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f(x)=12x°-8x*+1 a x=4

412 0 -8 0 O 0 1
48 192 736 2944 11776 47104

12 48 184 736 2944 11776 47105

f(4) =47105

f(x)=-16x°+18x°- x+2 at x=-2

-2)-16 18 -1 2
32 -100 202
-16 50 - 101 204

f(-2)=204

f(x)=12x°- x" +8x*- 2x®+x+3

Examining f(x), there are 4 variationsin sign; thus, there are 4 or 2 or O positive red
zeros.

Examining f (- X) =12(- X)®- (- X)" +8(- X)* - 2(- x)° + (- x) +3

= 12x% +x’ +8x* +2x° - x + 3, there are 2 variationsin sign; thus, thereare 2 or 0
negative real zeros.

f(x)=-6x°+x* +5x> +x+1

Examining f(x), thereis 1 variation in sign; thus, thereis 1 positive real zero.

Examining f (- X) = - 6(- X)> + (- X)* +5(- X)® + (- ) +1=6x" + x* - 5x*- x+1, thereare
2 variations in sign; thus, there are 2 or 0 negative real zeros.

f(x)=12x°- x" +6x* - X’ +x- 3

p must beafactor of -3: p=+1 £3
g must beafactor of 12: q=+1 +2,+3,+4, +6,+12
The possible rational zeros are: g:il +3 i%,i%,i%,i%,i%,ié,ié

f(x)=-6x+x* +2x°- x +1
p must beafactorof 1. p==%+1
g must be afactor of -6: q=+1 +£2,+3,

The possible rational zeros are: % =+]1 *
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Chapter 5 The Zeros of a Polynomial Function

11.

12.

f(x)=x>- 3 - 6x+8

Step 1. f(x) hasat most 3 real zeros.

Step 2: By Descartes Rule of Signs, there are 2 or O positive real zeros.
Also because f (- x) = (- X)*- 3(- x)* - 6(- X)+8=- x> - 3x* +6x+8, thereis 1
negative real zero.

Step 3:  Possible rational zeros:

D=+] +2,+4, 48 q=+I %:11 £2,+4 +8
Step 4:  Using the Bounds on Zeros Theorem:
a=-3 a=-6 a,=8
Max {1 |8]+|- 6]+|- 3]} =Max {1 17} = 17
1+Max{|8]]- 6} |- 3} =1+8=09
The smaller of the two numbersis9. Thus, every zero of f liesbetween —9 and 9.
Step 5:  Using synthetic division:
-2)1 -3 -6 8
-2 10 -8
1-5 4 0
Sincetheremainder is0, x- (- 2) = x+2 isafactor. The other factor isthe
quotient: x° - 5x+4.
Thus, f(x) = (x+2)X* - 5x +4) = (x+ 2)(x- 1)(x- 4).
The zerosare -2, 1, and 4.

f(x)=x>- x*- 10x- 8

Step 1.  f(x) hasat most 3 real zeros.

Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
Also because f (- x) = (- x)*- (- x)*- 10(- x) - 8 =- x> - x> +10x- 8, thereare
2 or O negative real zeros.

Step 3:  Possible rational zeros:

D=+l +2,+4+8 q=+1 %=¢1¢2,¢4 +8

Step 4:  Using the Bounds on Zeros Theorem:
a2:-l 31:'10, aO:-8
Max {1 |- 8]+|- 10| +|- 1]} = Max {1 19} =19
1+Max {|- 8] |- 10],]- 1} =1+10=11
The smaller of thetwo numbersis 11. Thus, every zero of f liesbetween —11
and 11.
Step 5:  Using synthetic division:
-2)1 -1 -10 -8
-2 6 8
1 -3 -4 0
Sincetheremainder is0, x- (- 2) = x+2 isafactor. The other factor isthe
quotient: x° - 3x- 4.
Thus, f(x) = (x+2)X* - 3x- 4) = (x+2)(x +1)(x- 4).
The zeros are -2, -1, and 4.
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f(X) = 4X° +4x% - Tx+2

Step 1:
Step 2:

Step 3:

Step 4:

Step 5:

f (x) hasat most 3 real zeros.
By Descartes Rule of Signs, there are 2 or 0 positive real zeros.
f(- X) = 4(- X)° +4(- X)*- 7(-xX) +2 = - 4x° +4x* + Tx+2; thus, thereis 1
negative real zero.
Possible rational zeros:

1
D=+l 42 q=+1 +2 +4; g:ﬂ 2,45, %

H

|
Using the Bounds on Zeros Theorem:
f(x) =40 +x*- §x+3)

between —2.75 and 2.75.

Using synthetic division:
-2]4 4 -7 2
-8 8 -2

4 -4 1 0
Sincetheremainder is0, x- (- 2) = x+2 isafactor. The other factor isthe
quotient: 4x°- 4x+1.
Thus, f(x) = (x+2)(4x% - 4x +1) = (x+2)(2x- 1)(2x - 1).
The zerosare—2 and 3 (multiplicity 2).

f(x)=4x°- 4x%- 7x- 2

Step 1:
Step 2:

Step 3:

Step 4:

f (X) hasat most 3 real zeros.

By Descartes Rule of Signs, thereis 1 positive real zero.

f(-X) = 4(- X)°- 4(- X)° - 7(- X) - 2=- 4x° - 4x* + 7x - 2; thus, thereare 2 or
0 negative real zeros.

Possible rational zeros:

1
D=1 £2 Q=41 +2,+4; g:il 2,45+

N o

Using the Bounds on Zeros Theorem:
f(x)=4(- xX*- §x- )
a=-1 a=7 8=-3

L[ +]- 2]+1- 1 =Max {1 &} =325
1+|v|ax{|- EE 1|} =1+1=L=275

The smaller of the two numbersis2.75. Thus, every zero of f lies

between —2.75 and 2.75.
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Chapter 5 The Zeros of a Polynomial Function

Step 5:  Using synthetic division:
24 -4 -7 -2

8 8 2

4 4 1 O

Sincetheremainder is0, x- 2 isafactor. The other factor isthe quotient:

AX* +4x + 1.
Thus, f(x) = (x- 2)(4x* +4x +1) = (x- 2)(2x+1)(2x +1).
Thezerosare2and - 2 (multiplicity 2).

15. f(x)=x"- 4x>+ 9x*- 20x+ 20
Stepl:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are 4 or 2 or O positive real zeros.
f(- X)=(-x)*- 4(- x)* +9(- X)* - 20(- x) + 20

= x" +4x° +9x% +20x + 20
thus, there are no negative real zeros.

Step 3:  Possible rational zeros:
p=+1+2+4,+5 +10,£20; =41

%:il +2 +4,+5 +10,+ 20

Step 4:  Using the Bounds on Zeros Theorem:
a,=-4 a,=9 a=-20, a,=20
Max {1, ]20]+|- 20]+]9]+|- 4]} = Max {1 53 =53
1+Max {|20],]- 20},|9}|- 4]} =1+20=21
The smaller of thetwo numbersis21. Thus, every zero of f lies between

—21and 21
Step 5:  Using synthetic division:
2J1 -4 9 -20 20 2)1-25-10
2 -4 10 -20 2 0 10
1 -2 5 -10 0 1 05 O

Sincetheremainder isO, x- 2 isafactor twice. The other factor isthe
quotient: X° +5.

Thus, f(x) = (x- 2)(x - 2)(xX* +5) = (x- 2] (x* +5).

The zerois 2 (multiplicity 2). (x> +5= 0 hasno real solutions.)

16. f(x)=x"+6x>+11x* +12x +18
Stepl:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are no positive real zeros.
f(-X)=(-X)*+6(- x)®+11(- X)> +12¢ x) +18
= x*- 6x°+11x*- 12x + 18
thus, there are 4 or 2 or 0 negative real zeros.

Step 3:  Possible rational zeros:
p=%1+2+3,£6,£9,+18, =+

P_4142+3+6+9 +18

o]
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Step 4:  Using the Bounds on Zeros Theorem:
a, =6, a, =11, a=12 g =18
Max {1 |18] +[12] +|11] +| 6]} = Max {1, 47} = 47
1+Max { |18], [12] [11}, |6} =1+18=19
The smaller of thetwo numbersis 19. Thus, every zero of f lies between

—19 and 19.
Step 5:  Using synthetic division:
-3)1 6 11 12 18 -3)1 3 2 6
-3 -9 -6 -18 -3 0 -6
1 3 2 6 0 1 0 2 O

Sincetheremainder is0, x- (- 3) = x+ 3 isafactor twice. The other
factor isthe quotient: x° +2.

Thus, f(x) = (x+3)(x+3)(x* +2) = (x +3)(x* +2).

The zero is—3 (multiplicity 2). (x° +2 =0 hasno real solutions.)

17. 2x*+2x°- 11 +x-6=0
The solutions of the equation are the zeros of f(x) = 2x* +2x° - 11x* + x - 6.
Step1:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are 3 or 1 positive real zeros.
f(-X)=2(- )" +2(- X)° - 11(- X)* + (- X) - 6 = 2x* - 2x° - 11x* - x- 6;
thus, thereis 1 negative real zero.
Step 3:  Possible rational zeros:

p=+1+2+3 6 q=%1 2

olo
I
I+
=
I+
N
I+
w
I+
o
I+

NI~
I+

NI o

Step 4:  Using the Bounds on Zeros Theorem:
f(x)=2(x* +x°- Yx* +1x- 3)
%=1 a=-% &=3 &=-3
Max {1]- 3]+ [3]+]- #|+]1} =Max {1 10} =10
1+Max {|- 3} |3} -4} |1} =1+%=%=65
The smaller of the two numbersis6.5. Thus, every zero of f lies between

—6.5and 6.5.
Step 5:  Using synthetic division:
-32 2 -11 1 -6 22 -4 1 -2
-6 12 -3 6 4 0 2
2 -4 1 -2 0 2 01 O

Sincetheremainder isO, x+3 and x- 2 arefactors. The other factor is
the quotient: 2x° +1. The zerosare—3and 2. (2x° +1=0 hasno rea solutions.)

18. 3x*+3x%- 17X°* +x-6=0

The solutions of the equation are the zeros of f(x) = 3x* +3x° - 17x° +x - 6.
Stepl:  f(X) hasat most 4 real zeros.
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Chapter 5 The Zeros of a Polynomial Function

Step 2: By Descartes Rule of Signs, there are 3 or 1 positive real zeros.
f(- X) =3(- )" +3(-x)°- 17(- X)* +(- X)- 6 =3x*- 3*- 17x° - x- 6;
thus, thereis 1 negative real zero.

Step 3: Possible rational zeros:

1 2
p=+1+2+3 6 q=%1 =3 £1+2,:3,£6,t5,t5

folbo]
I

Step 4:  Using the Bounds on Zeros Theorem:
f(x) = 3x* +x°- §x +4x- 2)
=1 8=-% a=j; 8=-2
Max {1 ]- 2| +]4|+|- $[+]2} = Max {1 g} =9
L+Max {|- 2} |4} |4} 11} =1+ 5 =2
The smaller of the two numbersis 6.67. Thus, every zero of f lies

between —6.67 and 6.67.

Step 5:  Using synthetic division:
-33 3 -17 1 -6 2)3 -6 1 -2
-9 18 -3 6 6 0 2
3 -6 1 -2 O 3 01 O

Sincetheremainder isO, x+ 3 and x- 2 arefactors. The other factor is

the quotient: 3x° +1.
The zerosare—3 and 2. (3x”+1 =0 hasno real solutions.)

19. 2x*+7x+x°- 7x- 3=0
The solutions of the equation are the zeros of f(x) = 2x* +7x* +x* - 7x- 3.
Step1:  f(X) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f(-X)=2(- )" +7(- X)°+(- X)*- 7(-x) - 3=2x"- x>+ x°+ Tx - 3;
thus, there are 3 or 1 negative real zeros.
Step 3:  Possible rational zeros:

_ _ N 1 .3
p=%1+3 q=4%] +2; a—ili3,iz,iz
Step 4:  Using the Bounds on Zeros Theorem:
f(x) = 2(x* +3x%+ §x% - Ix- 3)
-1

a,=% 8=% &=-% 8-=-

Nlw

Max {1]- 2] +|- 2|+ ]4|+|3]} = Max{1 9} =9
1+Max{|- 2|, |- 3|14} |3} =1+§=% =45
The smaller of the two numbersis4.5. Thus, every zero of f liesbetween
—4.5and 4.5.
Step 5:  Using synthetic division:
-2 7 1 -7 -3 -2 1 -2 -1
-6 -3 6 3 -2 1 1
2 1 -2 -1 0 2 -1 -1 0
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Sincetheremainder isO, x+ 3 and x +1 arefactors. The other factor is
the quotient: 2x° - x - 1.

Thus, f(x) = (x+3)(x+1)(2x" - x- 1) =(x +3)(x+ L)(2x+ 1)(x- 1).
The zerosare -3, -1, %, and 1.

20. 2x*+7x°- 5x°- 28x-12=0
The solutions of the equation are the zeros of f(x) = 2x* +7x%- 5x° - 28x- 12.
Step 1:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f(-x)=2(- X)* +7(- x)*- 5(- X)? - 28(- x)- 12,
= 2x*- 7x®- Bx2 +28x - 12 '
thus, there are 3 or 1 negative real zeros.

Step 3:  Possible rational zeros:
p=x1+2+3 +4,+6 +12; q=%]
12, +

=+] +2,+3,+4,+6 +

I+
I\)II—‘ N
I\)loo

Step 4:  Using the Bounds on Zeros Theorem:
f(x):2(x“+§x3 3x% - 14x- 6)
=% &=-3 a=-14, a=-
Max {1 |- 6]+|- 14|+|- 3|+|4]} =Max {1 26} = 26
1+Max{|- 6]|-14|- 5} |3} =1+14=15
The smaller of thetwo numbersis 15. Thus, every zero of f lies between —15

and 15.
Step 5:  Using synthetic division:
-32 7 -5 -28 -12 -2J)2 1 -8 -4
-6 -3 24 12 -4 6 4
2 1 -8 -4 0 2 -3-2 0

Sincetheremainder is0, x+ 3 and x + 2 are factors. The other factor is
the quotient: 2x° - 3x- 2.

Thus, f (x) = (x+3)(x+2)(2x* - 3x- 2) = (x+3)(x+2)(X+1)(x- 2).
The zerosare -3, -2, =, and 2.

21, f(x)=x>- 3x*- 6x+8.
Stepl:  f(x) hasat most 3 real zeros.
Step 2. By Descartes Rule of Signs, there are 2 or no positive real zeros.

fX)=(- %7 - - 6(- 9 +8
=-x - 3x°+6x+8 ’
thus, thereis 1 negative real zero.
Step 3:  Possible rational zeros:

p=+1+2+4,+8;, q=%1
P_ni2+418
q
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Step 4:  Using synthetic division:
-1J1 -3 -6 8

-1 4 2
1 -4 -2 {10

® x+1 isnot afactor

])1 -3 -6 8 ® x-1 isafactor
1 -2 -8
1 -2-8 0

Thus, f(X) = (x- 1)(x*- 2x- 8)=(x- 1)(x - 4)(x+2).
Thezerosarel, 4, and - 2.

22. f(x)=x-x*-10x- 8.
Step 1: f(x) hasat most 3 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f-x)=(- ¥° - (- ¥)*- 10(- X)- 8,
=-x>+x°+10x- 8 ’
thus, there are 2 or no negative real zeros.
Step 3:  Possible rational zeros:
p=11+2+4+8, q=%1

P_ni2+4+8
q

Step 4:  Using synthetic division:

']7)1 -1-10 -8 ® x+1 isafactor
-1 2 8

1 -2-8 0

Thus, f(X) = (x+1)(x*- 2x- 8) =(x- 1)(x- 4)(x +2).
The zerosare- 1, 4, and - 2.

23, f(X)=4x +4x° - Tx+2.
Step1: f(x) hasat most 3 real zeros.
Step 2. By Descartes Rule of Signs, there are 2 or no positive real zeros.
f-x)=4(- X’ +4(- x)*- 7(-x)+2

=4+ AP+ TX+ 2
thus, thereis 1 negative real zero.
Step 3:  Possible rational zeros:
p=+1+2; q=+1+2+4;
P_ + +1 +
1+ >

q

N

12
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Step 4:  Using synthetic division:
-4 4 -7 2

-4 0 7

4 0 -7 {9

1) 4

® x+1 isnot afactor

4 -7 2
4 8 1
8 1 {3
-2)4 4 -7 2
-8 8 -2
4 -4 1 0

® x-1 isnot afactor

4

® x+2 isafactor

Thus, T = (x+ (4" - 4x+1) = (x+2)(Ax- 2)gx - Z==Ax+ 9gx- ==

The zeros are -2, and % (with multiplicity 2).

24.  f(X)=4xX - 4x°- 7x- 2.
Step 1:  f(x) hasat most 3 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f-x)=4(- - 4(-%)°- 7(- x)- 2,
=-4x3- AP+ TX- 2 ’
thus, there are 2 or no negative real zeros.

Step 3:  Possible rational zeros:
p=11+2;, q=+1+2+4;

Step 4:  Using synthetic division:
14 -4 -7 -2
4 0 -7
4 0 -7 {-9

® x-1 isnot afactor

-4 -4 -7 -2 ® x+1 isnot afactor

-4 8 -1
4 -8 1 {-3}
2)4 -4 -7 -2 ® x- 2 isafactor

8 8 2
4 4 1 O
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Thus, F(X) = (x- 2)(4x%+ 4x +1) =(x- 2)(2x+IR x +1) = (x- 2)(2x+1Y.

The zeros are 2, and - % (with multiplicity 2).

25.  f(x)=x'- 4x° +9x*- 20x+ 20.
Step1: f(X) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are 4, 2 or no positive real zeros.

f-x)=(- X" - 4(- x)° +9(- X)* - 20(- X) + 20

=x*+4x* +9x° + 20x + 20 '
thus, there are no negative real zeros.

Step 3:  Possible rational zeros:
p=1L+2+ 4,+3+10+20, Q=4

5: +1+2 + 4,+5+10+£20

Step 4:  Using synthetic division:
11 -4 9 -20 20
1 -3 6 -14
1 -3 6 -14 {6}

® x-1 isnot afactor

2J1 -4 9-20 20
2 -4 10 -20
2 -2 5 -10 0

® x- 2 is afactor

Thus, f(X) = (x- 2)(x°- 2x* +5x - 10).
We can factor x°- 2x* +5x - 10 by grouping

x%- 2% +5x- 10= x*(x- 2)+5(x- 2) = (x- 2)(x* +5)
=(x- 2)(x+ i )(x- Vi)
19 = (x- 2)(x + ¥6i )(x- V5i)
The zeros are 2 (multiplicity 2), v/5i, and - J/5i.
26.  f(x)=x' +6x°+11x*+12x+18.

Step1:  f(x) hasat most 4 real zeros.

Step 2: By Descartes Rule of Signs, there are no positive real zeros.
f-x)=(- ¥)* +6(- X)* +11(- x)* +12(- x) +18

=x*- 6x° +11x2- 12x +18 ’
thus, there are 4,2 or no negative real zeros.
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Step 3:  Possible rational zeros:
p=+1+2,+ 3,+6,49,+18;, =

§= +]+2+ 3,+6+9+18

Step 4:  Using synthetic division:
J1 6 11 12 18
1 7 18 30

1 7 18 30 {48

® x-1 isnot afactor

-1 6 11 12 18
-1-5 -6 -6
1 5 6 6 {12

® x+1 is not afactor

21 6 11 12 18
2 16 54 132

1 8 27 66 {150

® Xx- 2 is not afactor

-21 6 11 12 18
-2-8 -6 -12
1 4 36 {g

® x+2 is not afactor

31 6 11 12 18
3 27 114 378

1 9 38126 {39%

® x+2 is not afactor

'3)1 6 11 12 18 @ yx+3isafactor
-3 -9 -6 -18
1 3 2 6 0
Thus, f(X) = (x+ 3)(x‘°’ +3x° +2x+6).
We can factor x°+ 3x* +2x +6 by grouping

X3+ 3 +2x+6= x*(x+3) +2(x + 3 :(x+3)(x2+ 2)
:(x+3)(x +J§i)(x- ﬁl)
19 = (x+3)" (x +v/2i)(x- ¥2i)

The zeros are -3 (multiplicity 2), V2i, and - V2i.

Chapter Review
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27.

f(x) =2x" +2x°- 11x°* + x- 6.
Step 1:  f(x) hasat most 4 rea zeros.
Step 2: By Descartes Rule of Signs, there are 3 or 1 positive real zeros.
f-x)=2(- X" +2(- X)°- 11(- X)* +(- ) - 6
=2x*- 2x*- 11x°- x- 6 ’
thus, thereis 1 negative real zero.
Step 3:  Possible rational zeros:
p=11+2+3+6 Q=111

P

1 3
—=-4]+=42+ 3+=%6
1, > 2+3 >

Step 4:  Using synthetic division:
-2 2 -11 1 -6
-2 0 11 -12
2 0 -11 12 {-18}

® x+1 isnot afactor

12 2 -11 1 -6
2 4 -7 -6
2 4 7 -6 {-12

® x-1 isnot afactor

-22 2 -11 1 -6
-4 4 14 30
2 -2 7 15 {-36}

® x+2 isnot afactor

22 2 -11 1 -6
4 12 2 6
2 6 1 3 0

® x- 2 isafactor

Thus, f(X) = (x- 2)(2x°+6x* +x+3).
We can factor 2x° + 6X° + x +3 by grouping

2x° + 6X + x+3=2x(x + Y +(x+3) = (x + J(2x*+1)
= (x+3)(V2x+i)(v2x- i)

f(x)=(x- 2)(x+ 3)(\/§x + i)(ﬁx - i)
2

Thezerosare 2, -3, - — i, and —2i.
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28.  f(x)=3x" +3x%- 17x° + x- 6.
Step1: f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, there are 3 or 1 positive real zeros.
f-x)=3- %" +3-%)°-17(-x)*+(-X)- 6.
=3x*- 3x°-17x°- x- 6 ’
thus, thereis 1 negative real zero.

Step 3:  Possible rational zeros:
p=11+2+ 3,£6;, =143

L — %,iZ,i 2 4346

3
Step 4:  Using synthetic division:
13 3 -17 1 -6
3 6 -11 -10

3 6 -11-10 {-16}

® x-1 isnot afactor

-3 3 -17 1 -6
3 0 17 -18
3 0 -17 18 {-24}

® x+1 isnot afactor

23 3 -17 1 -6
6 18 2
3 9 1 3

® x- 2 isafactor

Thus, f(X) = (x- 2)(3x°+9x* +x+3).
We can factor 3x® + 9x° + x +3 by grouping

3+ 9% +x+3= 3(x+J+(x+3 = (x+ J(3x*+1)
:(x+3)(\/§x+i)(\/§x- i)
1) = (x- 2)(x + J(Vax +i)(v/3x- i)

3

The zerosare 2, -3, - — i, and —3i.
3 3

29. f(x)=2x"+7x>+x*- 7x- 3.
Step1: f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f-x)=2(- X" +7(- x° +(-9)*- 7(-x)- 3
=2x*- I +x*+7x- 3 ’
thus, there are 3 or 1 negative rea zeros.
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Step 3:  Possible rational zeros:
p=$1+3 q=1£2
P ]+ l,i 3+ 3
q 2 2
Step 4:  Using synthetic division:

])2 7 1 -7 -3 @® x-1 isafactor
2 9 10 3
2 9 10 3 0
Thus, f(X) = (x- J(2x°+9x* +10x +3).
We now concentrate on 2x° + 9x° +10x + 3.

o(x) =2x° + 9%’ +10x + 3 hasthe same possible rational rootsas f .
However, since we have already found the only positive real zero for f, so
we only need to look at the possible negative zeros

P_ -1- 1',_ 3- §
q 2 2

-J2 9 10 3
-2-7 -3

2 7 3 0
2x° + 9% +10x+3= (x+I)(2x* + 7x + 3)

= (x+1)(2x +1)(x +3)

® x+1 isafactor

1
f(x) = (x- )(x+1)(2x +1)(x +3) Thezerosarel, -1, - > and -3.

30. f(x)=2x"+7x®-5x*- 28x- 12.
Step 1:  f(x) hasat most 4 real zeros.
Step 2: By Descartes Rule of Signs, thereis 1 positive real zero.
f(- ) =2(- x)* + 7(- x)° - 5(- x)° - 28(- x) - 12,

=2x*- 7x° - 5x°+28x - 12 ’
thus, there are 3 or 1 negative rea zeros.
Step 3:  Possible rational zeros:

p= £1+2+3+4+6+12 Q= #+2
E:+ +£ + +4+:-3+ +12
q —11—21—3— 1—2a—6—
Step 4:  Using synthetic division:

12 7 -5 -28 -12
2 9 4 -24
2 9 4-24 {-36)

® x-1 isnot afactor
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-J2 7 -5 -28 '12® x +1 isnot afactor
-2-5 10 18

2 5 -10 -18 {§

2)2 7 -5 28 12 @ x. 2 isafactor
4 22 34 12
2 11 17 6 0
Thus, f(X) = (x- 2)(2x°+11x° +17x +6).
We now concentrate on 2x> + 9x° +10x + 3.

o(x) =2x° + 11X +17x +6 has the same possible rational rootsas f .
However, since we have already found the only positive real zero for f, so

we only need to look at the possible negative zeros

Poylisaden
2 2

'2)2 1 17 6 ® x+2 isafactor
-4 -14 6

2 7 3 0
25 +11¢ +17x +6= (x+ 2)(2x" + 7x + 3

=(x+2)(2x+1)(x+3
f(x) = (x- 2)(x+2)(2x +1)(x +3)

The zerosare 2, -2, - % , and -3.

3. f(x)=x>- x*- 4x+2
8,=-1 a=-4 =2
Max {1 |2]+|- 4]+]- 1} =Max {1 7} =7

1+Max{|2],]- 4] |- 1} =1+4 =5
The smaller of the two numbersis5. Thus, every zero of f liesbetween -5 and 5.

32, f(x)=x>+x-10x-5
a8,=1 a=-10, a=-5
Max {1 |- 5]+]- 10]+|1}} = Max {1 16} =16
1+Max {|- 5} |- 10} |1} =1+10=11
The smaller of the two numbersis 11. Thus, every zero of f lies between—11 and 11.

553



The Zeros of a Polynomial Function

The smaller of the two numbersis 18.5. Thus, every zero of f lies between —18.5

The smaller of the two numbersis5.67. Thus, every zero of f lies between —5.67

Chapter 5

33 f(x)=2x - 7x*- 10x +35=2(x*- Ix*- 5x+ %)
&%=-% &=-5 =%
Max {1 |$]+]- 5|+|-3]} =Max{1 26} =26
1+Max{|§]]- 5} |- 3} =1+% =% =185
and 18.5.

34 F(0=3¢- ¢ - 6x+14=3(x- §x° - 2x+ ¥)
=-% &=-2 &=%
Max {3 | 4]+1- 21+]-3] =Max{1 ¢ =9
1+Max{|%} |- 2||- I} =1+% =% =567
and 5.67.

35.

f(x)=3x’- x-1 [0,1] 36. f(x)=2x-x-3 [12

f(0)=-1<0andf(1)=1>0
Since oneis positive and oneis
negative, thereisazeroin the
interval.

37.f(x)=8x"*- 4x°- 2x- 1 [0,1]
f(0)=-1<0andf(1)=1>0
Since oneis positive and oneis
negative, thereisazeroin the
interval.

39. f(x)=x"-x-2

f
f

f@ =-2<0andf(2)=9>0
Since oneis positive and oneis
negative, thereisazeroin the
interval.

38.f(x) =3x* +4x’- 8x- 2; [1 2]
f@) =-3<0andf(2) =62>0
Since oneis positive and oneis
negative, thereisazero in the
interval.

(1)=-2; f(2)=4, soby theIntermediate Value Theorem, f hasazero onthe
interval [1,2].

Subdivide the interval [1,2] into 10 equal subintervals:

[1,1.1]; [1.1,1.2]; [1.2,1.3]; [1.3,1.4]; [1.4,1.5]; [1.5,1.6]; [1.6,1.7]; [1.7,1.8];

[1.8,1.9]; [1.9,2]

f(1)=-2,f(1.1)=-1769

f(1.1) = -1.769;f (1.2) = -1.472
f(1.2) = -1.472;f (1.3 = -1.103
f(1.3)=-1.103;f (1.4) = -0.656
f(1.4)=-0656; f (1.5) = -0.125

f(1.5) = -0.125; f (1.6) = 0.496

so f hasareal zero ontheinterval [1.5,1.6].

Subdivide the interval [1.5,1.6] into 10 equal subintervals:

554



40.

41.

Section 5.R  Chapter Review

[1.5,1.51]; [1.51,1.52]; [1.52,1.53]; [1.53,1.54]; [1.54,1.55]; [1.55,1.56];[1.56,1.57];
[1.57,1.58]; [1.58,1.59]; [1.59,1.6]

f(1.5) = -0.125; f (1.51) = - 0.0670
f(1.51) = -0.0670; f (1.52) = - 0.0082
f(1.52) = -0.0082; f (1.53) =0.0516 so f hasareal zero on theinterval

[1.52,1.53], therefore r =1.52,
correct to 2 decimal places.

f(x) 2x -x?-3
f(1)=-2; £(2)=9, soby thelntermediate Vaue Theorem, f hasazero onthe
interval [1,2].

Subdivide the interval [1,2] into 10 equal subintervals:

[1,1.1]: [1.1,1.2]; [1.2,1.3]; [1.3,1.4]; [1.4,1.5]; [1.5,1.6]; [1.6,1.7]; [1.7,1.8];
[1.8,1.9]; [1.9,2]

f(1)=-2,f(1.1)=-1548

f(1.1) = -1.548;f (1.2) = -0.984

f(1.2) = -0.984;f (1.3)= -0.296

f(L1.3)=-0.296;f (1L.4) =0.528 so f hasarea zero ontheinterval [1.3,1.4].

Subdivide theinterval [1.3,1.4] into 10 equal subintervals:

[1.3,1.31]; [1.31,1.32]; [1.32,1.33]; [1.33,1.34]; [1.34,1.35]; [1.35,1.36];[ 1.36,1.37];
[1.37,1.38]; [1.38,1.39]; [1.39,1.4]

3) = -0296; f (1.31) = -0.2200

1) = -0.2200; f (1.32) = - 0.1425

2) = -0.1425; f (1.33) = -0.0636

3)=-0.0636;f (1.34)=0.0166 so f hasareal zero on theinterval

[1.33,01.34], therefore r =1.33,
correct to 2 decimal places.

e

f(1.3
f(1.3
f(1.3

f(x) =8x"- 4x° - 2x- 1

f(0)=-1;, f(1)=1, soby thelntermediate Value Theorem, f hasazeroonthe
interval [0,1].

Subdivide the interval [0,1] into 10 equal subintervals:

[0,0.1]; [0.1,0.2]; [0.2,0.3]; [0.3,0.4]; [0.4,0.5]; [0.5,0.6]; [0.6,0.7]; [0.7,0.8];
[0.8,0.9]; [0.9,1]

f(0) = -1;f (0.1) = - 1.2032
f(0.1) = -1.2032;  (0.2) = - 1.4192
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42.

f(0.2) = -1.4192; f (0.3) = -1.6432

f(0.3)=-1.6432;f (0.4) = - 1.8512

f(0.4) = -1.8512;f (0.5) = -2

f(0.5) = -2;(0.6) = -2.0272

f(0.6) = -2.0272;f (0.7) = - 1.8512

f(0.7) = -1.8512; f (0.8) = - 1.3712

f(0.8) = -1.3712;f (0.9) = - 0.4672

f(0.9) =-0.4672;f(1)=1  so f hasared zero ontheinterval [0.9,1].

Subdivide the interval [1.5,1.6] into 10 equal subintervals:

[0.9,0.91]; [0.91,0.92]; [0.92,0.93]; [0.93,0.94]; [0.94,0.95]; [0.95,0.96]:[0.96,0.97];
[0.97,0.98]; [0.98,0.99]; [0.99,1]

f(0.9) = -0.4672;f (0.91) = -0.3483 so f hasareal zero onthe
£(0.91) = -0.3483; f (0.92) = -0.2236 interval [0.93,0.94], therefore
£(0.92) = -0.2236; f (0.93) = -0.0930 r=0.93, correct to 2 decimal
£(0.93) = - 0.0930;f (0.94) =0.0437 places.

f(x) =3x" +4x°- 8x- 2
f(1) =-3; f(2)=62, soby thelntermediate Vaue Theorem, f hasazero onthe
interval [1,2].

Subdivide the interval [1,2] into 10 equal subintervals:

[1,1.1]; [1.1,1.2]; [1.2,1.3]; [1.3,1.4]; [1.4,1.5]; [1.5,1.6]; [1.6,1.7]; [1.7,1.8];
[1.8,1.9]; [1.9,2]

f(1) = -3;f (1.1) = -1.0837
f(1.1) = -1.0837;f (1.2) =1.5328 so f hasareal zero ontheinterval [1.1,1.2].
Subdivide the interval [1.1,1.2] into 10 equal subintervals:

[1.1,1.11]; [1.11,1.12]; [1.12,1.13]; [1.13,1.14]; [1.14,1.15]; [1.15,1.16];[1.16,1.17];
[1.17,1.18]; [1.18,1.19]; [1.19,1.2]

f(1.1) = -1.0837;f (1.11) = - 0.8553

f(1.11) = -0.8553; f (1.12) = -0.6197

f(1.12) = -0.6197; (1.13) = -0.3770

f(1.13) = -0.3770;f (1.14) = -0.1269

f(1.14) = -0.1269;f (1.15) =0.1305 so f hasarea zero ontheinterval

[1.14,1.15], therefore r =1.14,
correct to 2 decimal places.
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45.

46.

47.

48.

49.

50.

51

52.

53.

4.

55.

56.

S7.
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(6+3i)- (2- 4i) =(6- 2)+(3- (-4))j =4+7i
(8- 3i)+(- 6+2i)= (8- 6) +(-3+2)i =2-i
4(3- i) +3(-5+2i) =12- 4i- 15+6i = -3+2i

2(1+i)- 3(2- 3I)=2+2i- 6+9i =- 4+11i

3 _ 3 3-i_ 9-3i _9-3'_9_3i
3¥1 " 3+1'3-1 9-3+3-i2 10 "I0° 10
4 4 2+ _ 8+4i _8+4i_§_|_£i
2-12-1°2+1 4+2i-2i-i2 5 ~ 55

i50 = |48>42 = (i4)12 )1-2 :112(_ 1): _1
i2 =i®x = (%)% =1% =i
(2+3)° = (2+30)%(2+3i) = (4 +12i + 9*)(2 +3) = (- 5+ 12i) (2+ 3i)

=-10- 15i +24i +36i° = - 46+ 9i

(3- 2i)° = (3- 2i)’(3- 2i) =(9- 12i + 4i%)(3- 2i) = (5- 12i)(3- 2i)
=15- 10i - 36i +24i* = - 9- 46i

Since complex zeros appear in conjugate pairs, 4 - i, the conjugate of 4 +1i, isthe
remaining zero of f .

Since complex zeros appear in conjugate pairs, 3- 4i , the conjugate of 3+4i, isthe
remaining zero of f.

Since complex zeros appear in conjugate pairs, - i, the conjugate of i,and 1- i, the
conjugate of 1+1i, aretheremaining zerosof f.

Since complex zeros appear in conjugate pairs, 1- i, the conjugate of 1+1, isthe
remaining zero of f.

X +x+1=0

a=lb=1c=1 b -4dac=1°- 411D =1-4=-3
(= 1E3_-12Bi -1 JE,

T T 2 77T

i, -Zl+‘—/§z—|f\l’;I

7

. o 1-1
The solution set is | -
12

N
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58.

59.

60.

61.

62.

63.

x*- x+1=0
a=lb=-1c=1 b*- 4ac:(-1)2-4(])(]) =1- 4=-3

_-(-D:J3_1xBi_1, B,
2

2(0) -T2 2
: .11 3. 1. J3.0
The solutionsetis| = - i, =+ i
\2°7" 2 7g
2x° +x-2=0
a=2,b=1c=-2, b%-4ac=12- 4(2)(- 2) =1+16=17
_-1xW17 -1 A7 Thesolutlonset|st 1- J_7 1+ W7H
2(2) 4 4 %
3x?-2x-1=0

(Bx+1)(x- D=0
X=-% or x=1

The solution setis {- §, 1}.

X +3=x

x*- x+3=0

a=1b=-1c¢c=3 b*-4ac=(-1)%- 41)@R)=1-12=-11
_-(DxJ-I1_1xJAT0 1, JI,

2 3E
Thesolutionsetisi%- il_z—li, +£21—1|
2x% +1=2x
2x° - 2x+1=0
a=2,b=-2c¢c=1 b2-4ac=(-2)2-4(2)(1)=4-8=-4
Xz-(-Z)i,/-__2+2|= 1
2(2) 7 >

Thesolutlonsetls{z zi,% %I}

X(1- x) =
-X*+x-6=0
a=-1b=1c=-6 b’-4dac=1°- 4(-1)(- 6) =1- 24=-23

_-1x 2B -1xy2Bi_1, I3

B %) s il e
. 1 J23 1 J23.0

The solution set . oy

e solution IS’:‘Z 2+TIE
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64.

65.

66.

67.

68.
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X(1+x) =2
X*+x-2=0
(x+2)(x-1)=0 The solution setis{- 2 3.
Xx=-2orx=1

x*+2x*-8=0
(x*+4)(x*-2)=0
x*+4=00r x*-2=0
X*=-4 orx’ =2
X=+42i or x=+{2

Thesolutionsetis{- 2i, 2i, - {2, Ji}

x'+8x°-9=0

(x2 + 9)(x2 - 1) =0
(¥ +9)(x-)(x+1)=0

2 —_ —_ —_
x“+9=0 or x-1=0 or x+1=0 The solution setis {- 3i, 3i, -1 1}.
x’=-90or x=lor x=-1
X =43

X - x*-8x+12=0
The solutions of the equation are the zeros of the function f(x) = x*- x*- 8x +12.
Step1:  f(x) has 3 complex zeros.
Step 2: By Descartes Rule of Signs, there are 2 or 0 positive real zeros.
f(-X)=(-x)°%- (-x)°- 8(- X)+12 = - x°- x* +8x +12; thus, thereis 1
negative real zero.
Step 3:  Possible rational zeros:

p=+1 +2 +3 +4,+6 £12;, q==1

folbo]
I
I+
=Y
I+
N
I+
W
I+
N
I+
o
I+
|_\
N

Step 4:  Using synthetic division:
2)1 -1 -8 12

2 2 -12

1 1 -6 0

Sincetheremainder is0, x- 2 isafactor. The other factor isthe quotient:

X +X-6=(Xx+3)(x- 2).
The complex zeros are —3, 2 (multiplicity 2).

-3¢ -4x+12=0
x?(x- 3)- 4(x- 3)=0
(x- 3)(x*- 4)=0

(x- 3)(x- 2(x+2)=0
X=3 0or Xx=2o0r x=-2

The solution setis {- 2 2 3}
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69.

70.
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3x' - 4 +4X° - 4x+1=0
The solutions of the equation are the zeros of the function

Step 1.
Step 2:

Step 3:

Step 4:

f(x)=3x"- 4x> +4x%- 4x+1
f (X) has4 complex zeros.
By Descartes Rule of Signs, there are 4 or 2 or 0 positive real zeros.
f(- X) =3(- X)* - 4(- X)°® +4(- X)*- 4(- x)+1
=3x" +4x%+ 4X" + 4x +1
thus, there are no negative real zeros.
Possible rational zeros:

1
p=+l q=#l:3 g=tlij
Using synthetic division:

)3 -4 4 -4 1 i3 -13 -1
3 -1 3 -1 10 1
3 -1 3 -1 0 3 03 0

Since the remainder is0, x- 1andx- % arefactors. The other factor isthe
quotient: 3x* +3=3x* +1).
Solving X +1=0:
X* = -
X = i
The complex zerosarel, 3, -, i.

x*+4x°+2x*- 8x- 8=0
The solutions of the equation are the zeros of the function

Step 1:
Step 2

Step 3:

Step 4:

f(x)=x"+4x>+2x"- 8x- 8
f (x) has4 complex zeros.
By Descartes Rule of Signs, thereis 1 positive real zero.
FG-X)= (2" +4(- 9)° +2(- x)° - 8(-x) - 8
=x*- 4x*+2x* +8x- 8
thus, there are 3 or 1 negative real zeros.
Possible rational zeros:

D=+] 2,44 +8 q=+1 %:1112,1418
Using synthetic division:
-2)J1 4 2 -8 -8 -2)1 2 -2 -4
-2 -4 4 8 -2 0 4
1 2 -2 -4 0 1 0 -2 O
Sincetheremainder is0, x + 2 isafactor twice. The other factor isthe quotient:
2
X - 2.
Solving x*- 2 =0:
x> =2
X = +J2

The solutions are - 2 (multiplicity 2), - ¥2, ¥2.
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