Chapter 9

Applications of Trigonometric Functions

9.4 The Areaof a Triangle

1. a=2 c=4 f=45°
A:%acsin[i = %(2)(4)si (45°) » 2.83

2. b=3 c=4, a =30°
A=%bcsinoc :%(3)(4)9 (30°) = 3

3. a=2 b=3 y =095
A :%absiny :%(2)(3)sin(95°) » 2.99

4. a=2, c¢c=3 p=20°
1 . 1 .
A :Eacsmﬁ = E(Z)(S)sm(zoo) »1.71

5. a=6, b=5 c=8

s:%(a+b+c) :%(6+5+8):19

2

A=ys(s- a)s- b)(s- ¢ = 5?2%82%82%8:

6. a:8 b:5, c=4
_1 1 17
S—E(a+b+c)_E(E;JrE,JrAf)_7

= A = (R

7. a=9 b=6 c=4

=S(@+b+0) =5(9+6+4)==

2

% » 14.98

% » 8.18

A=Js5-a)s- D(s- ¢ = %gg%%gggz

%‘%ﬁ » 9.56
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10.

11.

12.

13.

14.

15.

16.

17.

a=4,b=3 c=4

_1 _1 11
S_E(a+b+c)_§(4+3+4)_?

A= JTE- A6 DG 0 = |5 an0eadZo0 -
a=3 b=4, y 40°

A=%ab ny=—(3)(4)5|(140°)»386

a=2 c¢=1 p=10°

A= % acsinp = %(2)(1)9 n(10°) » 0.17

b=1 c=3 a =80°
A= %bcsinoc = %(1)(3)9 n(80°) » 1.48

e 4y:60°

a=
A==absiny =§(6)(4)si (60°) » 10.39

I\JII—\O"

3 c=2, p=110°
A==acsinp = %(3)(2)Sin(110°) » 2.82

a

NH

b=4, c=1 a=120°
1 . 1 .
A= Ebcsmoc = 5(4)(1)9 n(120°) » 1.73

2, y—50°

a=2 b=
A==absiny = =2 (2)(2)S|n(500) »1.53

2,
1
2

a=3 c=2, |3 90°
A= ; acsinp = -(3)(2)sm(90°) =3

a=12, b=13 c=5
s:%(a+b+c) :%(12+13+5):15

‘,i‘l%S » 5.56

A= Js(s- a)(s- b)(s- ¢) = JI5(3)(2)({10) = /900 » 30
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18.

19.

20.

21.

22.

23.

24,

25.

Section 9.4 TheAreaof aTriangle
a=4, b=5c=3
s:%(a+b+c):%(4+5+3):6
A=Js(s- a)(s- b)(s- ) = J62)DE) =36 =6
a=2 b=2 c¢=2
s:%(a+b+c):%(2+2+2):3
A=Js(s- a)(s- b)(s- 0 = JANDD) =3 »173
a=3 b=3 c=2
s:%(a+b+c):%(3+3+2):4
A=Js(s- a)(s- b)(s- 0 = JH)D(2) =8 » 2.83
a=5 b=8 ¢c=9
s:%(a+b+c):%(5+8+9):11
A= Js(s- a)(s- b)(s- 0) = J11(6)(3)(2) = /396 » 19.90

, b=3 c=6
1 _ 13
2(a+b+c) —§(4+3+6)—7

A= JSE-AE-HE-O = %gg%g - "% »5.33

a=

I~ N

S =

a=10, b=8, c=5

s=5(@+b+0) =5(10+8+5) ==

2
23 a8y 36 ’6279
A={s(s- a)(s- b)(s-c) = J7 é§8é§8é78: = »19.81

a=9 b=7 c=10
s:%(a+b+c) :%(9+7+10):13

A= Js(s- a)(s- b)(s- ¢) = J13(4)(6)(3) = V936 » 30.59

Areaof asector = %rze where 0 isinradians.

_ P _7p
0= YOOXW = E
Area of the sector = %><82 X% = % » 39.10 square feet

Areaof the triangle = % x8>8sin(70°) = 32sin(70°) » 30.07 square feet
Area of the segment = 39.10- 30.07 = 9.03 sguare feet
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Chapter 9 Applications of Trigonometric Functions

26.

27.

28.

29.

30.

31

Areaof asector = %rze where 0 isinradians.

_ P _2p
0 —400xm—v

Areaof the sector = 5 L x% 2% » 8.73 square inches

Areaof the triangle = % *5>55in(40°) = 2—25$m(40°) » 8.03 square inches
Area of the segment = 8.73 - 8.03 = 0.70 square inches
Find the area of the lot using Heron's Formula:
a =100, b =50, c 75
= %(a+b+c) 5 (100+50+ 75) = @
— - - — _ 22586250&25@&750 _ [52,734,373
A=s(s- a)(s- b)(s- ¢ = S TR T T N—T— > > 1815.46

The cost is $3 times the area:
Cost = $3(1815.46) = $5446.38

Diameter of canvasis 24 feet; radius of canvasis 12 feet; angleis 260°.

Area of asector = %rze where 0 isinradians.

_ 13p
0 = 260° Xm T
1. ..,2.13p _ 936p

Area of the sector = 5 X2 3 =75 - 104p » 326.73 square feet
The area of the shaded regi on= the area of the semicircle —the area of the triangle.
Areaof the semicircle = 2 pr? =5 p(4)2 8p square centimeters
Thetriangleisaright triangle. Find the other leg:

6°+b° =8 ® b*=64-36=28 ® b=y28=2J7
Area of thetriangle = %><6 R J7 = 6J7 square centimeters
Area of the shaded region = 8p - 647 » 9.26 square centimeters

The area of the shaded region = the area of the semicircle — the area of the triangle.
Area of the semicircle = %pr2 = %p(S)2 = %Sp square inches
Thetriangleisaright triangle. Find the other leg:

g +b’°=10> ® b’ =100-64=36 ® b=36=
Areaof thetriangle = % x8x6 = 24 sguare inches
Area of the shaded region = 12.5p - 24 » 15.27 square inches

Usethe Law of Sinesin the area of the triangle formula:
aasinfg _ a*sinpsiny
aSIm’e sSnoa @~ 2sna

1, 1
—Eabsmy =5
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32.

33.

34.

35.

36.

37.

38.

39.

40.

Section 9.4 TheAreaof aTriangle

s M2 :
A= Sbesing = %bsinoc&bsmy 6_ b snasny

esnp g 2snfP
1 . .1 . asinag_ c’snasinf
A=zacsnp = 5csinfi, sSny g~ ~ 23ny
a=40° B =20° a=2 y =180% o - p =180% 40°- 20°=120°
2 . 2 . .
P sq[s siny _2 sn(29°)sn(120°) , 40.3420)(0.8660) 0.92
2sina. 2sin (40°) 2(0.6428)
a =50°y=20°a=3 B =180% o - y =180% 500 20°%= 110°
5 - . 2 . .
P sr_mfs sny _3 sn(1_100)sn(20°) , 20.9397)(0.3420) . oo
2sino. 2sin (50°) 2(0.7660)

p=70°y=10° b=5 a =180°- B - y =180 70°- 10°=100°
b2sinasiny _ 5°sin(100°)sin(10°) , 25(0.9848)(0.1736)

= - _ »2.27
2sinp 2sin(70°) 2(0.9397)
a=70°p =60° c=4 y =180% o - p =180% 70°- 60°= 50°
2 - . 2 . .
=SSN sinp _4 sn(700)sn(600) _, 16(0.9397)(0.8660) 850
2siny 2sin (50°) 2(0.7660)
a=110° 1y =30°¢c=3 B =180% o - y =180 110% 30°%= 40°
2 . 2 . .
PRl sing _3 sm(1_10°)sm(40°) , 20.9397)(06428) .,
2siny 2sin(30°) 2(0.5000)

p=10° y =100°, b=2 a =180°- f - y =180°- 10°- 100°= 70°
Az b?sinasiny _ 22sin(70°)sin(100°) , %0.9397)(0.9848)

- - »10.66
2sinp 2sin (10°) 2(0.1736)

The areais the sum of the area of atriangle and a sector.
Areaof thetriangle = %r ¥sin(p- 0)= %rzsin(p -0)
Area of the sector = %rzﬁ
1.,. 1 1 .
A=5r’sin(p -6)+5r’8 =5r*(sin(p - 6)+6)

= %rz(sinpcose - cospsing +6) = %rz(O +sin@+0) = %rZ(e +sind)

Find the lengths of the diagonals of the polygon. Usethe Law of Cosines:
x* =35+ 80°- 2x35x80c0s(15°) » 2215.82 ® X » 47.1 feet
Theinterior angle of the third triangleis. 180° —100° = 80°.

y? =457+ 20%- 2x45x20c0s(80°) » 2112.43® y » 46.0 feet

Find the area of the three triangles.
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Chapter 9 Applications of Trigonometric Functions

5 = %(35+ 80 +47.1) = 81.05

A = JBT.05(81.05- 35)(81.05- 80)(81.05- 47.1) » 364.8 ft”
s, = %(40+ 46+ 47.1) = 66.55

A, = J66.55(66.55 40)(66.55- 46)(66.55 47.1) » 840.4 ft
s, = %(45+ 20+46)= 555

A = J55.5(55.5- 45)(55.5 20)(55.5 46) » 443.3 ft*
The approximate area of the lake is 364.8 +840.4 + 443.3 = 1648.5 ft*

41. The grazing area must be considered in sections. A represents 4 of acircle:
A = %p(lOO)2 = 7500p » 23,562 square feel

Angles are needed to find A, and A,: (see the figure)
In DABC,D CBA=45° AB =10, AC=90

Find BBCA :
SnDCBA _sinbBCA sin(45°) _sinbBCA
90 10 90 10 ¢
' (0]
sinp BCA=28145°) 1 07e6 o,
PBCA »4.5° YA

MDBAC =180°- 45°- 4.5°=130.5°
MDDAC =130.5°- 90°=40.5°

Areaof A, = -; (10)(90)sin (40.5°) » 292 square feet
Areaof sector A, = 1(90) 28%9.5°><£9» 3499 sguare feet
2 g 1802
Since the cow can go in either direction around the barn, A, and A, must be

doubled. Total grazing areais: 23,5622(3499) + 2(292) = 31,144 square feet

42 The grazing area must be considered in sections. A represents 23 of acircle
A = %p(lOO)2 = 7500p » 23,562 square feel

Angles are needed to find A, and A, : (see the figure)
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Section 9.4 TheAreaof aTriangle

In DABC, tafd CBA = ;—8 ® DCBA=26.6°,
AB= 20, AC= 80 . c
Find DBCA: %
. . . . 10
SNDCBA _SnDBCA  sn(26.6°) _ sinDBCA 5 g
80 20 80 20
H 0
snpBCA= 208N(26.69 00110
DBCA » 6.4°

mMDBAC =180°- 26.6°- 6.4°=147°
MBDDAC =147°- 90°=57°

Areacf A, = -;(10)(80)si n(57°) » 335.5 square feet

& 0
Areaof sector A, = 1(80)2 33035 18431 square feet
2 &7 1805

There are similar areas on the opposite side of the barn. Calculate their areas.
Angles are needed to find A, and A;: (see the figure)

In DEBC,D CBE = 90°- 26.6°=63.4° EB =10, EC =90

Find BBCE :
SnDCBE _SnDBCE s n(63.4°) sinDBCE
90 10 90 10
] [0}
sinpBCE = 1056349 ) 0004
PBCE »5.7°

mBDBEC =180°- 63.4% 5.7°=110.9°
MPDEC = 110 99 90°=20.9°

Areaof A = 7(20)(9O)S| n20.9321.1 squarefest

Area of sector A, = —(90)2 0. 1°x18—08 » 4884.4 square feet
Total grazing areais. 23,562 1843.1+ 335.5+ 4884.4 + 321.1= 30,946.1 ft
h = % h, = ng h, = % where K isthe area of the triangle

b at+b+c _ 2s _ s

%}%ETTTTW'_

5 . .
From Problem 31, we have A = %E@ﬂ )

From Problem 43, we have h = Z?K where K isthe area of the triangle

a’sinfsiny _ asinfsiny _ 2K

23N o, =K ® sna T:h
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Chapter 9 Applications of Trigonometric Functions

45. h= ﬁgﬁzﬂ where histhe dtitude to side a.
In DOAB, ¢ is opposite angle AOB. The two adjacent angles are % and % .
3,0 0
cxsmg—sm? +
Thenr =
sm(E)AOB)

BO
PAOB=p - g- 22

poo_ BO_ . ®+pO_ B &R+p&
sin(® AOB) = smgp 8_+_ —sine + 8 SmgTia_COS; g =

2 20 e?2 2
B - (0 +p)O_
%2 o %ig
Thus r-CﬂngEBSingEB
o coai?
20
020 m“az?“gzi o [E D9 [ a9
R0 Sézﬂ r _ bc ac

% UG @O oAb [CaCD)
8§ﬂ ab ' ab

_cJs-bys-cys-ays-cadb _cfs- 0 _s-c
rJds- aJs- bybycJaJdc r>xc r

47. Usethe result of Problem 46:

S- a S- b S-C_s- a+s-b+s-c

cotg——r cotg— +cotg§ - -
_ 3s- (a+ b+c) _3s-25_ s
- r T r Tr

48. Theareaof atriangleis %bh. Find the areaof DABC by adding the areas of

three triangles.
K = Area DAOB + AreaDAOC+ AreaDBOC

= %rc+%rb+%ra:%r(a+ b+c)=rs

= JT5- a6 DG O
Y AEBGEO [ g
S

S
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