (x- 2)(4x*- 1) = (x- 2)(2x? - 1)(2x* +1)
=(x- 2)(J§x- 1)(‘/§x+1)(2x2 +1)

The zeros are —ﬁ e‘lzz and or -0.71,-0.71, and 2.

46. f(x)=4x"+12x"- x- 3
Step 1: f(x) hasat most 5 rea zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zeros.
f(- X) = 4(- X)° +12(- X)* - (- X) - 3= - 4x° +12x* + x- 3;
thus, there are 2 or O negative real zero.
Step 3:  Possible rational zeros:

p=%1%3 Q=+l +2 +4

olo
1
I+
-
I+
W
I+
Nl -~
I+
Nl w
I+
INTSY
I+
Now

Step 4:  Using synthetic division:
-314 12 0 0 -1 -3
-12 0 0 0 3
4 000 -2 O
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Since the remainder isO, x + 3 isafactor. The other factor is the quotient:
4x*- 1.
Factoring,
f(x) = (x+3)(4x* - 1) = (x+3)(2x? - 1)(2x2 +1)
=(x+ 3)(J§x - 1)(J§x + 1)(2x2 +1)
The zeros are ——, 72 and- 3 or —-0.71,-0.71, and 3.
x'- x> +2x% - 4x- 8=0
The solutions of the equation are the zeros of f(x) = x* - x* +2x*- 4x- 8.
Step1: f(X) hasat most 4 real zeros.
Step 2. By Descartes Rule of Signs, there are 3 or 1 positive real zeros.
f-X)=(-X"- x)°+2(-X)°- 4- X)- 8= x"+x* +2x°* + 4x- 8;
thus, thereis 1 negative real zero.
Step 3:  Possible rational zeros:

D=+l +2,+4+8 =21 %:1112,1418
Step 4:  Using synthetic division:
T -1 2 -4 -8 JT -2 4 -8
12 -4 8 2 0 8
1-24 -8 0 1 0 4 0

Sincetheremainder is0, x+1 and x - 2 are factors. The other factor isthe
quotient: x° + 4.
The zerosare—1 and 2. (x* + 4 =0 hasno real solutions.)

2x°+3x° +2x+3=0
Solve by factoring:
X°(2x+3)+(2x+3) =0
2x+3)(x* +1)=0
__3
2
Thezerois- £. (x*+1=0 hasno real solutions.)

3 +4x°- 7x+2=0

The solutions of the equation are the zeros of f(x) = 3x> + 4x" - 7x+2.

Step 1: f(x) hasat most 3 real zeros.

Step 2: By Descartes Rule of Signs, there are 2 or O positive real zeros.
f-x)=3(-x)°+4(- X)°- 7(-X) +2=-3X +4X° +Tx +2;
thus, thereis 1 negative real zero.

Step 3:  Possible rational zeros:

p=%1+2 q=%1 3 5:1112,1%,1%
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Step 4:  Using synthetic division:
$)3 4 -7 2

2 4 -2
36 -3 O
Since theremainder is0, x- % isafactor. The other factor is the quotient:
3x* +6x- 3.

f(x) = (x- §)(3x* +6x- 3) =Ix - 3)(x* +2x- 1)
Using the quadratic formulato solve x* +2x - 1=0:

2+ JBADCD _-2+B_-2:243 _
= 2(0) s =12

The zeros are % -1+ 2, and - 1- J2 or 0.67,0.41, and —2.41.

50. 2x°-3x’- 3x-5=0
The solutions of the equation are the zeros of f(x) = 2x° - 3x*- 3x- 5.
Step1:  f(x) hasat most 3 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f(- X)=2(- X)*- 3(-X)*- 3(- X)- 5=- 2x° - 3x° +3x- 5;
thus, there are 2 or 0 negative real zeros.
Step 3:  Possible rational zeros:

p=tl+5 q=4] +2: gzil 151%,12

Step 4:  Using synthetic division:
$)2 -3 -3 -5

5 5 5
2 2 2 0
Since the remainder is0, x- 3 isafactor. The other factor isthe quotient:

2X° +2x+2.
f(x) = (x- §)(2x° +2x+2) = 2(x- §)(x* +x+1)
x* +x+1=0 hasno red zeros.

Thezerois 2.

51. 3x’- x*-15x+5=0
Solving by factoring:

x*(3x-1 - 5(3x- ) =0® (3x-J(x’- 5)=0® (3x- I(x- ¥5)(x+v5)=0
The solutions of the equation are % J5, and - J5 or 0.33,2.24, and —2.24.

52. 2x°- 11x*+10x+8=0
The solutions of the equation are the zeros of f(x) = 2x° - 11x* +10x + 8.
Step 1: f(x) hasat most 3 real zeros.
Step 2: By Descartes Rule of Signs, there are 2 or 0 positive real zeros.
f(- X) = 2(- X)° - 11(- x)* +10(- x) +8 = - 2x° - 11x* - 10x +8;
thus, thereis 1 negative real zero.
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Step 3:  Possible rational zeros:
p=+1+2+4+8 q=z%1 %2

folLo]
I
I+
=
I+
N
I+
>
I+
o)
I+

NI~

Step 4:  Using synthetic division:
42 -1 10 8
8 -12 -8
2 -3 -2 0
Sincethe remainder is0O, x- 4 isafactor. The other factor isthe
quotient: 2x* - 3x- 2 = (2x+1)(x- 2). Thezerosare - 3,2, and 4.
53. x'+4x*+2x°- x+6=0
The solutions of the equation are the zeros of f(x) = x* + 4x®> +2x* - x+86.
Stepl:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are 2 or O positive real zeros.
fi-X)=(-X)"+4(- X)°+2(- X)* - (- X)+6=x"- 4 +2x° +Xx +6;
thus, there are 2 or 0 negative real zeros.
Step 3:  Possible rational zeros:

D=+l 42 +3,+6 q=+L gziliziaie
Step 4:  Using synthetic division:
-3 4 2 -1 6 -JT 1 -1 2
-3 -3 3 -6 -2 2 -2
1 1 -2 2 O 1 -1 1 O

Sincetheremainder isO, x+ 3 and x+ 2 arefactors. The other factor isthe

quotient: x*- x+1.
The zerosare—3 and —2. (x*- x+1=0 hasno real solutions.)

54, x*- 2x®+10x*- 18x+9=0
The solutions of the equation are the zeros of f(x) = x* - 2x> +10x” - 18x + 9.
Step 1:  f(x) hasat most 4 rea zeros.
Step 2: By Descartes Rule of Signs, there are 4 or 2 or O positive real zeros.
f(-x)=(-x)*- 2(-x)®+10(- x)?- 18(-X) +9
= x* +2x* +10x° +18x+9
thus, there are no negative real zeros.
Step 3:  Possible rational zeros:

p=+1+3+0 = +L 5:111319
Step 4:  Using synthetic division:

Jy1 -2 10 -18 9 )1 -1 9 -9
1 -1 9 -9 10 9
1 -1 9 -9 0 1 09 O

Sincetheremainder is0O, x- 1 and x- 1 arefactors. The other factor isthe

quotient: x*+9.
The zeros are 1 (multiplicity 2). (x*+9 = 0 hasno real solutions.)
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55. x*- 2x°+¥x+1=0

The solutions of the equation are the zerosof f(x) = x*- §x* + & x+1.

Stepl:  f(x) hasat most 3 rea zeros.

Step 2: By Descartes Rule of Signs, there are 2 or O positive real zeros.
FEX) =07 50"+ 32 +1=-x"- §x*- §x+1;
thus, thereis 1 negative real zero.

Step 3:  Usethe equivalent equation 3x°- 2x” +8x + 3 = 0 to find the possible rational
Zeros:

P=+1+3 Q=] +3; ap:il iSi%
Step 4:  Using synthetic division:

T 1 1
1 -1 3 O

Since the remainder is 0, x + 5 isafactor. The other factor isthe quotient:

X° - x+3.
Thereal zerois . (x*- x+3=0 hasno real solutions.)

56, x3+§x2+ 3x- 2=0

_ 3.3
The solutions of the equation are the zeros of () =X +2 X" +3x- 2

Step 1. f(x) hasat most 3 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f-X)=(-%°+3(-x)° +3(-x)- 2= -x>- ¥x°- 3x- 2;
thus, there are 2 or no negative real zeros.
Step 3:  Usethe equivaent equation 2x* + 3x° +6x - 4 = 0 to find the possible rational
zeros:

p=+] 4244 q=+]+2 5:111%,12,14
Step 4:  Using synthetic division:

12 3 6 -4 -1)2 3 6 -4 Z)2 36 -4
2 5 11 -2-1 -5 2 1 2 4
2 5 11 {7 2 1 5 {-9 2 4 8 0

Thus, x - 3 isafactor. The other factor isthe quotient: 2x* + 4x+ 8.

3 _® 19, _® 16,
So we have 2x3 + 3% +6x-4—gx ZE(ZX +4x+8)—28x ij +2x+4)

— U3 3 2 _1 3
Since f(¥) =X +2x"+3x- Z‘E(ZX +3x +6x- 4) e conclude that
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f(x)=x +:-23x2+3x- 2:-;(2x3+3x2 +6X - 4):%§§(- -;%X2+2X+4)20:§(- -;%x2+2x+4)

and since x°+ 2x+ 4 =0has no real solutions, the only real zero for fis %

57, 2x*- 19%° +57x% - 64x+20=0
The solutions of the equation are the zeros of f(x) = 2x* - 19x® +57x*- 64 x+ 20.
Step1: f(X) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are 4, 2 or O positive real zeros.

f(- x)=2(- X)* - 19- X)° +57(- X)° - 64(- x) + 20

=2x*+19x° +57x%+ 64X + 20 ;
thus, there are no negative real zeros.
Step 3:  To find the possible rational zeros:
p=£l+2+425+10£2, (=, +2

Poigs %,12 +4, 45 + g +10 +20

q
Step 4:  Using synthetic division:
])2 -19 57 -64 20 l)z -19 57 -64 20
2 -17 40 -24 2 1 -9 24 -20
2 -17 40 -24 [& 2 -18 48 -40 0

Thus, x- 3 isafactor.
S0
— 3 2 _% 10 3 2
f(X) = 2x* - 19x° +57x%- 64x+ 20—8x- EEPX - 18x” + 48x- 40)

:2§<- -;3x3 Ox? + 24X - 20)

Now try x = 2 asa solution to the equation x®- 9x* +24x- 20=0.

2)1 -9 24 -20

2 -1420
T -710 0
Thus, x°- 9x* +24x- 20 = (x- 2)(x* - 7x+10) = (x- 2)(x - 2)(x - 5)

So we have
F(X) = 2% - 19X +57X - 64x+20=20x - 19x- 2)°(x-5)
529 _

Therefore, f has real zeros %,2,5, and 2 isa zero of multiplicity 2.
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8. 2x"+ x*- 24x%+20x+16=0
The solutions of the equation are the zeros of f(x) = 2x* + x° - 24x°+ 20x+ 16.

Step 1:  f(x) hasat most 4 rea zeros.
Step 2: By Descartes Rule of Signs, there are 2 or O positive real zeros.
f- x)=2(- X)* +(- x)°- 24(- ¥)* +20(- x) +16=2x"- x*- 24x°- 20x +16;
thus, there are 2 or 0 negative real zeros.

Step 3:  To find the possible rational zeros:
p=*1+2+448+16 q=+1+2,

Poy+liniaigris
q 2

Step 4:  Using synthetic division:
22 1 -24 20 16
4 10 -28 -16
2 5 -14 -8 0
Thus, , _ o isafactor.
So:
f(x)=2x* +x°- 24x°+20x+16 =(x - 2)(2x*+ 5% - 14x- 8) .
Now try x = -4 as a solution to the equation 2x°® + 5x° - 14x - 8 =0.
-4)2 5 -14 -8
-8 12 8
2 -3 -2 0
Thus, 2x° + 55 - 14x - 8= (x+4)(2%" - 3x- 2) = (x+4)(2x +1)(x - 2)
So we have
f(X) =2x" +x°- 24x%+ 20x+16 =(x - 2)(x +4)(2x +1)(x - 2)

= (x- 2)%(x + 4)(2x+1)
Therefore, f has real zeros - %,-4,2, and 2 isazero of multiplicity 2.

99.  f(x) =X’ +2x% +5x- 6=(x+ 3)(x+1)(x- 2)-

x-intercepts. =3, -1, 2; y-intercept: -6; crossesx axisat x =3, -1, 2
Xx<-3 -3<x<-1]-1<x<2 X> 2
f - + - +
Above or below above below above
below x-axis

Graphof f isabovethex-axisfor (-3- 1) E (2%)
(
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60.  f(x)=x +8x% +11x- 20 =(X + 5)(x+ 4)(x- -

x-intercepts. -5, 4, 1; y-intercept: -20; crossesx axisat x =5, 4, 1
x<-5 -5<x<-4 | -4<x<1 x>1
f - + - +
Above or below above below above
below x-axis

Graph of f isabove the x-axisfor (-5, 4) E (1 ¥
Graphof f isbelow the x-axisfor (-¥,-5)E (-

)
4)

& 10
61. f(x)=2x>- x*+2x- 1= - 55(2x2+2).

X-intercepts: %; y-intercept: -1; Crossesx axisat x =

NIF

1 1
X< = X> =
2

f - + . _ & C
Graph of f isabovethe x-axisfor 8§’¥E

Above or below above
below x-axis

. . & 10
Graph of f isbelow the x-axisfor S¥EE

f(x) =2x +x° +2x+1:§>a<+-£(x2 +2)

62.
- 1 - 1. 1
X-Intercepts: - E y-intercept: 1; crossesx axisat x = - E
X< - E X> - z Graph of f isabove the x-axisfor R
2 2 P "g3¥ ia
f - + , , 86‘ 10
Graph of f isbelow the x-axisfor 8 E_

Above or below above !
below x-axis /

501



Chapter 5

The Zeros of a Polynomial Function

63. () =x' +x"-2=(x+1)(x- Yx*+2).
x-intercepts. —1, 1; y-intercept: -2; crossesx axisatx =-1, 1
x<-1 -l<xx<l1 x>1
f + - + Graph of f isabovethe x-axis
for (-¥,-)E (1¥)
Above or above below above Graph of f isbelow the x-axis
below x-axis for (-1-1)
4
64. f(x)=x"-3x" - 4=(x+2)(x- 2)(x* +1).
x-intercepts. -2, 2; y-intercept: -4; crossesx axisat x =2, 2
X<-2 -2<x<-2 X> 2
f + - +
Above or above below above
below x-axis ' 3
Graph of f isabovethe x-axisfor (-¥,-2) E (2,¥)
Graph of f isbelow the x-axisfor (-2,2)
65. f(x)=4x'+7x*-2=(2x+1)(2x- (X +2).
. 11 . . 11
x-intercepts. - =,=; -intercept: -2; crossesx axisatx = - =,=
P 22 Y P 22
1 1 1 1
X< - = - =< X< = X> =
2 2 2 2
f + - +
Above or above below above
below x-axis
e o] 0
Graph of f isabove the x-axisfor 8¥ }E gi,¥+
20 €2 @

&
Graph of f isbelow the x-axisfor 8%_2

106
[
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66. f(x)=4x'+15x%- 4=(2x+1)(2x- D(x* +4).

. 1 ) . 11
x-intercepts; - =,=; -intercept: -4: crosses x axisat x = - =,=
P 22 y P 22
1 1 1 1
X< = = F e X< - X> =
2
f + - + i
Above or above below above -
below x-axis

: : & 10 & ¢
Graph of f isabove the x-axisfor g¥ E?;E 8§¥;_z

. . &1 10
Graph of f isbelow the x-axisfor gE_ZE

67. f(x)=x +x°- 3x°- x+2=(x+2)(x +D(x- D°.
x-intercepts. -2, -1, 1; y-intercept: 2

crosses x axisat x = -2, -1, touchesx axisat x =1
X<-2 -2<x<-1 | -1<x<1 x>1
f + - + +
Above or above below above above
below x-axis

Graphof f isabovethex-axisfor (-¥,-2)E (-11)E (1¥)
Graph of f isbelow thex-axisfor (-2- 1) 5

68. f(x) = X' - 3x° - 6x°+ 4x+ 8 = (X +2)(x +1)(x - 2)°.
x-intercepts. -2, -1, 2; y-intercept: 8

crossesx axisat x = -2, —-1; touches x axisat X = 2
X<-2 -2<Xx<-1|-1<x<?2 x> 2
f + - + +
Above or above below above above
below x-axis

Graph of f isabovethe x-axisfor (-¥,-2) E (-1,2 E (2,¥)
Graphof f isbelow thex-axisfor (-2 1)
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69. f(X)=4x"-8x"- x+2=(x- 2)(\/§x- 1)(\/§x +])(2x2+1)

. 1 1 .
X-Intercepts. - —=,—=,2; -intercept: 2
ep AN y ep
. 1 1
CrossesX axisat X = - == ,—= 2
V2’2
1 1 1 X>2
X<-=—= | -=—=<X<—gm| —=<X<2
V2| 2 2| P2
f - + - +
Above or below above below above
below x-axis
1 160,
Graph of f isabovethe x- amsforg J_ T <E (2,¥) TN !
s T . iy ;

16 a1 ¢
Graph of f isbelow the x-axisfor g¥ %E $2;

70.
f(x)=4x° +12x" - x- 3—(x+ 3)(J'2x- 1)(V2x +1)(2x* +1)
X-intercepts:. - 3 - -intercept: -3
ep J_Z JE y ep
. 1 1
Ccrossesx aXisat X = - 3 == ,—=
V2'J2
X<-3 -3<x<-i -i<x< X>=—=
V2| W J2 NE
f - + - +
Above or below above below above
below x-axis
. . e &l
Graph of f isabovethe x-axisfor g—3- ST

O
!2]
Graphof f isbelow th 'f(¥3|‘5zaello
rapn o IS DEIOW the X-axISTor (- ¥,- STT_
2¢
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7L f(x)=x-3x*-4
%=08,=-3a =0a,=-4

Max{1} 4+|0]|+F 4+]0 [} = Max{1,4+0+ 3+ 0} = Max{17} =7

1+ Max{} 4] 0|} 3| O} =1+ Max{4,030} =1+4=5
The smaller of the two numbersis 5. Thus, every zero of f lies between—5 and 5.

72. f(x)=x"-5x"-36
a=0,a,=-58 =0, =-36

Max{1}- 3d+]0 [+} §+|0 |} = Max{1,36+0+5+ 0} = Max{1,41} = 41

1+ Max{} 34| of}- 5| of =1+ Max{36,05,0 =1+36= 37
The smaller of the two numbersis 37. Thus, every zero of f lies between —37 and 37.

73. f(x)=x"+x*-x-1
3=18,=0a=-1=-1
Vax{1} 1+} 4+{0]+[1 | = Maxn +1+0+1} = Max(1.3 =3

1+ Max{} 4} 4| O} |1 } =1+ Max{110L } =1+1=2
The smaller of the two numbersis 2. Thus, every zero of f lies between—2 and 2.

74 f(x)=x+x*+x-1
8,=12,=03=18,=-1

Max{1]- 4+]|1|+] O |+]1[} = Ma{1L +1+0+ 13 = Max{1,3 =3
1+ Maql 41O |1 [} =1+ Ma{TL }=1+1=2
The smaller of the two numbersis 2. Thus, every zero of f lies between—2 and 2.
& o
75, f(x) =3x"+3x°- x*- 12x- 12:3%x4+ -1yl ax- 4
3 2

Note: The leading coefficient must be 1. a=1la,=- %,aiz -4, =-4

(0]

R

+|1ly= Maxi1,4+ 4+1+1u: Maxiléu:z—
3 I 3 % I 3% 3

i
Maxi 1] 4|+ 4]+
|

1 1, . U 110
1+ Maxi| 4} 4} =l| 1ly=1+ Max| 4,4=,1y=1+4=5

a4} iy 14,4518
The smaller of the two numbersis 5. Thus, every zero of f lies between—5 and 5.

505



Chapter 5 The Zeros of a Polynomial Function

& o
76. f(x) =3x" - 3x® - 5x*+ 27x- 36:3éx4+ x? - §x2+9x- 122

77.

78.

79.

Note: The leading coefficient must be 1.
5
&=1la,=- 5131:9’30:'12

1 5 71071
Max%1|-12|+|9|+} 2|+|1[g Ma>¢1]2 +9+= +1¥ Max |1—% 3

1 5[,. U I 5. 0
1+ Maxi| 14 9||- S J1 %:1+ Max%12,9,§1% =1+12=13
|

The smaller of the two numbersis 13. Thus, every zero of f lies between —13 and 13.

5
f(x) =4x° - x*+2x°- 2x° +x- 1= 48)( il L 1 10
4 2 2 4 Ag
Note'Theleadingcoefficientmustbel B S
' L AT R TR AT
| ) i
N WO O S O S LT Y
14 4 2 2 4% |
1+MaXI| || | STV B o PP
"4 |44224 2 2

The smaller of the two numbers isg. Thus, every zero of f lies between - gandg

&, 1 1
f(x) =4x +x* +x°+ x*- 2x- 2= x+4x+—x+ X2- =x- =+

Note: The leading coefficient must be 1. a, = :11 A =
+ 1
z
Eirir
4 )

i
MaX|11+1+1+1+1l’I Max|
2 2 4 4 4%

T
NI

1
N =

I
1+ Maxil— -j
i

HENTSEEEEE e
4 12'2°4'4°4 2 2

The smaller of the two numbers isg. Thus, every zero of f lies between - gand >

f(x)=8x"-2x*+5x-1 [0,1] 80. f(x)=x"+8x’-x?

f(0)=-1<0andf(1)=10>0
Since oneis positive and oneis
negative, thereisazeroin the

interval. interval .

+2;
f(-1)=-6<0andf(0)=2>0
Since oneis positive and oneis
negative, thereisazero in the

3

506



Section 5.2 The Real Zeros of a Polynomial Function

8L f(x)=2x+6x’- 8x+2 [-5- 4 82.f(x)=3x"-10x+9; [-3 - 2|
f(-5)=-58<0andf(-4) =2>0 f(-3)=-42<0andf(-2)=5>0
Since oneis positive and one is Since oneis positive and oneis
negative, thereisazeroin the negative, thereisazeroin the
interval. interval.

83.f(x) = x" - X" +7x°- 7x*- 18x+18; [14 1.
f(1.4)=- 01754 <0and f(1.5) =1.4063> 0
Since oneis positive and one is negétive
thereisazerointheinterva .

84.f(x) = x"- 3x*- 2x° +6x° +x+2; [17, 1.8]
f(1.7)=0.35627 > 0 and f(1.8) = —-1.021< 0
Since one is positive and oneis negative |,
thereisazerointheinterval .

85. 8x*- 2x*+5x-1=0: O0£r£1l

Consider the function f(x) =8x" - 2x* +5x- 1
Subdivide the interval [0,1] into 10 equal subintervals:

[0,0.1]; [0.1,0.2]; [0.2,0.3]; [0.3,0.4]; [0.4,0.5]; [0.5,0.6]; [0.6,0.7]; [0.7,0.8];
[0.8,0.9]; [0.9,1]

f(0) = -1;f(0.1) = -0.5192

f(0.1) = -0.5192; f (0.2) = -0.0672

f(0.2) = -0.0672;f(0.3) =0.3848  so f hasareal zero on theinterval [0.2,0.3].
Subdivide the interval [0.2,0.3] into 10 equal subintervals:

[0.2,0.21]; [0.21,0.22]; [0.22,0.23]; [0.23,0.24]; [0.24,0.25]: [0.25,0.26];[0.26,0.27];
[0.27,0.28]; [0.28,0.29]; [0.29,0.3]

f(0.2) = -0.0672; f (0.21) = - 0.02264
f(0.21) = -0.02264; f (0.22) =0.0219 so f hasareal zero on theinterval
[0.21,0.22], therefore r = 0.21, correct

to 2 decimal places.
86. x*+8x%- x*+2=0 -1£r£0

Consider the function f(x) = x" +8x°%- x*+2
Subdivide the interval [- 1, 0] into 10 equal subintervals:

[-1,-0.9]; [-0.9,-0.8]; [-0.8,-0.7]; [-0.7,-0.6]; [-0.6,-0.5]; [-0.5,-0.4]; [-0.4,-0.3];
[-0.3,-0.2]; [-0.2,-0.1]; [-0.1,0]
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f(-1)=-6;f(- 0.9)=-3.9859

f(-0.9)=-3.9859;f (- 0.8) = -2.3264

f(- 0.8) = - 2.3264; f (- 0.7) = -0.9939

f(-0.7)=-09939; f(- 0.6)=0.0416 so f hasareal zero on theinterval
[-0.7,-0.6].

Subdivide the interval [-0.7,-0.6] into 10 equal subintervals:

[-0.7,-0.69]; [-0.69,-0.68]; [-0.68,-0.67]; [-0.67,-0.66]; [-0.66,-0.65]; [-0.65,-0.64];
[-0.64,-0.63]; [-0.63,-0.62]; [-0.62,-0.61]; [-0.61,-0.6]

f(-0.7)=-0.9939; f (- 0.69) = -0.8775

f(- 0.69) = - 0.8775; f (- 0.68) = -0.7640

f(- 0.68) = - 0.7640; f (- 0.67) = -0.6535

f(- 0.67) =- 0.6535; f (- 0.66) = -0.5458

f(- 0.66) = - 0.5458; f (- 0.65) = -0.4410

f(- 0.65) = - 0.4410; f (- 0.64) = -0.3390

f(- 0.64) =-0.3390; f (- 0.63) = -0.2397

f(- 0.63) =-0.2397; f (- 0.62) = -0.1433

f(- 0.62) = - 0.1433; f(- 0.61) = -0.0495

f(- 0.61) = - 0.0495; f (- 0.60) =0.0416 so f hasarea zero ontheinterval

[-0.61,-0.6], therefore r = - 0.61,
correct to 2 decimal places.

2x3+6xX -8x+2=0, -5£rf£ -4

Consider the function f(x) = 2x> +6x° - 8x +2
Subdivide the interval [-5,-4] into 10 equal subintervals:

[-5,-4.9]; [-4.9,-4.8]; [-4.8,-4.7]; [-4.7,-4.6]; [-4.6,-4.5]; [-4.5,-4.4]; [-4.4,-4.3];
[-4.3-4.2]; [-4.2,-4.1]; [-4.1,-4]

f(-5)=-58 f(- 4.9)=-50.038
f(-49):-50038f( 4.8) = -42.544
f(- 4.8) = - 42.544; f (- 4.7) = -35.506
f(-4.7)=- 35506 f (- 4.6) = -28.912
f(- 4.6)=- 28912, f(- 4.5)= -22.75
f(-4.5)=- 2275, f(- 44) = -17
f(-4.4) =-17;f(- 43)_ -11.674
f(-4.9 =-11674;f(- 42)=-6.736
f(-4.2)=-6.736;f (- 4.1) = -2.182
(-

f(-4.1)=-2.182;f(- ) 2 so f hasareal zero ontheinterval [-4.1,-4].
Subdivide the interval [-4.1,-4] into 10 equal subintervals:
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[-4.1,-4.09]; [-4.09,-4.08]; [-4.08,-4.07]; [-4.07,-4.06]; [-4.06,-4.05]; [-4.05,-4.04];
[-4.04,-4.03]; [-4.03,-4.02]; [-4.02,-4.01]; [-4.01,-4]

1)=-2182; (- 4.09)=-1.7473
4.09) = - 1.7473;f (- 4.08) = -1.3162

f(-4

f(-

f(- 4.08) = - 1.3162; f (- 4.07) = -0.8889

f(- 4.07) = - 0.8889; f (- 4.06) = -0.4652

f(- 4.06) = - 0.4652; f (- 4.05) = -0.0452

f(- 4.05) = - 0.4652; f (- 4.04) =0.3711 so f hasareal zero on theinterval

[-4.05,-4.04], therefore r = - 4.05,
correct to 2 decimal places.

3x%-10x+9=0. -3£r£-2

Consider the function f(x) =3x° - 10x +9
Subdivide the interval [-3,-2] into 10 equal subintervals:

[-3,-2.9]; [-2.9,-2.8]; [-2.8,-2.7]; [-2.7,-2.6]; [-2.6,-2.5]; [-2.5,-2.4]; [-2.4,-2.3];
[-2.3,-2.2]; [-2.2,-2.1]; [-2.1,-2]

f(-3) =-42; f(-2.9) = -35.167

f(-2.9)= -35.167,f( 2.8) = -28.856

f(- 2.8) = - 28.856; f (- 2.7) = -23.049

f(-2.7)=-23.049;f (- 2.6) = -17.728

f(-2.6)=-17.728;f (- 2.5)= -12.875

f(-2.5)=-12.875;f (- 2.4) = -8.472

f(-2.4) =-8.472; f (- 2.3) = -4.501

f(-2.3) =-4.501; (- 2.2) = -0.944

f(-2.2)=-0.944;f(-2.1)=2217  so f hasarea zero ontheinterval

[-2.2,-2.1].
Subdivide the interval [-2.2,-2.1] into 10 equal subintervals:

[-2.2,-2.19]; [-2.19,-2.18]; [-2.18,-2.17]; [-2.17,-2.16]; [-2.16,-2.15]; [-2.15,-2.14];
[-2.14,-2.13]; [-2.13,-2.12]; [-2.12,-2.11]; [-2.11,-2.1]

f(-2.2)=-0.944; f (- 2.19) = -0.6104
f(- 2.19) = - 0.6104; f (- 2.18) = -0.2807
f(- 2.18)=- 0.2807; f (- 2.17) =0.0451 so f hasarea zero on theinterval

[-2.18,-2.17], therefore r = - 2.18,
correct to 2 decimal places.
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89. f(x)=x"+x*+x-4
f(1) =-1;f(2) =10 so f hasareal zero ontheinterval
[1.2],
Subdivide the interval [1,2] into 10 equal subintervals:
[1,1.1]; [1.1,1.2]; [1.2,1.3]; [1.3,1.4]; [1.4,1.5]; [1.5,1.6]; [1.6,1.7]; [1.7,1.8];
[1.8,1.9]; [1.9,2]
f(1) =-1f(11)=-0.359
f(1.1) = -0.359;f (1.2) =0.368s0 f hasarea zero ontheinterval [1.1,1.2].
Subdivide the interval [1,1.2] into 10 equal subintervals:
[1,1.11]; [1.11,1.12]; [1.12,1.13]; [1.13,1.14]; [1.14,1.15]; [1.15,1.16];[1.16,1.17];
[1.17,1.18]; [1.18,1.19]; [1.19,1.2]
f(1) = -1 f(1.11) = -0.2903 so f hasareal zero ontheinterval
f(1 11) =-0.2903; f (1 12) = -0.2207 [1.15,1.1_6], therefore r =1.15, correct
f(1.12) = -0.2207; f (1.13) = -0.1502 t0 2 decimal places.
f(1.13) = -0.1502;f (1.14) = - 0.0789
f(1.14) = -00789; f (1.15) = -0.0066
f(1.15) = -0.0066; f (1.16) = 0.0665

f(x)=2x" +x*-1

f(0)=-1;f(1)=2 so f hasareal zero ontheinterval [0,1],
Subdivide the interval [0,1] into 10 equal subintervals:

[0,0.1]; [0.1,0.2]; [0.2,0.3]; [0.3,0.4]; [0.4,0.5]; [0.5,0.6]; [0.6,0.7]; [0.7,0.8];
[0.8,0.9]; [0.9,1]

f(0) = -1;f (0.1) = -0.9898
f(0.1) = -0.9898; f (0.2) = - 0.9568
f(0.2) = -0.9568; f (0.3) = -0.8938
f(0.3)=-0.8938;f (0.4) = -0.7888
f(0.4) = -0.7888; f (0.5) = -0.625
f(0.5) = -0.625; f (0.6) = -0.3808
f(0.6) = -0.3808; f (0.7) = -0.0298

f(0.7) = -0.0298;f (0.8) =0.4592  so f hasarea zero ontheinterval [0.7,0.8].

Subdivide the interval [0.7,0.8] into 10 equal subintervals:

[0.7,0.71]; [0.71,0.72]; [0.72,0.73]; [0.73,0.74]; [0.74,0.75]; [0.75,0.76];[0.76,0.77];

[0.77,0.78]: [0.78,0.79]; [0.79,0.8]
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f(0.7) = -0.298; f (0.71) =0.123 so f hasareal zero ontheinterval

[0.7,0.71], therefore r = 0.70, correct
to 2 decimal places.

f(x) =2x" - 3x*- 4x*- 8
f(2)=-16;f(3)=37 so f hasarea zero ontheinterval [2,3],
Subdivide the interval [2,3] into 10 equal subintervals:

[2,2.1]: [2.1,2.2]; [2.2,2.3]; [2.3,2.4]; [2.4,2.5]; [2.5,2.6]: [2.6,2.7]; [2.7,2.8];
[2.8,2.9]; [2.9,3]

Subdivide the interval [2.5,2.6] into 10 equal subintervals:

[2.5,2.51]; [2.51,2.52]; [2.52,2.53]; [2.53,2.54]; [2.54,2.55]; [2.55,2.56];[2.56,2.57];

[2.57,2.58]; [2.58,2.59]; [2.59,2.6]

5) = -1.75;f (2.51) = - 1.2576

1) = -1.2576; f (2.52) = - 0.7555

2) = -0.7555; f (2.53) = -0.2434

3) = -0.2434; f (2.54) =0.2787 so f hasareal zero on theinterval

[2.53,2.54], therefore r = 2.53, correct
to 2 decimal places.

f(2
f(25
f(25
f(2.5
f(x) =3x* - 2x*- 20

f(2) = -4;f(3) =43s0 f hasareal zero ontheinterval [2,3],
Subdivide the interval [2,3] into 10 equal subintervals:

[2,2.1]: [2.1,2.2]; [2.2,2.3]; [2.3,2.4]; [2.4,2.5]; [2.5,2.6]: [2.6,2.7]; [2.7,2.8];
[2.8,2.9]; [2.9,3]

f(2) =-4;f(2.1) = -1.037

f(2.1) = -1.037;f (2.2) =2.264 so f hasarea zero ontheinterval [2.1,2.1].

Subdivide the interval [2.1,2.2] into 10 equal subintervals:

[2.1,2.11]; [2.11,2.12]; [2.12,2.13]; [2.13,2.14]; [2.14,2.15]; [2.15,2.16];[2.16,2.17];

[2.17,2.18]: [2.18,2.19]; [2.19,2.2]

f(2.1) = -1.037;f (2.11) = -0.7224
f(2.11) = -0.7224; f (2.12) = -0.4044

f(2) = -16;(2.1) = -14.5268
f(2.1) = -14.5268; f (2.2) = -12.4528
f(2.2) = -12.4528;f (2.3) = -9.6928
f(2.3) = -9.6928;f (2.4) = -6.1568
f(2.4)=-6.1568; f (2.5) = -1.75
f(2.5) = -1.75;f (2.6) = 3.6272 so f hasared zero on theinterval [2.5,2.6].

511



Chapter 5 The Zeros of a Polynomial Function

f(2.12) = -0.4044; f (2.13) = -0.0830
f(2.13) = -0.0830;f (2.14) =0.2418 so f hasareal zero ontheinterval

[2.13,2.14], therefore r = 2.13, correct
to 2 decimal places.

93. x- 2 isafactor of f(x)=x’- k¢ +kx+ 2 only if the remainder that resultswhen f (x) is
divided by x- 2 is0. Dividing, we have:
2)1 -k k 2
2 -2k+4 -2k+8
1 -k+2 -k+4 -2k+10
Since we want the remainder to equal 0, set the remainder equal to zero and solve:
-2k+10=0® -2k=-10® k=5

94. x+2 isafactor of f(x)=x"- kx®+k¢ +1 only if the remainder that results when f (x)
isdivided by x+2 is0. Dividing, we have:
-2)1 - k k 0 1
-2 2k+4 -6k-8 12k+16
1 -k-2 3k+4 -6k-8 12k+17
Since we want the remainder to equal O, set the remainder equal to zero and solve:
17

12k +17=0® 12k=-17® k= ¥

95. By the Remainder Theorem we know that the remainder from synthetic division by c is
equal to f(c). Thusthe easiest way to find the remainder is to evaluate:
f@) =2(1°- 8(1)° +1- 2=2- 8+1-2=-7
The remainder is—7.

96. By the Remainder Theorem we know that the remainder from synthetic division by c is
equal to f(c). Thusthe easiest way to find the remainder is to evaluate:

f-1)=-3-0"+(-1)°- (-1)°+2(-1)=3- 1+1-2=1
The remainder is 1.

97. Wewant to provethat x - ¢ isafactor of x"- c", for any positive integer n. By the Factor
Theorem, x- cwill beafactor of f(x) provided f(c)=0.Here, f(x)=x"- ¢", sothat
f(c) =c" - ¢" =0. Therefore, x - ¢ isafactor of x"- c".

98. Wewantto provethat x +c isafactor of x"+c",if n31isanoddinteger. By the
Factor Theorem, x +cwill be afactor of f(x) provided f(-c)=0.Here, f(x)=x"+c",

sothat f(-c)=(-¢)" +c"=-c"+c"=0if n3 lisan odd integer. Therefore, x +c isa
factor of x"+¢" if n31isan odd integer.

512



Section 5.2 The Real Zeros of a Polynomial Function

99.  x*- 8x°+16x- 3=0 hassolution x =3, S0 x - 3 isafactor of
f(x) = x° - 8x* +16x - 3.
Using synthetic division

31 -8 16 -3
3:15 3
151 0

\ f(x) =x - 8x*+16x- 3=(x- 3)(x°- 5x+1).
Solving x*- 5x+1=0

X_5¢J25- 4 5+J21

2 2
5+421 5- J?l_1_0_5
2 2 2

The sum of these two rootsis

100. x°+5x% +5x-2=0hassolution x = -2, s0 x +2 isafactor of
f(x) = x° +5x° +5x - 2.
Using synthetic division

-2l 5 5 -2
26 2
1 3 -1 o0

\ f(x) =x* +5x>+5x- 2=(x+2)(x*+ 3x- 1).

Solving x*+ 3x- 1=0

_-3+J9+4 -3+ i3

2 2

The sum of these two rootsis

-3+‘/1_:>>+-3-‘/1_3_13__3
2 2 2 '

101. f(x)=2x>+3x°- 6x+7
By the Rational Zero Theorem, the only possible rational zeros are:

p_ 1 7
a—il i?,iz, iz
Since 3 isnot in thelist of possible rational zeros, it is not azero of f(x).
102. f(x)=4x- 5x*- 3x+1
By the Rational Zero Theorem, the only possible rational zeros are:
p_ 1.1
a =+] + vk + i
Since % isnot in thelist of possible rational zeros, it isnot azero of f(x).
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103.

104.

105.

106.

f(x)=2x°- 5x* +x*- x+1

By the Rational Zero Theorem, the only possible rational zeros are:
p_ 1
a =+] + >

Since 2 isnot in the list of possible rational zeros, it isnot azero of f(x).

f(x)=x +6x°- x*+x+2

By the Rational Zero Theorem, the only possible rational zeros are:
E =+1 +2

q ¢

Since % isnot in thelist of possible rational zeros, it is not azero of f(x).

Let x bethelength of aside of the original cube.
After removing the 1 inch dlice, one dimension will be x- 1.
The volume of the new solid will be:
(X-1) xxxx=294® x°- x> =294® x° - x*- 294=0
By Descartes Rule of Signs, we know that there is one positive real solution.
The possible rational zeros are:
p=%1+2+3,£6,£7,+14, +21, £42,£49,£98,£147, +294; q==1
The rational zeros are the same asthe valuesfor p.

Using synthetic division:
71 -1 0 -294
7 42 294

1 6 42 0
7 isazero, so the length of the original edge of the cube was 7 inches.

Let x bethe length of aside of the original cube.
Thevolumeis x°.
The dimensions are changedto x+6, x+12, andx - 4.
The volume of the new solid will be (x+6)(x +12)(x- 4)
Solve the volume equation:

(X +6)(x +12)(x - 4) = 2x3

(x* +18x + 72)(x- 4) =2x°® x* +14x*- 288=2x"® x°- 14x*+288=0

By Descartes Rule of Signs, we know that there are 2 or O positive real solutions.
The possible rational zeros are:
p=+1+2+3,+4,+6 +8+£9,+12,+16,+18,+24, +
+72,£96,+144,+ 288
Therational zeros are the same as the valuesfor p.

Using synthetic division:
6)1 -14 0 288
6 -48 - 288

1 -8 -48 0
6 is a zero; the other factor is x° - 8x- 48 = (x- 12)(x +4). The other zeros are 12
and —4. The length of the original edge of the cube was 6 inches or 12 inches.
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f(x)=x"+a,,x""+a, ,x"*+..+ ax+a,, where a_,,a ,..a,a, are integers

If risarea zeroof f,thenr iseither rational or irrational. We know that the

P

rational roots of f must be of the form = where pisadivisor of a,and g isadivisor of

1. Thismeansthat g = #1. Soif r isrationa , then r = P +p. Therefore, r isan integer
q

or r isirrational.

Let £ bearoot for the polynomial f(x)=ax"+a, x"'+a _,x"?+..+ax+a, where
q
a,a,.1,8, ,,..-8,8, are integers. Suppose also that p and g have no common factors

other than land—-1. Then
aepd“ apdt Rl
f —-—+ + + ..+ ..+ 0
4 € T &s 818‘ %=

1 n n- n- n- n\ —
® 5(&@ +a,,p"q+a, ,p" 7 +...+apq"t+ ag") =0

Because p is afactor of thefirst n terms of this equation, p must also be afactor of a,q".
Since pis not afactor of g, p must be afactor of a,. Similarly, g must be afactor of g,

109. (@) f(x)=8x"-2x*+5x-1 O0£r £1

At Step O we have theinterval [0,1].
f(0)=-1;, f(1)=10
Let m = the midpoint of the interval being considered.

So m, =05

n m., f(mnl) New interval

1 0.5 f(0.5)=15>0 [0,0.5]

2 0.25 f(0.25) =0.15625> 0 [0,0.25]

3 0.125 £(0.125) = -0.4043<0 [0.125,0.25]

4 0.1875 f(0.1875) = -0.1229 <0 [0.1875,0.25]

5 0.21875 f(0.21875) =0.0164 > 0 [0.1875,0.21875]

6 0.203125 f(0.203125) = -0.0533<0 [0.203125,0.21875]
7 0.2109375 £(0.2109375) = -0.0185 <0 [0.2109375,0.21875]
8 0.21484375

Since the midpoint value at Step 8 agrees with the midpoint value at Step 7 to
two decimal places, r = 0.21, correct to 2 decimal places.
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(b) f(x)=x'+8x>- x*+2;, -1£r£0
At Step O we have the interval [-1,0].
f(-1)=-6, f(0)=2
Let m = the midpoint of the interval being considered.
So m,=-05
n M., f(m,,) New interval
1 -05 f(-0.5)=0.8125>0 [-1-0.5]
2 -0.75 f(-0.75)=- 1.6211<0 [-0.75,- 0.5]
3 -0.625 f(- 0.625)=-0.1912<0 [-0.625,-0.5]
4 -0.5625 f(- 0.5625) = 0.3599 >0 [-0.625,-0.5625]
5 -0.59375 f(- 0.59375) = 0.0972 >0 [-0.625,-0.59375]
6 -0.609375 f(- 0.609375) = - 0.04372<0 [-0.609375,-0.59375]
7 -0.6015625
Since the midpoint value at Step 7 agrees with the midpoint value at Step 6 to two decimal
places, r = - 0.60, correct to 2 decimal places.
(© f(x)=2x+6x*-8x+2, -5E£rf£-4
At Step 0 we have the interval [-5,-4].
f(-5)=-58; f(-4)=2
Let m = the midpoint of the interval being considered.
SO m,=-45
n M., f(m,,) New interval
1 - 45 f(- 4.5)=-22.75<0 [-4.5- 4]
2 -4.25 f(- 4.25)=-9.1562<0 [-4.25,- 4]
3 -4.125 f(-4.125)=- 3.2852<0 [-4.125-4]
4 -4.0625 f(- 4.0625) = - 0.5708<0 [-4.0625,-4]
5 -4.03125 f(- 4.03125) = 0.7324 >0 [-4.0625, -4.03125]
6 | -4.046875 f(- 4.046875) = 0.0852 >0 [-4.0625, -4.046875]
7 | -4.0546875 f(-4.0546875) = -0.2417 <0 [-4.0546875, -4.046875]
8 -4.05078125

Since the midpoint value at Step 8 agrees with the midpoint value at Step 7 to
two decimal places, r = - 4.05, correct to 2 decimal places.

(d f(x)=3x*-10x+9;

-3£r£-2

At Step 0 we have the interval [-3,-2].

f(-3)=-42

f(-2)=5

Let m = the midpoint of the interval being considered.

Som=-25
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n M. f(m,,) New interval
1 -25 f(-2.5)=-12.875<0 [-2.5,- 2]
2 -2.25 f(-2.25)=-2.6719<0 [-2.25,- 2]
3 -2.125 f(- 2.125)=1.4629 >0 [-2.25,- 2.125]
4 -2.1875 f(- 2.1875) =- 0.5276<0 [-2.1875,- 2.125]
5 -2.15625 f(- 2.15625) = 0.4866 >0 [-2.1875,-2.15625]
6 -2.171875 f(- 2.171875) = -0.0157<0 [-2.171875,-2.15625]
7 -2.1640625 f(-2.1640625) =0.2366> 0 [-2.171875,- 2.1640625]
8 -2.16796875
Since the midpoint value at Step 8 agrees with the midpoint value at Step 7 to
two decimal places, r = - 2.16, correct to 2 decimal places.
© f(X)=xX+x*+x-4 1£r£2
At Step 0 we have theinterval [1,2].
f()=-1, f(2)=10
Let m = the midpoint of the interval being considered.
So m =15
n M., f(m,,) New interval
1 1.5 f(15)=3.125>0 [1,1.5]
2 1.25 f(1.25) =0.7656> 0 [1,1.25]
3 1.125 f(1.125) = -0.1855 <0 [1.125,1.25]
4 1.1875 f(1.1875) =0.2722>0 [1.125,1.1875]
5 1.15625 f(1.15625) =0.0390> 0 [1.125,1.15625]
6 1.140625 f(1.140625) = -0.0744 <0 [1.140625,1.15625]
7 1.1484375

Since the midpoint value at Step 7 agrees with the midpoint value at Step 6 to
two decimal places, r = 1.14, correct to 2 decimal places.

)  f(x)=2x"+x*-1 Erel
At Step O we have the interval [0,1].
f(0)=-1 f(@)=2

Let m = the midpoint of the interval being considered.
So m, =05
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n m,., f(m,,) New interval
1 0.5 f(0.5) = -0.625<0 [0.5,1]
2 0.75 f(0.75) =0.1593> 0 [0.5,0.75]
3 0.625 f(0.625) = -0.3042 <0 [0.625,0.75]
4 0.6875 f(0.6875) = -0.0805 <0 [0.6875,0.75]
5 0.71875 f(0.71875) =0.0504 > 0 [0.6875,0.71875]
6 0.703125 f(0.703125) = -0.0168 <0 [0.703125,0.71875]
7 0.7109375 f(0.7109375) =0.0164 > 0 [0.703125, 0.7109375]
8 0.70703125 f(0.70703125) = -0.0032 <0 [0.70703125, 0.7109375]
9 0.708984375
Since the midpoint value at Step 9 agrees with the midpoint value at Step 8 to
two decimal places, r = 0.70, correct to 2 decimal places.
(@ f(x)=2x"-3x>-4x*-8  2£r£3
At Step O we have theinterval [2,3].
f(2)=-16; f(3)=37
Let m = the midpoint of the interval being considered.
Som =25
n m,_, f(m,,) New interval
1 2.5 f(2.5) = -1.75<0 [2.5,3]
2 2.75 f(2.75) =13.7422> 0 [2.5,2.75]
3 2.625 f(2.625) =5.1352> 0 [2.5,2.625]
4 2.5625 f(2.5625) =1.4905> 0 [2.5,2.5625]
5 2.53125 f(2.53125) = -0.1787 <0 [2.53125,2.5625]
6 2.546875 f(2.546875) =0.6435> 0 [2.53125, 2.546875]
7 2.5390625 f(2.5390625) =0.2293> 0 [2.53125, 2.5390625]
8 2.53515625

Since the midpoint value at Step 8 agrees with the midpoint value at Step 7 to two decimal
places, r = 2.53, correct to 2 decimal places.

(h)

f(x) =3x* - 2x*- 20;

2Er£3

At Step O we have theinterval [2,3].

Let m = the midpoint of the interval being considered.

Som, =25
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n m., f(m,,) New interval

1 25 f(2.5) =14.375>0 [2.2.9]

2 2.25 f(2.25) =4.0469 > 0 [2,2.25]

3 2.125 f(2.125) = -0.2441<0 [2.125,2.25]

4 2.1875 f(2.1875) =1.8323> 0 [2.125,2.1875]

5 2.15625 f(2.15625) =0.7771> 0 [2.125,2.15625]

6 2.140625 f(2.140625) =0.2622> 0 [2.125, 2.140623]
7 2.1328125 f(2.1328125) =0.0080> 0 [2.125, 2.1328125]
8 2.1315625

Since the midpoint value at Step 8 agrees with the midpoint value at Step 7 to two decimal
places, r = 2.13, correct to 2 decimal places.
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