Chapter 6

Exponential and Logarithmic Functions

6.4 Properties of Logarithms; Exponential and Logarithmic Models

1

4.

10.

11.

12.

13.

log,3" =71 2. log,2"=-13 3.
Ine” =2 5. 2%7_7 6.
log,2+ log, 4 =log,(42) = log, (8) =1
logs9+ 10g, 4 =10ge(94) = log, (36) =l0g,(67) =2
280
log,18- I0963=Ioger3;:|og6(6) =1
260
l0g,16- |0982:|0988?B:|098(8) =1
log,6¥og, 4
— |Og6(4lc)92 6) - |096 ((22)|0926)
= IogG((Z) 2'0926) = |096((2)|09262) = log,(6°) =2
log,8x0g,9
— |ogg(glog3 8) — |098((32)|°g38)
= Iogs((3)2'°g38) = Iogg((B)'%sz) = log,(8°) =2
092510954 _ 3I093(7) =5 14, 5996410057

Ine*=-4

=590 = 6x7 =42
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Section 6.4  Properties of Logarithms; Exponential and Logarithmic Models

15. %" 16. e’
Simplify the exponent: Simplify the exponent:
Let a=log, 16 Let a=log_9
() =10 (&) =
e? =16 =4 e?=9=3
e’ =4 e’ =3
a=In4 a=In3
Thus, €% = ¢™= 4 Thus, %7 ° =¢"=3
17. In6=In(83x)=In3+In2=b+a 18. In(=In21In3=a-b
19. In1.5:lngzln3—ln2:b-a 20. Ino.&ln%:lnl- In2=0-a=-a
2L g =In2° = 3xn2 = 3a 22 |27 =Ind=34n3=3b

23 In¥6 :In61’5:é><l n6:%><ln(2><3) :é><(ln2+l n3:é>‘(a+b)

20 @d" 1 a0 1
on Ingd_ |n8§g ——><1n8-— —><(In2—|n3 ><(a b)
25. log,(uv’) =log, U +log,V’ = 2logu+3log, v
26. |092eb2;a log,a- log,b’ =log,a- 2logb

27. Iog% =logM “® = - 3logM 28. log(10u’) =logl0 +logu’ = 1+2log

1 3
8 % 52 2 3 i
29. IogsJ% = Iogs?%g = |095%§ =log, @’ - log,b* = £log.a- 2log. b
30. Iog6 %/_ = logy(ab*) - logs(c®)* = logsa+log, b’ - log, ¢
=log,a+4logb- %log, c

31 (xJ ) Inx® +InyI- x =Inx* +In(1- x)2 21 <+ 2In(1- x)
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

In(xJ1+x2) = Inx+InyT+ @ = Inx+In(L+x%) = Inx+ 2In(1+x2)
|ngeﬁ = log, x* - log,(x- 3) = 3log, x- log,(x- 3)

@g x> +10

Iog5é v ;: logs(x* +1)% - logs(X* - 1) = }logy(x* +1) - log,(x* - 1)

lo E?ixé)zz)ﬁ logx(x+2)- log(x +3)° = logx +log(x +2)- 2l0gk+3)
g g)(( Xz;zla logx® X F1- log(x- 2) =logx* +log(x+1)f - 2log(x - 2)

=3log x+3log(x+1)- 2log(x - 2)

|ng>‘(x'+—x4)faF 1in g%“ i[In(x- 2)(x+1) - In(x +4)7]
= §[In(x - 2+ In(x +1)- 2Ingk+4)] = §In(x- 2) +4In(x+1)- 3In(x+4)
Iné%gg =§In§(xxz—_4)u—-[ln(x 4)° - In(x - 1)]

= 2[2Ink- 4)- In(x- D)(x+1)] = 4[2Ink- 4)- In(x- 1)- In(x+1)]

In 52( 14)?3 =In5w/1-3x- In(x- 4)° = InSrInx+InJI-3x - 3In(x- 4)

=In5 +Inx +In(1- 3x)

1
-
2

- 3Ink- 4)=In5-Inx+3In(1- 3x)- 3In(x - 4)

5 2 yr 23 2
In ;:(X+l)2Xl;l In(5x* ¥ X)- In(4(x+1)?)

= In5+Inx2 +In(1- %)° - [I N4+ In(x+1)?]
=In5+2In x+3In(1- x)- In4 2Ink+1)

3log,u+4logv =log,u® +log,v* = log(uv*)

2 ..
2 _ & 0
log,u” - Iog3v—loggévﬂ

JX % 7

X X 5

log, WX - log, x* =log, & =109, 55 =log, x
2 2 2
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45.

46.

47.

48.

49.

50.

51

52.

53.

55.

Section 6.4  Properties of Logarithms; Exponential and Logarithmic Models

é— %1 O _ ﬁ- 1 %1 -3 _
|092ex8+ |092éF8— log, &% = 2@ =log, & 38 log, x° =-3log, x

X x+1 2 e X
Inr+lnT-ln(x ) In

: X2 n(x - 1) = In&g (¢ - 1

X- 1 X { -1

o1 Uo jn—L = In(x- 1% = - 2Ink- 1)

'”e(x DX-DXDa- "(x- 17

X?+2x- 3
o ax*+2x- 36 log &+ TX+60 _ — log X2 4
Y- 4 o YT x+2 g 'Y Ti7x+06
T x+2

zlogae(x+3)(x 1) X+2 9 - log & (xX+3)(x-1) o

e(x- 2)(x+2) x+)(x +1)'Zj Yl X+ B)(x + D)o

8log, J3x- 2- Iogzé+logz4 = IogZ(J3x- 2)8- (log,4- log, x) +log, 4
= log,(3x- 2)*- log,4 +log,x+ log, 4 = Iogz[x(3x- 2)4]

1

21
21l0g, I +log,(9x*) - log,25 = Iog3(x5) +1og;(9x%) - log,25

_ 7 vau? _ %’
= log, (x" X9x%) - log,25 = log, .75 o

2log5x®- %log,(2x+3) = Ioga(5x3)2 - log, (2x - 3)2
flog(x® +1) + 2log(x* +1) = log(x’ +1)é +log(x’ +1)§ = Iog[3 X2+ 13X +1]

_log21 132222
|Og3 21= W 047710~ 2.771

log;18 = llc%lg = %%%% =1.796

_log71 log71 _ 185126 _
100, 1= Tog7 = ~Togs ~ ~0477z ~~ 3880

Iong logl5 = 1.17609
|Og_;15 o g |ng m =-3.907

Iog? Iog7 log7 _ 0.84510
log ,7 = T =5.615
o |09J§ log2 ~ 3Tog2™ 0.5(0.30103)
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Chapter 6 Exponential and L ogarithmic Functions

log8 log8 log8 0.90309
56. log 8= == r = == = 2.584
09 s logv5 log5 Tlog5 ~ 0.5(0.69897)

Ine 1 ;1
= = = -I 2
S7. 109,8= 15 = Trag73 = 0874 58. log, ¥2 = 'rl'n‘{oi = 'Igg =

_ 0.5(0.69315) _
= ~11aarz 0303

59. log,3x0g,4%0g,5409, 6409, 740g,8
_log3 log4 logs log6 log7log8 _log8 log?2 _ 3l 092_3
~ log2 "Tog3lTog4logb "Togb "Tog7 log2 log2 = log2

_log4 log6 log8 log8 log2 3log2
“log2Tog4loge log2 log2 — log2 ~

60. log,4xog,6x0g,8

61. log,3xo0g,4x%. . dog,(n+1)Hog,,,2
_log3 log4 logln+1) log2 _log2_
~ Tog2 Iogsx' "% logn “log(n+1) IogZ_1

62. log,2%og, 4x. . ¥og,2" = log,2x0g, 2% . .40g, 2" =123x . .1 = nl

Inx logx Inx logx
63. y=|og4x=mor y:]%4 64. y:|095XZ1T50ry:]o_ggs
2 2
-1 / 4 -1 [ 4
-2 —2
In(x +2 In(x- 3
65. y=log,(x+2)= —ﬁv) 66. y=log,(x- 3) :_(IW)
_ log(x+2) _log(x- 3)
ory= 0g ory——log—4
3 2
i / 5 0 /// 10
—2 22
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67.

69.

71.

73.

75.

77.

Section 6.4  Properties of Logarithms; Exponential and Logarithmic Models

In(x + 1)

y=log,,(x*+1)= w7y

_log(x+1)

or y—-mg -

—4

Iny =Inx+InC
Iny = In(xC)
y = CX

Iny =Inx+In(x+1)+InC

Iny = In(x(x + 1)C)
y =Cx(x+1)

Iny =3x+InC
Iny =Ine** +InC
Iny = In(Ce™)

y = Ce**

In(y- 3)=-4x+InC

In(y- 3)=Ine® +InC

In(y- 3)=In(Ce™)
y-3=Ce*® y=Ce ™ +3

3iny = 3In(2x+1)- 2In(x+ 4)+ InC

Iny® =In(2x +1)* - In(x +4)* +InC

é 30
X +1)2/
||’]y3 :|n§C(2X_];)lJ
g (x+4)*: §
. C(2x+1y
(x +4)*
R

_e&C@x+1)

g (x+4)* H
JCx+1)t
(x+4)*

68.

70.

72.

74.

76.

In(x- 2
y =log,,,(x- 2) = ]m(m%
_ log(x- 2)
O Y = o5t T D)
2
0 / 10
=2
Iny =In(x+C)
y=x+C
Iny =2Inx- In(x+1)+InC
B2cO Cx?
In :Ir§—+_® e
y X+ 1g y x+1
Iny =-2x+InC
Iny =Ine® +InC
Iny = In(Ce™)
y = Ce?
In(y+4) =5x+InC
In(y+ 4) =Ine*+InC
In(y + 4) =In(Ce™)
y+4=Ce”® y=Ce*- 4
21ry =- 4Inx+In(x* +1) +InC

1 4
Iny? = -Inx® +In(x* + 1) +InC

é U
., &LX+1) g
Iny” =Ing —=

S 3 u
& g
1
, x2+1)°
y = v
€, AU
_&C(x"+11
y=e——7 0
g X g
2, 4\%
C(x°+1
y= 2
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79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

Verifying:
Ioga(x+‘/x2_-1)+loga(x- Jx2_1) =log, (x+ sz_l)(x \/xz_l)]

= Ioga[x2 - (x2 - 1)] = Ioga[x2 - X? +1] =log,1=0

Verifying:
Ioga(\b_( + JX- i)+ Ioga(,b_( - JX- ) = Ioga[(,b'( +Jﬂ)(J>'( - IX- )]
= log,[x- (x- J)] =log,[x - x +1] =log,1=0

Verifying:
2X + In(1+ e'zx) = [ne** +In(1+ e'zx) = In(ezx(1+ e'zx)) = In(e2X +e°) = In(e2X +1)

Verifying:
h
logfX 1o
f(x+h)- f(x) _log,(x+h)- log, x S
( r)] ( ) - ga( h) ga = A — _ﬁ)doggi_'_ Ioggf[+
f(x) =log, x
= af(» 1o F(X) — [a-1)T ) —ﬁdfm
X=a ® x' =a _(a) =89

log, x*=f(x) ® -log,x=f(x) ® - f(x)=log,x
f(AB) =log,(AB) =log, A+ log, B = f(A)+ f(B)

f(x) = log, x

1
a¥W=x ® —=

_1 o _ 1 &10
T = X ® a =5 ® - f(x) = Iogax fes g

f(x“) =log, X" = alog, x = a xf(x)

If A=log, M and B = log, N, thena” =M and a® = N.
Eé\ﬂo aa” o

10965 = 10% 457 » =log,a"® = A- B=log,M - log, N
'09age,i|8 log,N"*=-1¥dog,N =-log,N, a1l
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Section 6.4  Properties of Logarithms; Exponential and Logarithmic Models

89. (@) Graphing:
110

40....

A =100g °- 121850
(d »0.1678 grams

(e) and (f) Graphing:
110

7
90. (@) Graphing:
1100
-1 . n ]
400

A = 999e-0.10'(6§20
(d »116.14 grams

(e) and (f) Graphing:
1100

400........

(b)

(©

(b)

(©)

y =100(0.88)"
0.88=¢"*®
®y zloqeln(O.BB))x = 100&" (088

A: Aoe- 0.1278t, Ab :100

1008 °12° =50

-0.1278t _ 50

100

e—0.1278t — 05
In(e ****) = In(0.5)

- 0.1278t =In(0.5)

t= w »5.42 weeks
1278

y =999(0.898)
0.898 = /"08%)
® y=999e"™™))" = 990e" ¥

A - Aoe-0.1076t’ Ao - 999

999e 17"t =500

-0.1076t _ @
999

0.1076) — I %OOO

"8999

In(e

5
- 0.1076t= Ing%ég

| na%oog
t= €999

6.43 days
201076 &y
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91. (a) Graphing: (b) y=96(0.98)"
0.98 =%
0 X
® v =9qe"®))* = ggen (0B
" b y =9ge"*®)
&0 A: Aoe— 0.0202t, A) :96
T ® (©
& 96e— 0.0202t - 60
40 4
] -0.0202t - @
96
Mg b 20 3w 4 = B O .
In(e- 0.0202) - | %09
89621
d) and (e) Graphin N
(9 ende Grepming - 0.0202t = Ing02
=0, ' 8962
izt 1,800
E‘-I -
i = @ » 23 shoes
=0 - 0.0202
401
A9 1m0 @J 32,40 S B0
92. (a) Graphing: (b) y=20.524(1.022)

1.022 =g 0%
® y= 20_524(e|n(1.02%)x - 20_5248"1(1'02%)(

A=A A = 20524
: ©
20.524e"% = 45

B & = 3

Q0B t 45
20.524

& 45 0
) . | 0.0218t — I =
(d) and (e) Graphing: n(e™") 50.504 5

® 45 0
) 0.0218t =| n8%3

[

0 i 2o 3} dh B0 Bl M

!

- & 45 0
t= _£20.5240 » 36 dresses
¥ 0.0218

Ay b X @, MW E E m
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93. (a) Graphing: (b)
y =32741- 60714nx
2400
B 1650 =32741- 60714nx
i * - 31091=- 6071¥nx
1800 _
1600 5 - 31091 _ Inx
Ll ; - 6071
12003 =
— . 31091 —Inx
180 160 i 180 TE] 6071
%10912

(c) and (d) Graphing: QBB07L 5 — ik —

24004

2 X »168 computers

b1 1

1500
Y1500

1400

120

1000

= 180 170 130 1=0
94.

domain of f(x)=log, x* is al real numbers * 0

domain of g(x)=2log,x is al real numbers > 0

These two domains are different because the logarithm property log, x" =nxog, x holds
only when log, xexists
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