Chapter 8

Analytic Trigonometry

8.6 Product-to-Sum and Sum-to-Product Formulas

For Problems 1-10, use the formulas:
sina.sinp :% qcos(a- B)- cos(a + f)] coa cosf :%x[cos(oc - B) + cos(o + B)]

sino. cospB _1 sin(ae+B)+sin(e- B)
2><[ ]

1 sin(46)sin(26) = % { cos(40 - 20) - cos(46 + 20)] = %X[cos(ze) - cos(60))
5 C0s(40)cos(26) = % q cos(40 - 20) + cos(46 + 20)| = —; cos(20) +cos(660)]
3 Sin(46)cos(26) = % {sin(40 +20) +sin(46 - 20)] =—;><[si n(60) +sin(20))

4 SIn()sin(56) :%X[cos(?ﬁ - 50) - cos(30 + 50)] = % X cos(- 20) - cog(8)]

= % Hcos(20) - cos(8)]

5 CoS(30)cos(50) = %  cos(30 - 50) + cos(B + 56)] :—; o cos(- 20) + cog(&)]

= % H{cos(26) +cog(86))

6 Sin(46)cos(66) :%X[si n(46 +60) +sin(46 - 60)] =—;><[si n(100) +sin(- 29)]

. % {sin(106) - sin(20))]

- sinfsin(20) = %X[cos(e - 20) - cog(6 + )] :—;X[cos(-ﬁ)- cos( 30)]

= % X cos - cos(3))
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g cos(3)cos(4)= % cos(3 - 40) +cos(3 + 46)] :-;x[cos(- 0) + coq(76)]

= % coso +cos(70))
a6 B0 1e & 00 & od
0. srg——cosg—zvﬂae TRET né_ S5 = X{sin(20) +sin6]
a0 2800 1 € 50 @ sl 1
10. Sng e, 5 2 e”é2+75+ s i 3 1sn(®) +sint- 20)
:z[sin(%)- sin(20)]
For Problems 11-18, use the formulas:
sino +sinp = 25|n8 269005?263 siu-sinBZZSng—ﬁgcos?JrBO
+p0 % -pO ) _ g tp -B¢
cosa. +cosp = 2(:05‘%i —cosé > 5 cosa - cosp Zsmé —smé > :
a0-200 a9 +200
11, Sin(40)- sin() =2sing > 0% —-23|n8cos(36)
220 + M0 a0 - 200_
12, Sin(46)+sin(20)=2sing 0% =2sin(39) cos
a0 + 400 2380 - 490 ~
13, COS(20) +cos(46) = 2cosg S O 2cos(39) cos(-0) = 2cos(38) cosd

+390
14. €OS(D)- cos(36)—-25|n§%6236 x| 866239

= - 2sin(40)sin®

o] - 390
15 Sino +sin(36):23in§g +236Bcoeg 2365:2§n(26)cos(-6):ZSin(Ze)cosa

o] - 3O
16, CosO +cos(30) = ZCOS? +236 p cosxge 238 i= 2cos(29) cos(- ) = 2cos(26) cosd

17. COS?%B COSSEE

&y P00 2y 300
B .82 2@+, 82 20+ 00 P . B0
—-Zsmg ismg > :— -Zsmesmé ———-25|n6<;- smg-v- anesnSEE
g ;& 3
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18. sn?ig Si aei)g

gg- e gg+ o
0 GE2 20+ (€2 2 6_—_ g0 _
23 ng > +CO >t 29 ng —cose -2sin 8— —cos@

E 38 3

sind +sin(30) _ 2sin(B)cos(- 6) _

19. >Sin(P) 2Sn(20) = cos(- 0) = cosH

20, ) 208N ) - ) = o

o SO S 20

o Q) ZSNDISIED) (S
5 S SR )

Ly - cos(®) _-2sin(@)sin(- ) _- (- sin20) ()

sind +sin()  2sin(B)co(-29)  cos(2)

25. sinB[sind +sin(30)] = sinB[2sin(20)cos(- 0)] = cosb[2sin(B)sin 0]
= cose?x%(cose - cos(36))8: cosO(coso - cos(30))

26. sinO[sin30 +sin(50)] = sin6[ 2sin(40)cos(- 0)] = cosb[2sin(4)sino]
= cosegz x%(cos:B - cos(30 ))8: cos0 (cosI - cos(BH))

sin(40) +sin(80) _ 2sin(®)cost 20) _ sin(60)

21 os(@) T co®) - 2cos(8)cost 20) - cox(6n) — an(60)
sin(40) - sin(80) _ 2sin(- 206)cos(@) _ cos(60) _
28.  Cos(@)col(®) ~ ~2Sn(Bo)SnE 20) - ~sn(ea) — - cot(6)
29 sin(40) +sin(80) _ 2sin(66)cost 26) _ sin(60)cos(D)
" 9n(40) - sn(80) ~ 2sn(- 206)cos(M) - sin(26)cos(®)
tan(66)
- tan(66)cot (D) = " (o)
30, COS()- cos(®) _ - 28N(60)SInG 29) __ y60)tang 20) = tan(20)tan(6)

cos(d) +cos(80)  2cos()cosk 20)
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32.

33.

34.

35.

36.

37.
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+60 BO
sino +sinp Zsmg —cosg 2 @ &R+ pO [30
=tan —cot
Sno.- snp 2sm§@‘ B3 %&ﬂﬁ? § 2 o508 2 ¢
2 @
+[3(?A [30
co&x+cos[5 osg 2 088 2 o _ ] ot@ +[:’>9COt -
coso. - cosP Zsmg [30 ?L [30 8 8 2
nfﬁﬂi‘?n [30
sna+snp €S 7% 2 5 o Bt BO
0 0 '
coso, +COSP 20 B£0@2ﬁ5 2 ¢
o4 69h08&+50
sino. - sinf 8 2 o ¥ 2 o _Cota%cﬂif__j
coso. - cosp _og 2+ pO ng%c [30 €2 ¢
2 o 2 o

1+cos(20) + cos(M) +cos(60) = cosO+ cos(60 ) +cos(26) + cos(40)
= 2c0s(B)cos(-30) +2cos(P)cos(- 0) = 2co$(30) + 2cos(P ) coD
= 2c0s(8)(cos(30) +cosd) = 2cos(P)2cos(R)coD
= 4c09 cos(20)cos(d)

1- cos(20) +cos(M) - cos(66) = cosO- cos(60) +cos(46) - cos(20)
= - 2¢in(30)sin{39)- 2sin(8)sin@) =2sin?(P)- 2sin(8)sin0
=2sin(8)(sin(30) - sinB) = 2sin(30) 2si 1 cos(20)
= 4sin6 cos(20)sin(d)

(@ y=sin2p(852)t] +sin[2p(1209)t]

0 - 0
g ng@p (852)t+ 2p(1209)t %0 S?p (852)t ao(1209)t+
2 7] 2 (%
= 2sin(2061pt)cos(357pt)
(b) Themaximum valueof y is 2.
(©
2
0 0.005
-2
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38. (a) y=sin2p(941t]+sin[2p(1477)t]
0 - o
g n?p (941) t+ 2p(1477) t-:co %Qp (941 t- 2p(14779) t :
2 a2 2 e
= 2s8in(2418pt)cos(-536p t) = 2sin(2418p t)cos(536p t)
(b) Themaximum valueof yis2.

(©)

2

—2

39. sin(2a)+sin(2p) + sin(2y)

2[50 &0 - 2p0
sosg————=+sin(2)

=2sin(a +p)cos(a- B)+2siny cosy

=2sin(p -y)cos(a.- P)+2siny cosy

=2siny cos(cx - B)+ 2siny cosy = 2siny[cos(a - B) + cosy]

B+Y9 .- f- YOO
=2 C
smy(;Zcosg > osg >

—Zsmg

po
—4smycosg—- B—cosgx - ———4smys|n[53|na

=4sina sinfsiny

sina | SN . siny
+ +
cosa.  cosy  COSy
_ Sina. cosp3 cosy + Sinf coso. CoSy + Siny cosa CoSp
COSoL COSf CoSsy
_ cosy(sina. cosp + cosa Sinf) + Siny cosa. Cos
COSoL COSf Cosy
_cosy sin(a +p)+sinycoso cosp  cosy sin(p - y) + Siny coso. CosP

40. tano +tanf +tany =

COSotL COSf3 CoSy COSaL COSf3 COSy
_ COSy Siny +sinycoso. cosp _ siny(cosy +coso Cosp)
- COS0. COSP COSY ~ COS0.CoSB COSy
_siny(cos(p - (o +f)) +cosacosP) _ siny(- cos(a.+ f3) + coso. cosp)
B COSo. COSf3 COoSy - COSo. COSf CoSy
_siny(- cosa.cosp +sina.sinf +coso cosP) _ siny(sinasin)
- COSaL COSf cosy " cosa COS[3 cosy
=tano tanf} tany
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Add the two sum formulas for sin(o. + ) and sinf - ) and solve:
sin(a + ) = sina.cosp + cosa Sinp

sin(a- B) =sina cosP - cosasin
sin(a +p) +sin(a - B) = 2sino. cosp

sino. cosP -1 sin(o.+ B) + sin(a.- P)
2)({ ]

- BO B +BO_ 1€ B, at+po p 0t+I3d
23'”8 09821212)('82 2:55"52 > &
=sna +sm( B)=sna-snp

0] +B0
Therefore, si- sin = Zsmg ﬁ—cos? B
2 ¢
2co B(-)co I39_2x_1§:03@+f5 2 [30 coa%wrB 2 6OU
98 2 6.8 2 o 33 2 25 %2 24
= ——Zi- —+: +
COSé > cosg Cosp + cosa
Therefore coa+cos[:’>—2003agt '“o BO
’ m0R sg 2 ¢
- 2sin +B(Bsm BO legco%*—a&Jrﬁ- B?_ oa@“LB Sl BOU
8 8 2 7 2é 2 a Sé 2 ;zﬁ
—-(;co a&_g co%;'-—cosoc-cosﬁ
= g % o %— =
+pO. % - B0
Therefore, coa - cosﬁ—-ang —smg
2 ¢
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