Chapter 6

Exponential and Logarithmic Functions

6.1 One-to-One Functions; Inverse Functions

1. (@ Doman Range (b) Inverseisafunction.
$200
$3001
$3501
$4251
2. (@ Domain Range (b) Inverseisafunction.
Beth— Bob
Diane] Dave
Linda John
Marcig Chuck
3. (a) Domain Range (b) Inverseisnot afunction since $200
corresponds to two elementsin the
range.

4. (9 (b) Inverseisnot afunction since Marcia
corresponds to two elementsin the
range.

5 @ {(6,2),6,-3, (9,4 (10,1)} (b) Inverseisnot afunction since 6

corresponds to 2 and -3.
6. @ {(5.-2.8 -1 (7.3 (12 4} (b) Inverseisafunction.
7. @ {(0,0),11), (16,2, (81,3)} (b) Inverseisafunction.
8. @ {21 (82,08 3),(32 4)} (b) Inverseisafunction.
9. Every horizonta line intersects the graph of f at exactly one point. One-to-One.

10. Every horizontal line intersects the graph of f at exactly one point. One-to-One.
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Chapter 6 Exponential and L ogarithmic Functions

11. There are horizontal lines that intersect the graph of f at more than one point.
Not One-to-One.

12. There are horizontal lines that intersect the graph of f at more than one point.
Not One-to-One.

13. Every horizontal line intersects the graph of f at exactly one point. One-to-One.

14. Thehorizontal line y = 2 intersects the graph of f at every point. Not One-to-One.

15.  Graphing the inverse: 16. Graphing the inverse:
y y
2l 21 ¢(052)
1 @ -;41)
[l x I x
"—'2'—'1'_/'é" IR
~¥0-1)
» /
_2..
17. Graphing the inverse: 18. Graphing the inverse:
y ly
2 2 “1
11
A
1 1
IIIII X, -2 -1 1 1 2 .
1 2 il
| )
_2_.
20.  Graphing the inverse:
y Iy
2 21
1 1-/
-2 -1 1 2 - -2 -1 1 2 -
-1 -1
_z -2
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21.

22.

23.

24,

25.

26.

Section 6.1 One-to-One Functions; Inverse Functions

F)=3x+4,  g(x) =4(x- 4)
F(90)) = F(3(x- 4) = A3(x- 4)+4

=(x-4)+4=x
9(f(x)) =9g(B3x+4)=3((3x+4)- 4)
=4(3%) =x

f(x)=3-2x,  g(x)=- 2(X' 3)
f(g(x) = f(- 3(x- 3)) =3- 2(- 3(x- 3))

=3+(x- 3 =x
g9(f(x)) =9(3- 2x) =- 3((3- 2x)- 3)
=- (-2 =X

f()=4x-8, g(x)=7+2

f(g(x)) = faex +20 = 421‘ +20- 8

—(x+8) 8=x
o((x)) = g(4x- 8) = -8
=X-2+2=X

+2

f(x) = 2x +6, g(x)=35x- 3

F(g09) = f(3x- 3)=2(3x- 3)+6
=(x-6)+6=x

g(f(x)) =g(2x +6) = }(2x +6)- 3
=X+3-3=X

f(x)=x>-8  g(x)=Jx+8
f(g0) = f(¥x78) = (¥&789) - 8

=(x+8)- 8=x
9(f(x) =g(x*- 8)=J(x*- 8)+8
= X3:X

f(x)=(x-2)% x3 2;9(x) =J%x+2,x3 0
f(g0) = f(Vx +2) = (Vx +2- 2)°

= (VR)' = x
g(f(x) = g((x- 2¢) = J(x- 2F +2
=X-2+2=X
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Chapter 6 Exponential and L ogarithmic Functions
1 1
21. () =%, 9(x) =3
1
fgx) = f&0=1 = x
X
o(f(x) = &8 =1 =x
X
28. f(x)=x, g(x) = x
f(9(x)) = f(x) =
9(f(x)) =g(x) = x
_2x+3 _4x- 3
29. f(X=537. 9IN0=>5—
2%X- 35,3 8x-6+6-3x  5x
) = (T CT %0 X =X
e2-X8" x- 35 4 =~ 7Ax- 3+8- 4x 5
eﬂ 2- X 2- X
- 5 2-Xx_
"7 x -
48X +35_ 3 8x+12- 3x- 125X
o(f(x) = g3 €XFAO T d X34
ex+49 a@x + 35 2X+8- 2x- 3 S
TeéXxX+40 x+4 X+4
X X+4 _
“x+d 5 %
0. 10z U0 =
&X+50_  3x+5- 5+10x 13X
f(g(X))_f@X+5O eI 2 g - 1- 2x :1' 2X
eT- Oxo 28X+ 55 BX +10+3- 6X 13
ej 2X D *+3 1- 2x 1- 2X
- 13x A-2x _
“Tx 13
3®X- 96,5 3x- 15+10x+15  13x
er+3!Zl Zaex-s(-j 2X + 3- 2X+10 13
- “@2x + 30 2x+3 2X+3
_ 13x 2x+3
= mer T =
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Section 6.1 One-to-One Functions; Inverse Functions

31. f(x)=3x
y = 3X
x=3y Inverse
Y=
(3 = 5
Verify: f(f '(x) = 1320 = g%‘g X o}

fH(f(x)=f (3X):?:X
Domainof f =rangeof f ' = (- ¥, ¥)
Rangeof f =domainof f*=(- ¥ ¥)

32. f(x)=- 4x fog=-ax [y y=x
y=-4x 4l
X=-4y Inverse I
_ X i
o e, .

f'l(x):_l(

_® X .
Verify: f(f(x) =& 70=-4F 78=x

fH(f () = (- 4X)='T:X
Domainof f =rangeof f* = (- ¥, ¥)
Rangeof f =domainof f* = (- ¥ ¥)

33. f(X) =4x+2 Y fx) = ax + 2
y=4x+2 4 y=x
X=4y+2 Inverse 2 =22
4y=x- 2 =
X-2 X- 2 2
——® f =
y==3 ()= e

Verify: f(fi()= fE5E0= 4T 204 0=x. 242=x

(1) = 1i(ax+2) = B2 22X

Domainof f =rangeof f ' = (- ¥, ¥)
Rangeof f =domainof f*=(- ¥ ¥)
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Chapter 6 Exponential and L ogarithmic Functions

34, f(X) =1- 3x f(x) = 1-3x
y=1- 3X 4
x=1- 3y Inverse
3y=1- x \

1- x 1 1- X
=—® f = —_—
y==5® 7)== )

_ _ ~ C e

Verify: () = 1&%0=1- - X0=1. 1- 0 =x
£Y(f(x) = (- 3x):1'_(1\%x):%:x

Domainof f =rangeof f ' = (- ¥, ¥)

Rangeof f =domainof f*=(- ¥ ¥)

35. f(x)=x>-1
y=x3-1
x=y’-1 Inverse
y = x+1

y=Yx+1
fix) = Ix+1

Verify: () = £(§xFT) = (IXF0) - 1= x+1-1=x
FAF0) = (- 1) = (- )+1=C =x

Domainof f =rangeof f ' = (- ¥, ¥)

Rangeof f =domainof f* = (- ¥ ¥)

Y f(x)=x3+1
36. f(x)=x>+1 4 y=x

y=x>+1 .
m vl
X

x=y*+1 Inverse S

yi=x-1

y=Ix-1® fi(x)=Jx-1

Verify: £(f(x) = f(¥x-2) =(¥x-1) +1=x- 1+1=x
F () = £ +2) = (x° +1) - 1= =x

Domainof f =rangeof f* = (- ¥, ¥)

Rangeof f =domainof f* = (- ¥ ¥)
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Section 6.1
37. f(x)=x"+4, x30
y=x"+4 x30
X=y?*+4 y3 0 Inverse

y’=x-4 y30

y=Jx-4® fix)=Jx- 4
Verify:
f(£2(x) = f(Vx- 4)=

(Vx-4) +4=x- 4+4=x
P ) = (x*+4) =

x? =|x|=x,x30

(x> +4)- 4

3. f(x)=x*+9, x30
y=x*+9 x30
X=y°+9 y3 0 Inverse
y=x-9 y30
y=Jx-9

fi(x) = JX- 9

One-to-One Functions; Inverse Functions

Domainof f =
rangeof £ =10, ¥)

Rangeof f =
domainof f* =[4, ¥)

Verify: f(f '(x) = f(Jx-9)=(JX-9) +9=x- 9+9=x

() = £7(x" +
Domain of f =rangeof f* =[O0,
Rangeof f =domainof f*=[9, ¥)

39. f(x)==

<
I

Inverse

x
I

< 2
1 v
XIh <IN P <Ibd x>

—
KN
—~~
X
N
1

9) =[x +9)-

X +9) 9:Jx_2:|x|:x,x30
¥)
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Chapter 6 Exponential and L ogarithmic Functions

Verify: f(f'l(x))—fgeig—z—m%:x
(1) = 1&8=2 4 = 4% = x
X

Domain of f =rangeof f ' = all real numbers except O
Range of f =domainof f * =all real numbers except 0

_ 3
40. f(x)—-)-( Z
=_.3
Yy=-x
x=-§ Inverse X
y |
Xy=-3 =4
1y = 3
fg=-3
_e@35_ 3 _,X_
Verify: f(f (x))— yg—-j—Bxg—x
Y
e 3 3
fH(f(x) = 1é'§8:-7§:3x§:x
X
Domain of f =rangeof f * =all real numbers except 0
Range of f =domainof f* =all real numbers except 0
4. f(x)=— '
- =5 |
y—i® x:L Inverse |
X-2 y-2
x(y-2)=1
Xy- 2x=1
Xy =2x+1
2xx+1® F-(x )_2x+1
_ &2X+10 1 _ 1 _1_
Verify: f(f(x) =g 2X+1_2_2X+1_ = = =X
X X X
(1 00) = 182150 Bt B
ex- 29~ el o) 1 X- 2 1
ex- 29 X-2

Domainof f =rangeof f* =all real numbers except 2
Range of f =domainof f * =all real numbers except 0
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42.

Section 6.1 One-to-One Functions; Inverse Functions

JORFT
_ 4
Y=%+2
X = 4 Inverse
y+2
X(y+t2)=4
Xy+2x=4
Xy = 4- 2X
_ 4-2X
X
F1(x) = 4-X2x
Veify: (100) = (528 = or—= T =7 =
X +2 X X
4_238T28 4x +8- 8 A o
f_l(f(x)):f_lgex:ligz aeé‘i(d - XZZ_ZXTXZij_:X

eX+ 20 X+ 2
Domainof f =rangeof f* =all real numbers except —2
Rangeof f =domainof f* =all real numbers except O

JOER
+X2 Domainof f =
Y=37x range of f * = all real numbers except -3
2
X:m Inverse Rangeof f =
X(3+Yy) =2 domain of f* =all real numbers except O
X+xy =2
=2- 3X
_2-3X
Y===x
F1(x) = 2-X3x
e -1 _ a2- 3%y _ 2 _ 2 2 _ X _
Verify: f(f(x)= fe== 0TI IO 3)(_2—_2><,Z_x
X X X
2.322 06 6+2x-6
()= B2 0= _SSTX0_ TRAX _ 2x 3¥X_
T e3txeT @2 2 T 3+x 2 7
€3+ xg 3+ X
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Chapter 6 Exponential and L ogarithmic Functions

44, f(x)= 4 Domainof f =
2- X4 rangeof f ' = all real numbers except 2
ZZ,X Rangeof f =
XT3y Inverse domain of f* =all real numbers except 0
X(2-y)=4
2x- xy=4
Xy =2X- 4
_2x-4
X
e . a2X- 4¢ 4 4 4 X
Verity: f(f l(x)):f X 8 2 X4~ IX-OxFd 7 -G X
X X X
2884 0. 4 8- 8+4x 8+4x
e2 X0~ &4y 4 T 2-x 4
€2 - xg 2-
3
45 FO9 = X+2 Domainof f =
_3X rangeof f ' = all real numbers except — 2
X+ 2
3y Rangeof f =
X=V+2 Inverse domainof f* =all real numbers except 3
(y+2)— y
Xy +2Xx =3y
2X=3y- Xy
2x=y(3- x)
2X
3- X
2X
fi(x)=—
(0=
Verify:
22x ('_j eex O 26X o

f(f—l(x)): 332)( O %;(ﬂ _ 83- Xb — 83 Xﬂ
§3-xp ®2x 0 _ 2x+2(3- X)0 &@x+6- 2x0
3- xo 3-X @ 3-x ¢

&6x 0
& xp_®6x 033 x0 N
“®6 0 &3. x08 6 o

83- X2
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Section 6.1 One-to-One Functions; Inverse Functions

& 3x O &®px O ®px O
f'l(f(x))zf'1§e3x 0 Ecizo_ &oze | _&xize_
X+20 o ®3KX 0 B(x+2)- 3x0 Ex+6- 3x0
X+28 & x+2 g X+2 @

a&6x 0
_&+20_26x 08x+20 .
“%6 0 &x+206 6 0

X +20
-2X
4. =773 Domain of f =
_-2X rangeof f ' = all real numbers except 1
Y x-1
-2y Rangeof f =
x=o= Inverse domain of f* =all real numbers except - 2
{y-9)=-2y
Xy~ X=-2y
Xy+2y:)(
y(x+2)=x
X
X+2
f3(x) = ——
(x) >

o] 2 2x 0 & 2x 0

&X .-. . -
):fan 6__28x+27a: Ex+28 _ Ext20

Sx+20 Bx O | & 1x+2)0 - x- 20
X+20 X+2 @ X+2 @

& 2x 0

_&r20_2 2x O +26_
&-20 ex+20¢€ -2 0
X+ 20
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Chapter 6 Exponential and L ogarithmic Functions

& 2x0 & 2x0 & 2x0
- 10 332X+29 & 2x+2(x-1)0 &2x+2x- 20
Xx-1 @ x-1 g x-1 @

& 2x0
_&x- 15 2@ 2x0 8- 16
"®20 &x- 166 20
X- 10

47, f(x):3x_ 1 Domainof f =

rangeof f ' = all real numbers except %3

X_T-l Inverse  Rangeof f =
x(3y - 1) =2y domain of f* =all real numbers except 2
33Xy - X =2y 3
3xy- 2y =X
y(3x-2) =X
X
3x-2
X
3x -

y:

100 =5
Verify:
& x 0 eox O e 2x O

® x 6 ‘Sx oo __ Ex 26 _ Sax.2m _ 2x_ -2

-1 — —
() =g 55 2 x 8 T ®x-1(3x- 20 Bx-K*D k-2 2
383x-2ia € 3-2 g & 3x-2 o
&@2x O &2x 0 &2x 0
& o - - _ - _ - _
f'l(f(x))=f'1g 2x O 3x-10 83x 19 3x-186 _ 2x _3X 1=x

= - = = = - = X
3x-18 22x 0 , ®Bx-2(3x- )0 Bx-6x+20 3x-1 2
383X- 19 € 3x-1 g 3x-1 o
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48.

49.

Verify: f( f_l(x))
FH(f ()

_3x+4

f(0)= 33
_3x+4
Y= ox-3
x:ﬁ)3y+4

y_

X(2y- 3)=3y+4
2xy- 3x=3y+4
2xy - 3y=3x+4
y(2x- 3)=3x+4
_3x+4
Y= ox-3

Section 6.1 One-to-One Functions; Inverse Functions

Domainof f =
rangeof f * = all real numbers except 0
Rangeof f =
INVerse  gomainof £* = &l real numbers except - 3
e 0
% 1 —+1 3-x-3 -X
=f 1 - - X- 38 = -X-3 :_X-B: - X X-X- 3:)(
€x-30 ®1 0 -1 T x-3 -1
-X- 30 -x-3 -x-3
5
_pax ) 1 L Xy

X 8 @x+10 . @x+1-3x0 1

X @ & x a

Domainof f =
3
rangeof f ' = all real numbers except 2
Inverse
Rangeof f =
3
domain of f™* = all real numbers except 5
g@X+4p 4 X+12+8x-12 17X
_ aSXH Ay _ €2x-30 " _ 2x- 3 _2x-3
e2x- 39 23§x+46_ 3 6x+8- 6x+9 17
e2x - 39 2X- 3 2X- 3
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_ 1rx
ZX_ ;

Exponential and L ogarithmic Functions

Domain of f =

BBXt45, 4 9x+12+8x-12 17X
a8x+4g _ €2x- 38 2X- 3 _ 2X- 3
e2x- 39" _a8x+ 4y 6X+8- 6x+9 ~ 17

2875 30" 3 oX- 3 oX- 3

range of f * = all real numbers except -4

F(100) = 1870

Chapter 6
FAf0)= £
2X- 3
50. f(X):m
_2x- 3
T X+ 4
_2y-3
X = Y
X(y+4)=2y- 3
Xy+4x=2y- 3
Xy- 2y=-4x-3
y(x- 2)=-4x- 3
_-4x-3
Y==52
c1y0n _ - 4Xx- 3
F= =
f(f (%)=
Verify:
2X+3
51. f(X):m
_2X+3
Y=%¥7
X_2y+3
=3
X(y+2)=2y+3
Xy+2X=2y+3

Xy- 2y =-2x+3
y(x-2)=-2x+3
_ -2X+3
T OX-2
- 2X+3
X- 2

fi(x) =

Inverse

rangeof f ' =all real numbers except —2

Rangeof f =
domain of f* =all real numbers except 2

Inverse Rangeof f =
domain of f* =all real numbers except 2
@ 4X-36_ 5 -8x-6-3x+6 -1Ix
f%4X-3()_eX-2ﬂ _ XD _X-D
&€ X-2 @~ ae4x-3@+4 T T4x-3+4x-8° -1T
€X-2 9 X-2 X- 2
- 11X X- 2 _
x-2 -1r *
_43@%-35_ 5 -8x+12-3x-12 - 1Ix
ia’Z)(- 30_ ex+49 _ X+ 4 _X+4
T a3, 2x3-2x8 " 11
€X+4 9 X+ 4 X+4
-11x Xx+4 _
x+4 1T %
Domainof f =

574



Section 6.1 One-to-One Functions; Inverse Functions

& 2X +3p

2‘ +3 '4X+6+3X'6 - X
Verify: (X) T e Xx-29 &32X+36+2 T -2X+3+2x-4 7 -1
y: €X-2 0 X-2 X- 2
_ =X X-2_
X2 T
a2 X + 35 -4x- 6+3x+6 -
- 2¢ 0+3 X
()= BRI _OXF20 T TG G2
) =1 e3F76™ Bxvag -~ X732 & -1
€x+20 X +2 X+2
— TX X+2_
Tx¥2 T
-3x- 4 Domain of f =
52. f(x ==
) X 44 range of f™* = all real numbers except 2
_)3(,9_24 Rangeof f =
=57 Inverse  domain of f* = all real numbers except -3
X(y-2)=-3y- 4
Xy- 2x=-3y- 4
Xy+3y=2x-4
y(x+3)=2x- 4
_2x-4
Y=%+3
-1 _2X-4
=57z
_g@X- 45 4 -6x+12- 4x-12 - 10x
F(1()= 1 do - X302 XT3 _X+3
Verify: eX+398° @x- 45 ) 2X- 4- 2x- 6 -10
enty: €X+30° X+3 X+3
_ 210X x+3 _
X+3 -1
223X~ 45_ 4 -6x-8-4x+8 -10x
o) = X Ao E X208 0 T X2
e x-2 9 &3X-40 3 -3Xx-4+3x-6 -10
e x-2 2" X- 2 X- 2
_-10x Xx- 2 _
"% 2 -1
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Chapter 6 Exponential and L ogarithmic Functions

_x2-4 Domain of f =
53 [(¥= o x>0 rangeof f* = (0,¥)
2
X -4
Y==% x>0 Rangeof f = )
2.4 domain of = =50, ~2
=Y —.,y >0 Inverse omarn of = -y
2y

2xy? =y?- 4,y>0
2y° -y’ =-4y>0
y¥(2x-1)=-4,y>0
,_ -4 4

&[4 924 &4 4(‘_5 §e4-4(2x-1)9 ®4-8x+40

f(fl(x))_f& -4 9_ 2X—16 _82x-1- ﬂ_% 2x-1 5_8 2x-1 @
C@2x-1 e g6 X-40 ®-83 =280
2% 15 §2x- 10 &2x- 17 &2x- 1o

& 8x O
_&x- 1p_2-8x 0 @x- 10
“®-8 0 &2x- 108 8 0
&x- 10

%2 - 40 -4 -4 -4 )
-1 — f£-1 - — —
e =1% 2. 40 _#8&2-4- X2

8

Szxza‘“ B2 49 4 S,

(]

(piap)
x
N
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Section 6.1 One-to-One Functions; Inverse Functi
X2 +3 Domainof f =
50 (0= 2 x>0 rangeof f* = (0,¥)
2
y= x>0
» Rangeof f =
x:y—+3 x>0 Inverse g O
2 domain of = f'lzgé,oz
3Axy?=y*+3 x>0
3xy’ - y*=3x>0
y*(3x- 1) =3 x>0
) 3 3
= ® vy=
y 3x-1 y 3X -
f(x) = 3 X >0
3x-1
Verify:
g, 0 B0 ameox- 30
1(x)—f 3 3X 1@ 33 1 @ & 3x-1 B_g 3x-1
3X1g '_3839_ ®9 0 @9 0
‘/ - 1o &3x- 10 &x- 1o
3X - 1g
®&9x 0
gsx 1@ 2@ 9x O agx- 19 «
®9 9 3x - 1218 9 o
g3x-1ﬂ
2 3 3 3 3
FH(F (x) = f i = =
((X)) & 3x2 g B2 + 9 ag(z_,_sg_l &2+ 3. ng 6932
:E P g X' o g X g Iex°0
_ 3.6 _ 7=y
1 3
55. f(Xx)=mx+b, m!O0 56. f(x)=wr’- x>, OEXEr
y= mX:E I y=orZ- %
- nverse x:‘/rz-y2 Inverse
X- b=my ,
_Xx-b X*=rt-y
m y* = 2- x?
1(x):Tb, mt 0 y=wr2- X2

f (x):Jr -x°, OEXEr

ons
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Chapter 6 Exponential and L ogarithmic Functions

57. f!liesinquadrant |. Whenever (a,b) isonf, then (b,a)isonf *. Sinceboth
coordinates of (a,b) are positive, both coordinates of (b,a) are positiveanditisin
quadrant 1.

58. f ' liesinquadrant IV. Whenever (a,b) isonf, then (b,a)isonf *. Since a is negative
and b ispositive, (b,a) must be apoint in quadrant IV.

59. f(x)=]|x], x3 0 isoneto-one. Thus, f(x)=x x3 0 and f *(x)=x,x3 0.

60. f(x)=x",x3 0 isoneto-one.
y=x* x30
Inverse

61 f(x)=2x+32 g(x)=2(x- 32
f(9(x)) = f(3(x- 32)) =2(§(x- 32)) +32=x- 32+32=x
g(f(x)) =g(2x+32) =3(x +32- 32) =§(¢x) = x

62. p(x) =300- 50x _ |
p = 300- 50x 63. T(l)—ZIOJg, g» 322
50x =300- p I - I
300- T:ZpJ: ® —= |-
Xz—arp g 2p Vg
300' p T2 | gT2
X(p) = ® —== ® |=2—
(p) = s o
2
M=
4p°

ax+b
64. f(X):m

(@ domainof f al rea numbers except —d
c

_ax+b
T cx+d
_ay+b
oy +d
X(cy+d)=ay+b
cxy +dx =ay+b
cxy- ay =b- dx

(b)

Inverse

y(cx- @) =b- dx® y:u® Fi(x) = XD
CX- a
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65.

66.

67.

68.

Section 6.1 One-to-One Functions; Inverse Functions

(c) rangeof f al rea numbersexcept 2 .
Cc

(d)
ax+b _-dx+b
cx+d cox-a
Thisistrueif a=-d.
An even function cannot be one-to-one. When afunctioniseven, f(- x) = f(x). Thus,
both xand - x produce the same y value.

f=f" if

An odd function may not be one-to-one. Consider afunction such as f(x) = x* - x.

If the graph of afunction and its inverse intersect, they must intersect at a point on the line
y = Xx. However, the graphs do not have to intersect.

Y es, consider the function f(x) = o general the graph of f must have symmetry
X

acrosstheline y = x.

69. Answerswill vary.

70. f(x) :i X’X

if x is rational
if x is irrationd
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