Chapter 8

Analytic Trigonometry

8.5 Double-Angle and Half-Angle Formulas
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5. cosez-ﬁ, E<8<p; thus, B<Q<EID o iIsin quadrant I.
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7. secH=3 sino >Q 0<6<%; thus,0<%<%|:> gisinquadrantl.
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Section 8.5 Double-Angle and Half-Angle Formulas
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24,

25.

26.

27.

Section 8.5 Double-Angle and Half-Angle Formulas

Q,
[EY

2 A&- cos(20)

in'0 =(sin® = = =(]-

sin e—(sm 6) —gTa 4(1 2005(26)+cosz(26))
_11 1 on_ 11 133+cos(46)§
=3 2cos(26)+4003 (20)= 2 2cos(26)+4§—2 ;

11 1.1 3.1 1
=7 2005(28)+8+8005(49)—8 2005(28)+8005(49)

cos(3) =cos(20 +0) = cog ) cosh - sin(20)sind
= (2c0§6 - 1)cose - 28in0 cosOsin® =2c0&0 - coso - 2sin20 coso

=2c0&0 - coso - 2(1- cosze)cose =2c0$0 - cosO - 2cod +2cos0
= 4c0$0 - 3cod

sin(46) =sin(2(29)) = 2sin(26) cos(20) = 2(2sin6 cos0)(1- 2sin”6)
= cos0(4sin 0 - 8sin®0)

2 2 2
cos(46) =cog2(26)) =2c0s” (20) - 1=2(2c0s’0 - 1) - 1
= 2(4co§‘(-)- 4c0d6 +1) -1=8c0$6 - 8cogH +2-1
=8cos6 - 8cog0 +1

Use the result of problem 25 to help solve the problem:
sin(50) =sin(46 +6) =sin(40)cos6 + coq46)sind

=cosH(4sim - 8sin®6)cosd + cog2(20))sin6
=cos’0(4si i - 8sin°0) + (1- 2sin*(20))sing

=(L- sin*0)(4sin® - 85in36)+sin6(1- 2(2sin6 cose)z)
=4siM- 125in°0 +8sin°0 +sin(1- 8sin”Hcos’6)
=4si - 12sin°0 +8sin°0 +sind - 8sin°0(1- sin0)
=5sin0 - 12sin®0 + 8sin°0 - 8sin®0 +8sin®0
=5sin0 - 20sin®0 +16sin°0

28. Usethe result from problems 25 and 26 to help solve the problem:
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29.

30.

31.

32.

33.

34.

35.

36.

37.

cos(50) =cos(40 +6) = coq40) cosd - sin(40)sind
= (8cos" 6 - 8cos® 6 + 1) cosh - (cose(4sin 0- 83in36)sin6)
=8c0s’0 - 8cos’0 + cosf- 4co8sin®0 +8cosO sin* 0
=8c0s°0 - 8cos’0 + cosd - 4c08(1- cos’B) + 8cosh (1- cos’B)’
=8c0s’0 - 8cos®0 + cos- 4c08 + 4cos’0 + 8cosO(1- 2cos?0 +cos’0)
=8c0s’0- 4c030 - 3coso + 8cosh - 16c0s°0 +8cos’H
=16c0s°0 - 20c0s’0 +5cos0

cos’ - sin' =(cos’ 0 +sin0)(cos®6 - sin0) =1xcog26) = cog )

®ow) snpO Ros'o- s’
coto - tand 8sme cosh @ _ 5 sinfcosd g cos(20) Sind cosf

=cos(20
cotd +tand 8o SInGO a%osze+sm 80 Sind cosd 1 (2)
sind COS@Q g sind cosO g
e 1 9 Rot 0 - 10
cot(29) = 1 1 _1- tan®0 g cot?0@_& cot?0 g cot?0- 1
tan(20) 392tan69 2tan® &2 0 ®2 0 2cot 6
&1- o o ot 0 & &coto o
1 1 _1- tan’0 1 1
cot(20) = == xcotf(1- tan?0 x{cotO - tand
@)= an(2) aeztaneg 2tan 2 ( )= 2 )
1- tan0 @
1 1 1 1 sec?
sec(20) = b

cos(20) “2c0s20-1 2 2 10 B_ 5c?00 2- %c’0
20 ﬂgseczﬁg

cso(20) = - Ll cscoseco = £ xsecoosco
(26) 2sinfcosd 2 2

cos’( ) - sin®(20) = cos(2(M)) = cos(46)
(4si 0 cosB)(1- 2sin*6) = (2sin(20))(cos20) = sin(40)

cos(20) _ cos’0 - sin?0 _ (cosO - sinB)(cosO +sind)
1+sin(20) ~ 1+2sin6cosh ~ cos’6 +Sin? O +2sinH cosh
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300 smGO
(cose sinB)(cosO + sin) _ cosH - sind Ssme smeﬂ coto - 1
~ (cosd +sinB)(cosd +sinf)  cosH +sinf  Z&osH Slnﬂo coto +1

38.

39.

40.

41.

42.

43.

45,

46.

sino sm@ra
S:inzecoszezE(ZSinecose)zzi>(sin(26))2 1. COS(A'B) ><(1 cos(46))
4 4 4 2
R0 1 1 2
s c0s2 80 &+c0os00 1+ cosd
20 2 o
80 1 1 2

&5 5 B0 @- cosBO 1- cosh
20 € 2 o

@ 1 0 agec+10

ot - 1 1 _1+cosH 81 secera 8sece 2 sec +1
§26 . ,o80 - coMd 1-cow & 1 O %8ecH-10 seco-1
82121 gl+COSGﬂ 81 sech @ gsec@ ]
t ?O L .COSB .l -C(.)SG =csch - coto
sin@ sind
?;?L- tanzaﬁf & 1-c0s§0 &+ cosf - (1- cosH)d
e 8 : gl 1+coseﬂ 8 1+ cosH ﬂ 2cos0 0
aeﬂan?ag ~ %@ 1-cosH0 3@+ cosH +1- cosH O 2 -
g $ Troows & Iroow  #

SN0 +cos?@ _ (SinB+cosB)(sin?6 - sing cosd + cos’ 0)
sinB +cost sino + coso

=1- sind cosd =1- %xsin(ze)

sin(3) cos(3) _sin(3)cosh - cog30)sing _ sin( - 6)

sino coso ~_sinBcos sin6 cosh
_sSin26 _ 2sin6 cosb —5
~snfcosd ~ snBcosd

cosd +sin®  cosh - sinf _ (cosh +sinB)” - (cosb - sin6)*
cost - sinb  cosh +sinB — (cosH - sinB )(coso +sinb)
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CoS’ 0 +2c0s6 Sind +sin”6 - (cos’6 - 2cos6 sinb +sin’6)
cos’f - sin“6

_1+2cosfsing- 1+2cos@sing _ 2(2sinf cosd) _ 2sin(20)

cos26 cos26 cos(20)

=2tan ()

a2tan 0 0
tan(26) +tand _ ST a0 | Vs
1- tan(20)tan® & _2tanf 0

1- tan’0 (7]
Btan 0 +tand - tan’0
& 1- tan?0 @_ 3tand - tan°0
&- tan’0 - 2tan?00  1- 3tan’0
1-ta’d g

47 tan(30) = tan(20 +0) =

tan® + tan(120°) , tano +tan(240°)

1- tanf tan(120°)  1- tan6 tan(240°)
tand - /3 | tan0+J3 _ g+ 200 V3, tanf +4J3

1- tanG(- J§) 1- tane(ﬁ) B 1+J3tand  1- J3tand

_tan0(L- 3ten’0) +(tend - V3)(1- Y3tan6) + (tand +/3)(1+ V3 tan0)

48, tanb+ tan(® +120°) tan( +240°) =tano +

=tano +

1- 3tan’0
_tan6 - 3tan’6 +tand - V3tan?6 - 3+ 3tan6 +tand + W3 tan®0 +v/3 +3tan 0
1- 3tan®0
- 3tan® 3(3tan 6 - tan’6
a0+ oeno _ 3FeN0-6) o) ocpiem a7)
1- 3tan“0 1- 3tan“6
E><(In|1- cog(20)|- In2)=£><|n 1 cos9 - ind L cos(2) Z_)=Ir(|sin28|l/j=ln|sine|
49. 2 2 2 2 2
1 1 |1+cos20 1+ cos(20) [ _
50, §><(In|1+cos(26)|-ln2)—-2><ln > Ig > : In(|cos e| j Icoso |
[l Epd . Ho J3
51 sm;Zsm g-zm—sm; gEm ngsg >
®apy®d  @pd J§
2 = 20—+ =9
2 apin {7 Ge e ronfh -
368800 6_ 18 _ 7
53. COS;ZSm 8_ =1- 2sin? (;sm 8_ 28?3@ g— "5 2—5
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55.

56.

S7.

58.

Section 8.5 Double-Angle and Half-Angle Formulas

00 ag 00 Geie] 32 7
00$2cos g———-Zcos Qcos 8_531 25——-1 8—5—- 1——-1—2—5
é 230
tachos 8 -—u
aeso
Let ¢~ 0058 5g. o isinquadrantIl.
3
Then COSOLZ-E, CEafp
e 5
seca=-2 tam:-J—secza-lz-/-z-l:-/2_5-1:-‘/§=-g
ae4o aego aego
ze 30l dana % 3 €30 & 3p_80@90_24

¢
tanfcos’ '¢- =t1=tan2 { Ty
ancos g Si=tan2o = =———— 33884020 = 160 270 & 308 78 7

& 305 95 & 90

& 86360 a0 a0 a0

S B 2eng s PGs G Ss 316_24
2T tangteanla%oo % omi0 ae_gg &0 2 7 7
S & 84% 165 &6
sirg%cos'l?gg
e
@.O

Let a.= cos 8?3@ o isinquadrant I.

Then COSOLZE,OEOLED_

7
sinoc:Jl- cos’ o :‘/1- ?5 = ’1- 1—6 :JES:E

220 4 24
erZcos 8——u sin2o. =2sino.cosa = 2><§><—:—
55 25
x® ae4oC
cos;2t 8
ae4o
a”8 3@ o isinquadrant IV.
4 p p
tanot = -=, - =<a <=
Then fo =7 75 5% 5%
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59.

60.

61.

62.

Seca = oc+1—‘/ - +1= ‘/ J_ - cosoc—

e 7
cosEZtan 8 ——u cos20, =2cos’a, - 1= ——-1 2><—-1—-—
50 25 25
® a3 @& 30 a6
. 1- cOKeos o=+ - =+ ==
& e OG5 &h 1
sme—xcosg- = = 20 =
e %] 2 2 2 5
coszg%@n*a%gz
&2 &5z
330
Leta sin 85;3 ousmquadrantl
3 p
Thensma— -—<oc<
’ F ’
Ccoso. = Jl smoc—lgg -—J_G
& 40 |06
& + = +
_ A 0 1+ coso gl 50 gf-')ﬂ 9
coszg->e|n g— —cosg o+ = —— =
5% 2 9 2 2 2 10
& ae3(C
2tan 'o=
secq an 82
B0
Let @710 84(4 oclsmquadrantl
3 p
Thentanoc—4 -—<oc<
’ ' 4
seca =vtan‘a +1= 8—— +1= J_ - COSOL—E
1 1 25

seCGQt 4=sec(2
an 8_ seo( %)= cos(2cx) 200570~ 1 Eﬂwa2 2,260 4 70 7
X551 “€5s - &5

& e
Csce2sin 8 =T

e

ae3o

Let ¢~ sn 8 5g. o isinquadrant V.

. 3 p p
sno=-=, -=£faf=
Then SIiha 5 > a 5
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Coso. = Jl smoc—lg 6

1 1 25
2 — 2c1) — = - = - —
CSCQ sn 8 CSC( ) (Zoc) " 2sina cosa X ,

63. If x=2tard, then:
& sm60

. . 2sin6 cos’0 82 cosH@_2tan® _ 2tan® 4
sin(20) =2sin® coso = = = — X—
cosh 1 @1 0 s’ 1+tan’0 4
coS’ 0 @
_ _4(2ta®) _ _4x
4+ (2tar®)® 4+x°
05’0 - sin 80

B 5 cosesmeg cos’ 6 gltan64
64. COS(ZG)_COSZG_Sne_cos 0+sin’0  Ros’0+sin?00 1+tan’0 2
020 3
_4- Man?0 _4- XP
T A+ 4tan? 4+ X

65. Solvefor C:
1>Gin2(r)+C:-lxcos(ze)
2 4
1 1 . 2 1 : 2
C=-=>cos(20) - =>sin’0 =- = cos(20) +2sin” )
4 2 4
_ 1 . . 1 _ 1
_-Z><(1-2sn26+29n26)--zx(1)--Z
L 100+ C =2 xcos(
66, 5 C0S O+ —Zxcos( )

1 1 1 1 1 11 1
C==xc0420)- =xcos’ 0= = 2005’0 - 1)- =cos’0==>cosH- = - =cos’O=-=
4 2 4 2% 2 4 2 4

=t 0 _1- cosa
67. 20 sino
ZSino. =1- cosa

zsina =1- J1- sirfa
zsina - 1= -y1- sinfa

Zsn’o - 2zsino +1=1- sina ® z?sin*a+sin?a = 2zsina

) . ) . 2
sin“o(z*+1)=2zsino ® sina(z°+1)=2z® sina :Zz—il
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8@0 1- cosa

Z=tang—=
68. 29 Y1+coso
72 =22805¢ @ 2 4 7205 =1- cosu
1+ cosa
Z coso.+ cosa. =1- Z ® cosa(z®+1) =1- z°® cosa :1' 222
+z

69. Let b represent the base of the triangle.
g 0

@0 h B0 B0 &g .. o0
CO%EB—S ® h= scosg—. smg—f.a— S ® b—Zssn'gzé

B 1ae oze @©_ B0 _1 .
A_Eb _Exé smgz—-q,sco%- szsngzécosgzb—zxszsn@

o B

70. sinB =5 =vy; cosO = = =X

i<

@ A=2xy=2co8snod
(b) 2co®sinH =2sin6 cosd =sin(20)

(c) Thelargest value of the sine function is 1. Solve:

sin(20) =1
20 :E® O:E
--2 f 4 f
_ O J2 apo 2
(d) X—COSé‘Zb— > 8_
The dimensions are 2 by ’JZZ

| |

2p
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73.
@ g 0o o )
(_; -coxc=+  [1- JE+J§)
a&p 6_ 81_2QL ’ Sélzm_J 82( P )
a5 S”g 2 1 2 > Jz‘g(‘/é”ﬁ)
o
J Js 2(J6
- 16
@)OO ‘o aigo s . 9
&0 0o /31 2w Jl 84(‘/é ‘ﬁ),‘a_ T 10
CKons CO“‘é 2 1 2 > ‘J§+§( +V2)
[}
_J8+2(J6+J§) _‘/8+2(J6+J§)
- 16 - 4
74,
e JEO
g&& Q1+C %Zm +7z 2+J_ J2+J§

s 0 EE; 0 855 J2+J' _y2- J2+J'
= Sing="" ‘I

?B

2+ 2_

op O
g (;1+CO :
00%16 _Cosgé’;& & S‘éTs o_ 2+J2+J' Y2+ 2442 2+J'

a

75. sin’@ +sin’(0 +120°)+sin’(6 + 240°)
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=sin®6 + (sinf cos(120°) + cosfsin(120°)) 4 (sin6 cos(240°) + cosh sin(240°)) :

%1 03 %1 03
=sin’0 +g->€ine+—3><cosei +g—->€in6- ﬁxcosﬁi
2 2 o 2 2 &

=sin°0 +%>¢(-sin36 +34J3sin%0 coso - 9sin0 cos? 0 + &/§co§6)

- é(sin%) + 3J3sin?0 coso +9sind cos? O + 3J§cos3e)

3V3

=sin®o - %>€in36 +%’>€inzecose- §>sin6cosze+ XC0S’ 0
- £>Gin36- %‘o’xsinzﬂcose- gxsinecosze- 33 XC0S’ 0

8
= 3 ine - 9>sinf)cosze=§><(sin3e- 3sinB(L- sin6)
4 4 4
:§><(sin38- 33in9+3sin36):§>(4sin36- 3sing) =- §>€in(36)
4 4 4

(See the formulafor SIN(3) on page *** of the text.)

3t 20 t 38@0
a0 _ an8§ NGs | @0
76. tand =takos 0 Ag3e (from Problem 47)
1- 3tanzg§+

3tang +- tan géz—atarg?)g 3tang
3- tan? 8—+: 6e 8_ :.

3- tan? 8" a- 3atan 8'2

(3a- 1)tan28§B: a-3

80 a-3

&35 3a- 1

tanae9=+ a- 3
%b “Y3a-1

tan

2
77. (@ R@®)= T‘rcose(sme coso T(cosﬁsine-cosze)
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Section 8.5 Double-Angle and Half-Angle Formulas

2 2 pee oc

_ Vo2 X-l(Zcose sin6- 2cos’0) = VO—‘EQSmZG - 2?+ o0
16 2 32 e 2 &
2 2

= V03‘2/§ (sin(20)- 1- cog26))= VOS‘ZE (sin(26) - cos(20) - 1)

(b)
20
45 %0

0
(c) Using the MAXIMUM feature on the calculator:
R hasthe largest value when g » 67.5°.

78, f(X) ==>sin(2px) + 7}, xsin(4px) = % xsin(2px) + :ll (2sin(2px)cos(2px))

xn(2 px)(L+ cos(2px)) =-; xsin(2po)(L+ (2c0s2(px) - )

NI NIFLPNIE-

xdn(2 px)(2cos (px)) = sin(2px)cos’ (px)
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