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1 _cosO _
csc O >xcoso _WXC 0SO = Sno —— =Cot0

1 sino _
secH xsind = m&l ne = m—taﬂe

1+tan’(- 0) = 1+ (- tan0)* =1+tan’0 = sec’ O
1+cot’(- 0) = 1+ (- cot)” =1+cot” 6 = csc’O

&in’0 +cos?0p_ 1
@ coshsnd g snod

asind | cosO ¢ _

+
ecosb  Snb g~ 0s0

cosO (tan6 +cotf) = coso ; = cscO

ar0s’0+sin?0p_ 1
@ snbcosd g~ cosO

sinf (cot® +tand) = snp Y, SnB 6 _

&sno t coso e~ SN0 = sect

tano coto - cos@-tan@% cos’0 =1- cos’0 =sin’0

sind csch - cos’0 =sind xg-ﬁ—e- cos’0 =1- cos’0 =sin’0

(sech - 1)(sec 6 +1) = sec’0 - 1= tan’ O
(csc - 1)(cxc 6 +1) =csc’O - 1=cot’ 0
(secO +tanO)(sech - tanf) = sec’O - tan’H =1

(cscB + cotf)(csco - cotf) = csc’O - cot’ 0 =1

cos’f (1+tan°0) = cos™§ xsec” 0 = cos’ O xﬁ 1

(1- cos’0)(1+ cot” ) =sin*B xcsc’ 6 = sin’ XLG 1
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(sin® +cosO)” +(sind - cosh)’
=sn%0 + 2sin0 cosO + cos’ 6 +sin’0 - 2sinO cosO + cos® 0
=2SiR0 +2c0$0 =2(Sin’0 +cos’0) =24 =2

sin’0 o2 0 + 00326

n noe+ =1
526 emesecose

tan” 0 cos’ O +cot’0 sin’f =
sec’ 0 - sec’0 = sec®0(sec’ 0 - 1) = (tan’ 0 + 1)tan’0 =tan* 0 + tan’ O
csc'B - csc® 0 = csc”O(csc’ O - 1) = (cot® 0 +1)cot® 0 = cot* 6 + cot’ O

1 sind 3@ smBO 3§+sm60 1- sinfO

secO - tanf = g
cosd  cosd cosd @ E1+sing cosH (1+ sing)
_ cos’0 _ Ccoso
~ cosB(1+snB) — 1+snb
1 cosH &B- cosBO &+ cosf0  1- cos’0
cscH - cotd = 8 g
sno  sind snd @€l+cosod Sin6 (1+ cosH)
_ sin?0 _ snb
~sn6(l+cos)  1+cosb
3sin®0 +4c0860 =3sin’0 +3c0$ 6 +cos’ 6 = 3(sin° O +cos’ 0) +cos’ O

=34 +cos’ 0 =3+cos’ 0

9sec’ 0 - 5tarf 0 = 4sec® 0 +5sec’0 - 5tan’0 = 4sec’0 +5(sec’ 0 - tan’0)
= 4sec’0 +54 = 5+4sec’0

cos’0 _, 1-sin’0 (1- sin®)(1+sinB) _ L

- t5sne =1 Tvsnp °1- 1+sn0 =1-1+4n6 =sino
sin0 _, 1-cos0 _, (1- cosO)(1+cosd) _ _

-1 ™1 Tmoosp 1 1- cosb =1-1- cost =- cosb

& 10 8©0t6+10
1+tan® gl coteﬂ 8 coth o cot6+1Y cotd  coto +1

1-tand & 1 O &otb- 10 cotd cotf-1 cotf-1
81 coto @ 8cot6 @

&1 6 @ snpd
csch - 1_%_ 5_8 sino 5_1- sSnB _ sn® _1-snd
csch+1 @1 O @+sn80  sing 1+sind  1+sind
Snd @ & snd o
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@1 0
sec , sind _8cosei25+ sind _ sind , sin@
cscd cosH &1 O cosh cosd cosH

=tan0 +tand =2tan0

sinf @
cscH-1 _cscH-1 cscH+1 . csfO-1 cot?0 _ cotf
cotd ~ cotB “cscHB+1 " cotb(cscH +1) — cotB(cscH +1) T csch +1

& _10 2sxh+10
1+sin0 _éi csceiz_g csch @_cscO+1 csch  _csch +1

1- sind 1 0 ®scH-10 cscO cscH-1 csch- 1

81_csceia & o0 o

0 +1 &1 0 & 160
coso + + +—_—
cosy +1 _( ) gcose a_ cosh @_ 1+ secH
cosO - 1 @1 0 & 1 0 1-gach

(o - e s & wosop

1-sin® . cos® _ (1- SnB)*+cos’0 _ 1- 2sin® +sin“0 + cos’ 0

cosb 1-snB cosO(l- snB) cosO(1- sinB)
_1-2sn6+1 _ 2-2sn6 _ 2(1-snB) _ 2 — 2500
~ cosO(1- sinB) ~ cosB(1- sinB) — cosB(1l- snB) — cosb
cosd _, 1+sinf _ cos’0 +(1+sin0)? _ cos’0+1+2snO +sin?0
1+sn6 cosb ~ cosB(l+snB) cosO(1+sno)
_ 1+2sin6+1 _ 2+2sn6 _ 2(1+sinB) _ 2 —2sed
— cosO(1+snB) — cosB(1l+snB) — cosH (1+sinB) — cosh
@&1 0
sn® _  sind snog_ 1 1
sinf- cosd sinB-cosH €1 0 & cosbO 1- coth
sind @ 81 sino @
1. sin0  _ 1+cosO - sin0 _ 1+co0sO - (1- cos’0) _ coso + cos’
1+cost ~ 1+ cos6 a 1+ coso ~ 1+cosH
_ cosO(1+cosh) _ 0
T~ I¥cosp %S
- - 2
(secO - tanf)” = sec®0 - 2secH tan® +tan” O = L x5 JN0 S0

-2 +
cos? 0 cosO cosO  cosfo
_1-2sn@+sn’0 _ (1- SnB)(1-sinB) _ (1- snB)(1- sinb) _1-sinb

cos’ 0 1- sin?0 ~ (@ snB)([@+snb) ~ I+sind

1 1 cosb cos’ O

2 _ 2 2n _
(cscH - coth)” =csc”0 - 2cs® cotb +cot” 6 = S76 - 2°5n0 Sno T 570
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_1-2co¥ +cos’0 _ (1- cosH)(1- cosB) _ (1- cosB)(1- cosb) _ 1- cosB
- Sin?0 1- cos 0 ~ (I- cosP)(1+coshB) ~ I+cosh

cosb N sind _ coso . sinb _ cosH . sino _
37. 1-tan® 1-cotd & snO0 & cosHO @Rosh- SN0 3&inv - cosH O
81_@5 gl-sineiag o0 o & S 2

__cos® . sn® _cosH-sin’f

cosO- SN0 SN0 - cosD  cosO - sino

= (cosh - Sinb)(C0SO +SNf) _ 59 + sing = sind +cose
cosH - sinb

®RosHO  &Rinp O %ost) 0 &ino O

coto ., _tand _ 302 Scod o sing @ N i
38. 1-tan® 1-coth & smBO & o0 ZeosH- SnBO 38nb - cosHO
81 Cos0 & 81 Sz & cod & & s @

: cos’0 N sin?e
~ sinO(cosO - sinB) ~ cosH(sin® - coso)
_ - cos O xcos +sin?0>sinf _ sin®0 - cos’0

sinfcosb(sinb - cosf) ~ snBcost(sinb - cosh)

(sinB - cosH)(sin?0 +sind coso + cos’ 0)
SinB cosh (sinB - coso)

_sin®0+sin6cosd +cos’0 _ sn’0 _ sin@cosh , cos’O
_ SN 6 coso sn6cos®  sSnBcosh  sinB coso
= 309 41+ 290 = 1 4+ tan6 +cotd
cosO sino
cosO _ sin® ., cos® _ sinO(1+sin®)+cos’0
39. tnd "T+¥sno ~Cosd  I+sSno cose(1+sno)
_snO+sn®0+cos’® _  sne+1 1 — o
cost (1+snB)  cosb(l1+snB) — cosb
1 0 &ing 0
. SinH cos
sind cosH ( )% 00 @ cosb @ _ tand

40. cosze-sinze_(cosze_sinze) 1 0 &® gn%0 1-tan’6

S S0 0 gl 00

tan® +secH - 1 _ tanO +(secO - 1) tan6 + (sech - 1)

Al P o F1 - T - (sech - 1) Tand T (5P - 1)
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_ tan® +2tan § (sech - 1) +sec®6 - 2sech +1

tan®0 - (sec’®0 - 2secO +1)
_sec’f - 1+2tarp(sech - 1) +sec’6 - 2sech +1

sec’0 - 1- sec’f +2sed - 1
_ 2seéf - 2sech +2tarb(sech - 1)

2eCc o -

2

_ 2sed®(sech - D+2tarb(sech - 1)

23eCH -
_ 2(secH - 1)(sec 6 + tan6)

2

2(secH - 1)

=secH + tand =tanO +secH

sSinb - cosb +1 _ (sinb - cosB) +1 (sinB +cosO) +1

sinB +cost - 1~ (sinB +cosB) - 1°(sinB +cosh ) +1
_sin?0- cos’O+sinO +cosO +sinO - cosh +1
(sin® +cos0)? - 1

&ino cosHd Hin’6 - cos’HO
tand - cotd _Scos)  Sno @& coshsnd & sin?6 - coso

sin0 - cos’H +2sin® +1

sin“0 + 2sin6 cosH + cos 6 - 1
_sin’0- (1-sin’9)+2simM +1

2sin0 cosO +1- 1

_2sifiB +2sinf _2sin6(sinf +1) _sing +1

23N 0 cosH

2n6cos® ~  cosO

tand +cotd &n6  cos6O  &ntH+cos’0O 1
cosd sSnB@ & cosHsnd g

21 c0s’09 - cos’p9

sech- cost _ &cosd

cosH g & cosd g sin?6

sech +cosf 2 1

- " Sino o cos0sin® g in?o -
tand - cotf _gcose Snb @, _é g, ,_Sn6 cosze+

cos0O

a&ind cosHO

cos00 &+ cos?60 1+cos’0

cosD g & cosd g

&in®0 - coszeij

tand +coto

tand - cot0
tano + coto

+2cos

- &ing | cos80 T &’ + cos’ O 1

cosd snbg

0

a&ind cospO

:Sgose sino @
a&nb cos O

cosd snb @

+2c0s

%0

& cosfsnd g
=sin®f- cos’B+1=sin’0 +(1- cos’0) =sin°0 +sin’H =2sin’0

Rin“0 - coszei_j

_g cosfsind g

~ &n’0 + cos’H O
cosfsind g

=sin’0 - cos’ 0

1

+2c0s’0
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_ sin?f- cos’ 0

T +2c0€0 =sin’0 +cos’0 =1
&1  singo 22+singo
sech + tand gcose cost 8_ & cosd o _l+sin6__ sind
CotO +cosH 3@ose+cosef_5 - % os0 +c0osOSiNB0 " cosH  cosH(1+ sino)
Ty o sind a
_sne _ 1 _
~ cosH “cosO = tan® sect
®e1 0 @1 0
sech &cos0 _ So0p @ 1 Oa- cosfO_ 1- cos _1- cosh
lrsech 2. 1 (_J dgosp) + 10 &1+ cos0 0 61- cosB @ 1-cos'6  Sree
81 cosd @ 80056 a
1- tan’0 1- tan’6 +1+tan’o 2 1
—  41= = =2 =2co080
1+tan’6 1+ tan’0 sec? 0 sec? 0
1- cot’0 1- cot?0 1 cot? 0
———— +2c080 = —=—+2c080 = - +2co0€0
1+cot?6 csc’0  csc?h
&R0s”0 9
. &m0 5
=9n°0 - = 0+2cos 0 =sin“0- cos’0 +2c0s’0 =sin“0 + cos™0 =1
Sn’0 o
&1 1 0 &ino- cosno
secO - cscO gcose smeﬂ gcosesma
=sinb - coso
sechesc) &1 10 @& 1 O
&0s0 Sn0p  &cosnSno &
ae'nze sing 0 &in’ 0 cos - smeo 8inf (sinf cosh - 1) 0
sin0 - tano _(gs cosO @ _ % cosd éf cosH 2
cos’f - coto ae0526 cosBO ~ RoL0SNG - cose0 0o (coso sino - ])0
8: sno g sind 4 sinf 2
Sin26 2
= =tan" 06
cos’ 0
. 1 . snf _1- cos’0 -sn’0
secH - cosO - sinf tanB = Tos0 cosf - sinb 030 030
_sin’f-sin’0 _ 0
- cos0 -
. . 2 _
{10 + LB - SeCh cseh = sn®  cosh 1 1 _sin?0+cosH-1

cosh  snB cosO “snd cosfsing
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_1-1 -0
~ cosfsing
1 4 1 _ 1+sn6+1-snb _ 2 _ 2 — 25020
1-sn6 " 1+sn6 ~ (1- sinB)(1+snB) ~ 1- sin?29 cos2O
1+sin® 1-sin® _ (1+sin6)*- (1- sinB)?
1-sn6 1+sn6~ (1- sinB)(1+snob)
_1+2sn@+sin®0 - (1- 2sin O +sin’6)
1- sin*0
_4sn6 _ , . 8sn6 1 _
" cos0  cosh cosh Atan 6 sect
sec)  ®sech O @+sinO sece(1+sm6) secO(L+sinb)
1-Sn0 S1-snooSl+snos  1- sn’o cos 0
__1 1+sin6b :1+S|n6
cost  cos’@ cos’0
- - 2
(sech - tan@)’ = sec’H - 2secH tand +tan’H = L %3N0, S0

co20 2 Cos0 coso Co< 0
_1-2sn@+sn’0 _ (1- SnB)(1-sinB) _ (1- snB)(1- sinb) _1-sind

cos? O 1- sinO ~ (1- snB)(1+snb) ~ 1+sn6
(secO - tan0)? +1 _ sec?’0 - 2sed tand +tan’0 +1 _ 2seé0 - 2secO tano
cscoO(sech - tanB) — csch (sech - tanf) ~cscO(secH - tanb)
® 10
2secO(sech - tanf)  2secO 82 c0s0 & 1 sin@
= = = =2X =2tan06
csad(sech - tand)  csco @1 0 cosh 1
gSInGﬂ
88+ smeo
sec?0 - tan?0 +tan® 1+ tand 81 cosfg & snpo
= = —gl ——-+c0s0 = cosH + Sind
sec secf ®e]1 0 cosH @
&cosH @
SinB +cos®  sinB - cos® _sinB _ cos® sin® _ cosH _ sinb +1- 1+cose
coso sing ~cosO  cos® sSnO  SnO ~ cosO sino
_sin?0+cos’O _ 1 — 0 csc0
~cosfsn® T cosOsSnO
SinB +cosh  cosb - sinB _ sinf +cose _ cosb + sino _1+cose i 1+sin6
sino cos0 ~9nO  sSn® cos® cosO sin® cos0
_ cos’O+sin?0 _ 1 — sech csch
~cos@sn®  cosOSnG

sin’0 +cos’0 _ (sin0 + cos0)(sin?0 - sind cost +cos” 0)
sinB +cost sin® + coso

=1- sin0coso
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64 sin°f +cos’® _ (sin@ + cosB)(sin6 - sin@ cosh +cos’ §)

1- 2co$6 1- cos’0 - cos’0
_ (sinB + cosb)(1 - sinBcos) _ (sinB + cosb)1 - sinfcosH)
sin?0 - cos?0 (SinB +cos0 )(sind - cosh)

&1 0 e _ 6(’)‘
. — - sinf+ .
_1- sinf cosd Vgcose ?_ &0 g_ sech - sinf
(snb- cosp) &1 0  &inp O tand - 1

: - 1=
COsH 9 0 O

cos’0- sind _cos’0 - S0 _ cos’0 - sinfO E
65.  1-tan’0 ® sn’90 ®Ros’h- sin’60
él o6y & cos’h g

cos +sinf - sin*0 _ cosO . sin®  sin®0

_ 20
66. =70 =S50 T 3n0 - Srp- - ooté +1- sin“6 = cotd +cos’ 0
&7 (2080 - 1)* _ [200526- (sin26+cosze)]2
" cos’f - sn*0  (cog0- sin?0)(cos’H +sin?0)
_ (co$ 6 - sin®f)’ _cos’f-sin’0
(co$0- sin“0)(cos°0+sin“H) cos O+sin“0
= cos’ 0 - N0 =1- sin’0 - sin“0 =1- 2sin®0
68 1- 2c0S® _1- cos’f - cos’® _sin’6-cos’® _ sin’®  cos’f
" snBcos® =~ sinB cosB ~ snBcos® ~ sinBcosB  sinB coso
S Ll c__ose =tan0 - cotO
~cosB snb
69 1+sin® +cosB _ (1+sinB) +cosB (1+sinB) + cosO

1+sn6 - cosb ~ (1+snB)- cosH “(1+sn6)+ coso
_1+2sin0 +sin?0 +2coD(1+sinf) +cos? O
- 1+2sn0+sin’0 - cos’ 0
_ 1+25in 0 +sin°0 +2coP(1+sn6) +(1- sin’0)
1+2sin0+sn“0- (1- sin“0)
_2+2sn06+2co9(1+sinb) _ 2(1+sinb)+2coH(1+snb)

2sin0 +2sin’0 2sin 6(1+sinb)
_2(1+sin6)(1+cosB) _ 1+ cosb
~ 2sin0(1+snB) sind

1+cosO +sin _ (1+cosB)+sinf (1+cosO)+sinbd
1+cosb - sin6 ~ (1+cosB)- snB “(1+cosb ) +snb

70.
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71.

72.

73.

74.

75.

76.

17.

78.

_1+2c09 +cos’0 + 2sin0(1+cos ) + sin’0
- 1+2co® +cos’0 - sin?f
_1+2c0$ +cos’ 0 +2sinf(1+cosh) +sin’0
1+2co® +cos 0- (1- cos0)
_2+2co9+2sim(1l+cosO) _ 2(1+cosb)+2sinH(1+cosO)

2cod +2c080 - 2co9(1+cosb)
_2(1+cosf)(1+snB) _1+snB _ 1 sno _
~ 2co¥(1+cosB) ~ cos®  cosO oS0 - sech + tand

(asin® +bcosO)’ + (acoso - bsing )
= a?sin%0 + 2absind cos + b?cos?0 +a?cos’ O - 2absin® cosd +b?sin?0
= a’(sin?0 +cos?0) +b?(sin’0 +cos’0) = a* + b?

(2asin® cosh)’ +a’(cog 0 - sin’0)’
= 4a’sin®0cos? 0 + az(cos“e - 2c080sin’0 +sin46)
a2(4sin26cosze+cos4e- 2co80sin’0 +sin46)

az(cos“e +2c080sin’0 +sin46)
a’(cos’ 6 +sin2€))2 =a’()’ =&

tano +tanf _ tana +tanf _ tana +tanp
cota +cotp €1 °1 1 é_a@anﬁﬂana@
tanc. tan[ira gtanatan[i o)

@tanatanp 9

=(tano + tan Xg—a-— tana tan
( B) tana +tanp g b

(tana +tanp)(1- coto.cotp)+ (cota + cotP)(1- tana tanf)
= tana +tanf - tana cot o cotf} - tanf coto cotP
+ cota +cotf - cota tana tanf - cotf tana tanp
= tana +tanf - cotf - cota +cota +cotP - tanp - tana =0

(sina + cosP)® + (cosp +sina)(cosp - sina.)
=sin®a +2sina cosP +cos’p +cos’ B - sin“a
= 2simcosp +2cos P = 2coP(sina +cosP)

(sina - cosP)? + (cosp +sina)(cosp - sina.)
=sin®a - 2sina cosP +cos’p +cos’ B - sin’a
= - 2sina cosp +2co8p =- 2coPB(sina - cosP)

-1
In| secH | = In| =550 =In|cosO | = - In]cosO |
Injtan® | = In sind =In|sinB |- In] coso |
cosO

794



Section 8.3  Trigonometric Identities

79. In|1+cos6 |+In|1- cosd|=In(|1+cos6 |41- cosd ) =In|1- cos’ 6|
= In|sin*0 |= 2In|sing |

80. In|secO +tan® | +In|seco - tand | = In(]secO +tan® | fsech - tan6 |)
= In|sec®0 - tan’0|=In|1] =0

81. Show that sec(tan'lv) = J1+V .
Let o =tan''v . Thentana =v, - g<oc <%.
sec(tan'lv) =secao =yl+tan’ o = YL+V>

v
-V

Let @ =sin"'v . Thensina = v, - %EaE%.
sina. sina v

82. Show that tan(si n'lv) =

tan(s'n'lv):tanoa T —
ﬁ 2
83. Show that tan(cos'lv): ;/V .

Let o =cos'v . Thencosa =v, E a £p.
sino. _ Wl- cofa _ Wl- V2
coso. ~ coso. .V

tan(cos'lv) =tano =

84. Show that sin(cos'lv) =J1- V.
Let o =cos ‘v . Thencoso =v, & o £p.
sin(cos'lv) =gna = y1- cos’ o = y1- V?

85. Show that cos(si n'lv) =J1- V2.
Let o =sin'v . Then sina = v, - %E(}LE?.

cos(sin'lv) = 0coSaL = y1- sin‘a = y1- V2

86. From Problem 81 we know that sec(tan' 1v) = J1+V* .

1
1+v2

Since seca = thencostan™ v) =

1
cosa.’

:
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